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Abstract
Recently proposed correlation-matrix-based sufficient conditions for bipartite steerability fromAlice
to Bob for arbitrarymeasurements are applied to local informationally complete positive operator
valuedmeasures (POVMs) of the (N,M)-type. These POVMs include a large class of local generalized
measurements of current interest [Siudzińska K 2022Phys. Rev.A 105 042209]. It is shown that the
trace normof correlationmatrices with local (N,M)-POVMs is proportional to that of local
orthonormal hermitian operator bases (LOOs). This implies that all types of informationally complete
(N,M)-POVMs are equally powerful in detecting bipartite steerability fromAlice to Bob and, in
addition, they are as powerful as LOOs. In order to explore the typicality of steering numerical
calculations of lower bounds on Euclidean volume ratios between steerable bipartite quantum states
fromAlice to Bob and all quantum states are determinedwith the help of a hit-and-runMonte-Carlo
algorithm. These results demonstrate that with the single exception of two qubits this correlation-
matrix-based sufficient condition significantly underestimates these volume ratios. These results are
also compared to a recently proposedmethod that determines bipartite steerability fromAlice’s qubit
to Bob’s arbitrary dimensional quantum systemby bipartite entanglement detection. It is
demonstrated that in general thismethod is significantlymore effective in detecting typical steerability
provided non local entanglement detectionmethods are usedwhich transcend localmeasurements.

1. Introduction

Basic assumptions underlying classical physics, particularly in general and special relativity, require consistency
of allmeasurable statistical correlationswith local realism [1]. As a consequence eachmeasurement scenario
imposes particular restrictions onmeasurablemultipartite correlations. In general these classical correlations
can be describedwithin the framework of a local realistic theory (LRT) or local hidden variable (LHV)model [2].
These restrictions of possible classical correlations in local theoriesmanifest themselves in Bell inequalities
associatedwith classical probability polytopes [3, 4]. A striking phenomenon of quantum systems is their
capability to violate these restrictions imposed by local realism, in particular in the context ofmeasurement
scenarios [5, 6]. This phenomenon of Bell-nonlocality has been demonstrated in a series of impressive
experiments with increasing degrees of sophistication [7–9].

The possible existence of nonlocal quantum correlations has been pointed out as early as 1935 by Einstein,
Podolsky andRosen (EPR) [10] in their discussion of nonlocal properties of a certain class of pure quantum
states. The peculiar properties of these quantum states have inspired numerous applications [11]. In his response
to EPR Schrödinger termed these quantum states entangled. In addition, he coined the notion of steering for the
characteristic quantumphenomenon underlying the physical discussion of EPR, namely the ability of one local
observer, say Alice, to influence themeasurements of another local observer, say Bob, by hermeasurements
instantaneously [12, 13]. However, it was not until 2007 that Schrödinger’s qualitative description of steering,
frequently also termed EPR steering, was rigorously defined byWiseman, Jones andDoherty [14, 15]. They
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based their notion of EPR steering on the existence of a local hidden state (LHS)model. These LHSmodels
generalize LHVmodels by transcending the LHV-specific theoretical state concept with the help of quantum
states thus allowing for a quantum theoretical description of the locallymeasurable probability distributions.
This concept of EPR steerability captures some nonlocal aspects of quantum correlations and differs fromBell
nonlocality and entanglement [16]. Although separability of quantum states is sufficient for EPR unsteerability,
or equivalently, EPR steerability is sufficient for entanglement, the precise relation between these concepts of
nonlocal quantum correlations is intricate, particularly formixed quantum states. Contrary to entanglement,
for example, EPR steerability is an asymmetric property with respect to the local observers involved because
there aremultipartite quantum states that allow one local observer to steer another observer but not vice versa.
Furthermore, in contrast to entanglement EPR steerability is ameasurement dependent notion.Whether a
quantum state is EPR steerable or not depends on the localmeasurements which the observers can perform.
Thus, increasing themeasurement capabilities of a local observer should also increase the number of EPR
steerable quantum states.

Apart from their significance for the foundations of quantum theory EPR steerable quantum states also have
potentially promising applications in quantum information processing, in particular in the areas of quantum
key distribution [17], quantum teleportation [18] and quantum secret sharing [19]. Because of this fundamental
and practical significance of EPR steering, it is interesting to develop tests for EPR steerability fromAlice to Bob.
Although general necessary and sufficient conditions for bipartite EPR steerability of quantum states are known
[16, 20, 21], these criteria involve intricate optimization procedures. In those, even the simplest case of two
qubits requires considerable numerical efforts to determine typical statistical features of bipartite EPR
steerability, such as volume ratios of EPR steerable versus all quantum states [20]. Up to now even in the simple
case of two qubits numerically feasible necessary and sufficient conditions for EPR steerability fromAlice to Bob
are only known for cases inwhich Bob’s localmeasurements are restricted to projectivemeasurements.
Although there is numerical evidence that these results also apply to general positive operator valued
measurements (POVMs) [21] a general proof of this conjecture is stillmissing.

In view of these difficulties numerically less demanding conditions for EPR steerability, which are only
sufficient and no longer necessary, offer a promising alternative for investigating typical statistical properties of
EPR steerable bipartite quantum states fromAlice to Bob for arbitrary dimensional bipartite quantum systems.
Recently Lai and Luo [22] have developed such an approach based on the violation of an inequality which
involves the trace normof the correlationmatrix of localmeasurements. As a violation of this inequality can be
checked numerically in a rather straightforwardmanner, this approachmay offer interesting perspectives for
exploring the statistical properties of bipartite EPR steerability fromAlice to Bob. So far, these authors have
applied their sufficient condition to cases involving LOOs,mutually unbiasedmeasurements (MUMs) [23] and
general symmetric informationally complete positive operator-valuedmeasures (GSIC) [24] for Alice and Bob.
For thesemeasurements they have explored bipartite EPR steerability for particular families of qubit-qubit,
qubit-qutrit and qutrit-qutrit states and in addition for a particular one-parameter family of arbitrary
dimensional bipartite isotropic quantum states. In view of these investigations the natural questions arise to
which extent localmeasurements are capable of detecting arbitrary typical quantum states, which are not
restricted to sets ofmeasure zero, and howdoes the nature of thesemeasurements influence their detectability.

Motivated by these developments in this paper we further explore basic properties of this recently proposed
correlation-matrix-based sufficient condition for EPR steerability fromAlice to Bob of Lai and Luo [22]. In
particular, we focus on twomain questions. Firstly, wewant to explore how the capability of detecting EPR
steerability fromAlice to Bob in arbitrary dimensional bipartite quantum systems depends on the nature of the
local quantummeasurements for a broader class ofmeasurements. In this respect informationally complete
localmeasurements are of particular interest. For this purpose the recently introduced informationally complete
(N,M)-POVMs [25] arewell suited. These families of POVMs allow for a unified description of a large class of
generalizedmeasurements of current interest and includemutually unbiased bases (MUBs) [26],MUMs [23],
symmetric informationally complete POVMs (SIC-POVMs) [27, 28] and their generalized analogsGSICs
[24, 29]. As amain result it will be demonstrated that the trace normof correlationmatrices of local (N,M)-
POVMs is proportional to that of LOOs. This scaling property implies that the sufficient condition for bipartite
EPR steerability fromAlice to Bob of Lai and Luo [22] becomes independent of the local informationally
completemeasurements performedwithin the class of (N,M)-POVMs. Furthermore, it will be shown that LOOs
are equally powerful in determining EPR steerability fromAlice to Bob as local informationally complete
(N,M)-POVMs. Secondly, wewant to explore howmany EPR steerable bipartite quantum states fromAlice to
Bob can be detected by this correlation-matrix-based sufficient condition. For this purpose we sample random
bipartite quantum states by a recently developed hit-and-runMonte-Carlo procedure [30]. In particular, we
determine the resulting relative Euclidean volume ratios between EPR steerable states fromAlice to Bob and all
possible bipartite quantum states for different dimensions of Alice’s and Bob’s quantum systems. This waywe
are capable of exploring typical statistical features of EPR steerability fromAlice to Bob.
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This paper is organized as follows. For the sake of completeness in section 2we summarize basic facts about
the concepts of local realism and bipartite EPR steerability fromAlice to Bob. Basic features of the recently
introduced (N,M)-POVMs [25], which are the localmeasurements wewill use for our subsequent investigation,
are summarized in section 3. In section 4 the correlation-matrix-based sufficient condition for bipartite EPR
steerability fromAlice to Bob of Lai and Luo [22] is introduced and applied to localmeasurements based on
(N,M)-POVMs in arbitrary dimensional bipartite quantum systems. In section 5 it is demonstrated thatwithin
the class of local informationally complete (N,M)-POVMs this sufficient EPR steerability condition exhibits a
characteristic scaling property. This implies that this sufficient condition becomes independent of the particular
informationally complete localmeasurements testing for EPR steerability. Furthermore, it becomes identical
with the corresponding sufficient condition for LOOs. In section 6 numerical results ofMonte-Carlo
simulations are presented exploring Euclidean volume ratios of steerable bipartite quantum states fromAlice to
Bob and all bipartite quantum states for different dimensions of Alice’s and Bob’s quantum systems.
Furthermore, these results are compared to the corresponding volume ratios based on amethod recently
proposed byDas et al [31], which reduces the determination of bipartite steerability fromAlice to Bob to the
determination of bipartite entanglement.

2. Local realism andbipartite steerability

Classical physical theories which are consistent with the physical laws of special relativity and its fundamental
distinction between time-like and space-like events are governed by local realism [1]. As a consequence classical
correlations between two space-like separated observers, say Alice and Bob, obey locality constraints. They can
be expressed in terms of generalized Bell inequalities which describe probability polytopes [4]. Consider a simple
bipartite scenario inwhich two space-like separated observers, Alice and Bob, perform randommeasurements
of local observables, say Aa Î  and Bb Î  with A and B describing sets of local observables of Alice and
Bob. Each of these local observables has different possiblemeasurement results, say a AÎ and b BÎ . In a
local realistic classical theory (LRT) the bipartite probability distribution P(a, b|α,β) of a possible joint local
measurement, inwhichAlice andBob randomly select observablesα andβ and obtainmeasurement results a
and b, has the characteristic structure

P a b p P a P b

p

, , , , ,

1 1

A B( ∣ ) ( ) ( ∣ ) ( ∣ )

( ) ( )

å

å

a b l a l b l

l

=

=
l

l

ÎL

ÎL

with the characteristic normalization P a P b, , 1a
A

b
B

A B
( ∣ ) ( ∣ )a l b lå = å =Î Î  . Upper indices, such asA

andB, refer to local observers, such as Alice (A) andBob (B), small Greek letters symbolizemeasurements and
small Latin letters symbolizemeasurement results. According to (1), for each random selection of local
observables the joint probability distribution is a convex sumof local (conditional) probability distributions of
Alice andBob, i.e.PA(a|α,λ)� 0 andPB(b|β,λ)� 0,which depend on a randomvariableλ äΛwith probability
distribution p(λ)� 0. In this description this ’hidden variable’λäΛ characterizes uniquely the classical state of
the bipartite physical system in a classical state spaceΛ. According to Bells theorem [1], the constraints imposed
on physical theories by local realism, as expressed by equation (1) in a bipartite scenario, can be violated by
quantum correlations. In particular, the quantum correlations originating from entangled quantum states can
violate local realism for particular choices ofmeasurements. Recently violations of local realism by quantum
systems have been demonstrated by impressive experiments with increasing degrees of sophistication [7–9].

Another characteristic quantum concept is steering [16]. It has been introduced originally by Schrödinger in
1935 [12, 13], in the same year inwhich Einstein, Podolsky andRosen (EPR)have published their work
questioning the completeness of quantummechanical description and describing thewell-knownEPR
paradoxon [10]. Steering, sometimes also called EPR steering,may be viewed as a generalization of the
experimental scenario which forms the basic scenario discussed in the EPRparadoxon andwhich is described by
(1)within the framework of a local realistic theory.

Bipartite scenarios are among the simplest ones forwhich the concept of EPR steering can be formulated.
Accordingly, let us again consider two observers, Alice and Bob, performing general localmeasurements which
can be described by local positive operator valuedmeasures (POVMs) [32, 33], say 0a

A
,{ }Pa  for Alice and

0b
B

,{ }Pb  for Bob. Therebyα andβ denote the differentmeasurements and a and b denote their
correspondingmeasurement results. These POVMs obey the characteristic completeness relations

 , 2
a

a
A

d
b

b
B

d, ,

A

A

B

B ( )å åP = P =a b
Î Î 
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with the unit operators dA
and dB

of the dA- and dB-dimensional localHilbert spaces A and B of
Alice’s and Bob’s quantum systems. TheHilbert space of the complete bipartite quantum system is given
by A B= Ä   .

In a typical bipartite EPR steering fromAlice to Bob, Alice prepares a bipartite quantum state, say ρ� 0, with
corresponding reduced local density operators TrA

B{ }r r= and TrB
A{ }r r= for Alice and Bob. It is assumed

that Alice can perform localmeasurements on the combined quantum state onlywith the help of her POVM

a
A

,{ }Pa , and Bob can perform localmeasurements on this quantum state only with his POVM b
B

,{ }Pb . According
to quantum theory the bipartite probability distribution of a possible joint localmeasurement on this quantum
state, inwhichAlice and Bobmeasure observablesα andβwithmeasurement results a and b, is given by

P a b, , , Tr . 3AB a
A

b
B

, ,( ∣ ) { } ( )a b r r= P Ä Pa b

Aquantum state ρ is called EPRunsteerable fromAlice to Bobwith respect tomeasurementsα andβ if this joint
probability distribution can be describedwithin the framework of a local hidden state (LHS)model [14, 15].
Otherwise this quantum state is called EPR steerable fromAlice to Bob concerning thesemeasurements.More
concretely, EPRunsteerability fromAlice to Bob for localmeasurements described by the POVMs a

A
,{ }Pa and

b
B

,{ }Pb means, that there exists a statistical ensemble of reduced quantum states of Bob, say , B{( )∣ }l r l Î Ll
with the randomvariable {λ äΛ} being characterized by a probability distribution {p(λ)> 0|λ äΛ}, which is
consistent with the conditional joint probability (3), i.e.

P a b p P a P b

P b

, , , , , ,

, Tr . 4

A B

B
B b

B B
,

( ∣ ) ( ) ( ∣ ) ( ∣ )

( ∣ ) ≔ { } ( )

åa b r l a l b l

b l r

=

P
l

b l

ÎL

It is apparent that this restriction on the joint probability distribution of Alice (A) andBob (B) is weaker than the
restriction (1) imposed by local realism as it involves a quantummechanical evaluation of Bob’s local conditional
probability distribution PB(b|β,λ). Using (2) and the characteristic normalization for conditional probabilities
this condition (4) implies the relations

P a b p

P a b p P a

, , , Tr Tr ,

, , , Tr , . 5

a
B b

B B
B b

B B

b
A a

A A A

, ,

,

A

B
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( | ) { } ( ) ( | ) ( )
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a b r r l r

a b r r l a l

= P = P

= P =

b b
l

l

a
l

Î ÎL

Î ÎL





Thus, concerning Bob’smeasurement of the POVM b
B

,{ }Pb , Bob’s reduced quantum state ρB and the LHS state

p B( )l rål lÎL are indistinguishable.
EPR steering fromBob toAlice is defined analogously. It is worthmentioning that the two concepts of EPR

steerability or EPRunsteerability, namely fromAlice to Bob on the one hand and fromBob toAlice on the other
hand, are asymmetric. In particular, EPR steerability (or EPRunsteerability) fromAlice to Bob does not
necessarily imply EPR steerability (or EPRunsteerability) fromBob toAlice.

3.Generalizedmeasurements by positive operator valued (N,M)-measures

In this sectionwe summarize basic results on informationally complete generalizedmeasurements which can be
described by (N,M)-POVMs [25]. They allow for a unified description of variousmore specializedmeasurement
schemes, includingMUBs [26],MUMs [23], SIC-POVMs [27, 28] andGSIC [24, 29].

In a d-dimensional Hilbert space a (N,M)-POVM, sayΠ, is a set ofNPOVMs such that each of them involves
M positive semidefinite operators describing the different possiblemeasurement results, i.e.
Π= {Πα,a� 0| α= 1,L ,N; a= 1,L ,M}. The parameterα identifies a particularmeasurement scheme
associatedwith an experimental setup and the parameter a identifies the corresponding different possible
measurement results. The operatorsΠα,a of a (N,M)-POVMs satisfy the additional relations [25]

d

M
Tr , 6a,{ } ( )P =a

x
d Mx

M M
Tr 1

1
, 7a a aa aa, ,{ } ( )

( )
( )d dP P = + -

-
-

a a ¢ ¢ ¢

d

M
Tr 8a a, , 2

{ } ( )P P =a a¢ ¢

for all a a¹ ¢. The possible values of x are constrained by the relation d M x d M d Mmin ,2 2 2( )<  . A (N,
M)-POVM, forwhich x assumes its largest possible value, is called optimal.

If a (N,M)-POVMΠ contains d2 linearly independent positive semidefinite operators it is called
informationally complete. As each of theNPOVMs fulfills the completeness relation (2), informational
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completeness constrains the parametersN,M and d by the relation [25]

M N d1 1 . 92( ) ( )- + =

Therefore, each possible solution of this equation yields a possible informationally complete (N,M)-POVM in a
given d-dimensional Hilbert space. As a result at least four possible classes of informationally complete
(N,M)-POVMs can always be constructed. They correspond to the possible solutions (N,M) ä {(1, d2),
(d+ 1, d), (d2− 1, 2), (d− 1, d+ 2)}. In particular, the solution (N,M)= (1, d2) characterizes a one-parameter
family of GSICs [24, 29]. The solution (N,M)= (d+ 1, d) describesMUM [23], which in the special case
x= d2/M2= d/M= 1 reduces to projectivemeasurements withmaximal sets of d+ 1MUBs. For a qubit, i.e.
d= 2, these four possible solutions of (9) collapse to two cases, namelyGSICs ((N,M)= (1, 4)) andMUMs
((N,M)= 3, 2)).

In a d-dimensional Hilbert space informationally complete (N,M)-POVMs can be represented by a basis of
d2 linearly independent hermitian operators. For this purpose it is advantageous to choose an orthonormal basis
of hermitian operators, i.e. G G G i d, 1, ,i i i

2{ ∣ }†= =  , with respect to theHilbert-Schmidt (HS) scalar product
G G G GTri i i i∣ ≔ { }†á ñ¢ ¢ . Such a basis spans the d

2-dimensional Hilbert space d2 of hermitian linear operators
over thefield of real numbers.

Starting from an arbitrary orthonormal basis k k d; 1, ,{∣ }= ñ =  in the d-dimensionalHilbert space
Span ,d ( ( ) ·∣· )= á ñ  of a d-dimensional quantum system, an example of such a hermitian orthonormal

operator basis is given by

G
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G
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 
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for i= 2,L ,d. This basis satisfies the additional convenient requirements G d d1
˜ = , such that orthonorm-

ality implies GTr 0i{ ˜ } = . Any other orthonormal hermitian operator basis can be constructed from this one by
applying an arbitrary real-valued orthogonal transformation, say Õ with OOT

d2˜ ˜ = , onto this operator basis.
For our subsequent discussion it is convenient to arrange the basis operators of such an arbitrary hermitian
operator basis in a d2-dimensional column vector, say G G G OG, , d

T
1 2( ) ˜ ˜= = . The hermitian basis operators

of any orthonormal basis fulfill the relation


d

G
1

. 11
i

d

i d
1

2

2

( )å =
=

Analogously, an arbitrary (N,M)-POVMcan be combined into aNM-dimensional row vector of positive
semidefinite operators, i.e.Π= (Π1,L ,ΠNM). Its expansion in terms of this basis is given byΠ=GTSwith the
real-valued d2×NM-matrix S, whosematrix elements are constrained by the defining properties (6), (7) and (8)
of (N,M)-POVMs. In the subsequent sections we shall take advantage of the fact that the characteristic properties
of thematrix S enable an efficient calculation of trace norms of correlationmatrices for local (N,M)-POVMs.

4. Correlation-matrix-based sufficient conditions for bipartite EPR steerability fromAlice
to Bob

In this section the general formof the recently proposed sufficient condition for bipartite EPR steerability from
Alice to Bob of Lai and Luo [22] is discussed and applied to localmeasurements of Alice and Bobwhich can be
described by arbitrary (N,M)-POVMs or by LOOs. This sufficient condition is based on a violation of an
inequality involving the trace- or 1-normof the correlationmatrix of these localmeasurements of Alice and Bob.
It is valid for arbitrary dimensional quantum systems.

In order to investigate EPR steerability of bipartite quantum states with respect to two arbitrary local
generalizedmeasurements described by (N,M)-POVMs, sayΠA andΠB, let us consider the associated
correlationmatrixC(ΠA,ΠB|ρ)withmatrix elements

C i j, Tr . 12A B
ij AB

A B A B( ( ∣ )) { ( ) ( )( )} ( )r r r rP P = P Ä P - Ä

Thereby,ΠA(i) denotes the i-th component of Alice’s row vectorΠAwith the indexing i(α, a)≔ (α− 1)MA+
aä {1,L ,NAMA}. The analogous notation is used for Bob’s POVMelementsΠB( j).
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If the bipartite quantum state ρ is EPRunsteerable fromAlice to Bobwith respect to these local
measurements this correlationmatrix can be rewritten in the form (cf (4))

C p p V W

V P a P a

W

,
1

2
, , ,

, , , ,

, Tr Tr 13

A B
ij i j

i a

j b B b
B B

B b
B B

,

,

, , ,

( ( ∣ )) ( ) ( ) ( ) ( )

( ) ( ∣ ) ( ∣ )

( ) { } { } ( )
( )

( )

år l l l l l l

l l a l a l

l l r r

P P = ¢ ¢ ¢

¢ = - ¢

¢ = P - P

l l

a

b b l b l

¢ÎL

¢

with i ä {1,L ,NAMA}, jä {1,L ,NBMB}. The trace- or 1-normof thisNAMA×NBMB correlationmatrix can
be restrictedwith the help of the triangular inequality and theCauchy-Schwarz inequality yielding the result

C p p V W
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Using the positivity of variances this upper bound can be further upper boundedwith the help of the inequalities

p p V i i V

p p W j j

j j W

, 2 Tr Tr : 2 ,

, 2 Tr 2 Tr

2 max Tr Tr : 2 , 15

i

N M

i
i

N M

A
A A

A
A A

j

N M

j
j

N M

B
B B

j

N M

B
B B

j

N M

B
B B

j

N M

B
B B

, 1

2

1

2 2

, 1

2

1

2

1

2

1

2

1

2

A A A A

B B B B B B

B

B B B B⎛

⎝
⎜

⎞

⎠
⎟

( ) ( )( ( )) ( {( ) ( ) } ( { ( ) }) )

( ) ( )( ( )) ( { ( ) }) ( { ( ) })

( { ( ) }) ( { ( ) }) ( )

å å å

å å å å å

å å

l l l l r r

l l l l r r

s r

P - P =

P - P

P - P =

l l

l l l
l

s

ÎL =

¢ ¢

=
>

ÎL =

¢ ¢

ÎL = =

= =
>

¢

¢







which involve amaximization over all possible reduced quantum states of BobσB.
In order to simplify these expressions further we represent the local (N,M)-POVMs G SA A T A( )P = and

G SB B T B( )P = by arbitrary LOOs. Analogously we represent Alice’s and Bob’s reduced states in the form
G rA A T A( )r = , G rB B T B( )r = and G sB B T B( )s = . Using (11), (A7) and (A8)we find
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Combining these upper boundswefinally obtain the inequality

C d, Tr 1 Tr 17A B
A B A A

A
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B
1
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with
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x M d

M M1
,

1
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-
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Therefore, provided a bipartite quantum state ρ is EPRunsteerable fromAlice to Bobwith respect to the
arbitrary (N,M)-POVMsΠA andΠB, the 1-normof the associated correlationmatrix, i.e. ∥C(ΠA,ΠB|ρ)∥1,
fulfills inequality (17). Stated differently, a violation of inequality (17) is a sufficient condition for bipartite EPR
steerability fromAlice to Bobwith respect to these local generalizedmeasurements. Consequently, inequality
(17) can be used to obtain upper bounds onmeasures of EPRunsteerable bipartite states fromAlice to Bob and
lower bounds onmeasures of bipartite EPR steerable bipartite states fromAlice to Bob. For different (N,M)-
POVMs and arbitrary quantum states the upper bound of the steering inequality (17) varies only by the scaling
factor A BG G . However, for different types of (N,M)-POVMs the dimensions of the correlationmatrices
determining the left hand side of (17)may change, thus complicating a direct comparison of detection
efficiencies resulting fromdifferent values ofN,M and x.

It is straightforward to derive an analogous inequality for an arbitrary set of local hermitian operators, say
α= (α1,L ,αm) for Alice andβ= (β1,L ,βn) for Bob, describing localmeasurements. The resulting inequality
is given by [22]
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which also involves amaximization over all possible reduced quantum states of BobσB.

5. Influence of local (N,M)-POVMson violations of the EPR steering inequality (17)

The natural question arises how the sufficient condition for bipartite EPR steerability fromAlice to Bob based on
a violation of (17) depends on the type of localmeasurements performed byAlice and Bob. In this section it is
demonstrated that inequality (17) exhibits a characteristic scaling property originating from a permutation
symmetry inherent in the definition of (N,M)-POVMs. It implies that all informationally complete local
measurements involving (N,M)-POVMS and all LOOs lead to one and the same inequality whose violation
yields a sufficient condition for bipartite EPR steerability fromAlice to Bob. The derivation of this scaling
property is based on general relations between informationally complete (N,M)-POVMs and LOOswhich have
been obtained recently in an investigation on the detection of typical bipartite entanglement with the help of
localmeasurements [34] and are summarized in the appendix.

Before we turn to the EPR steering detectionwith (N,M)-POVMs let usfirst investigate inequality (19) for
the special case of LOOs for Alice and Bob as described by (10). Alicemeasures the hermitian basis operators

G G G, ,A A
d
A T

1 A
2˜ ( ˜ ˜ )=  andBobmeasures the hermitian basis operators G G G, ,B B

d
B T

1 B
2˜ ( ˜ ˜ )=  . According to (20)

the relevant upper bounds yield
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Thus, inequality (19) reduces to

C G G d, Tr 1 Tr . 22A B
A A

A
B

B
1
2 2 2( ˜ ˜ ∣ ) ( {( ) })( {( ) }) ( )r r r- -  

As the 1-normof amatrix is invariant under arbitrary local orthogonal transformations performed byAlice and
Bob, say OA˜ and OB˜ , inequality (22) also applies to any other LOOs for Alice and Bob, say G O GA A A˜ ˜= and
G O GB B B˜ ˜= , i.e.

C G G d, Tr 1 Tr . 23A B
A A

A
B

B
1

2 2( ∣ ) ( {( ) })( {( ) }) ( )r r r- -  
The upper bound of the EPR steering inequality for (N,M)-POVMs (17) is the boundary of (23) scaled by the

factor .A BG G This scaling property enables us to compare the EPR steering inequalities of bothmeasurement
settings in a straight forwardway despite the different dimensions of the correlationmatrices of the (N,M)
-POVMs and of the LOOs entering (17) and (23). For this purpose we have to relate the 1-norms of correlation
matrices of local (N,M)-POVMs to the ones of LOOs. Let Alice and Bob use local informationally complete
(N,M)-POVMs, sayΠA andΠB, with basis expansions G SA A T A( )P = and G SB B T B( )P = involving arbitrary
local orthonormal basesGA andGB. As outlined in the appendix the defining properties of informationally
complete (N,M)-POVMs (2), (7), (8) and (9) imply that the 1-norms of the correlationmatrices exhibit the
simple scaling property

C C G G, , . 24A B
A B

A B
1 1( ∣ ) ( ∣ ) ( )r rP P = G G   

Thus, the trace 1-normof the correlationsmatrices of local (N,M)-POVM is also proportional to that of LOOs
with the scaling factor A BG G . As a result inequality (17) simplifies to the inequality for LOOs (23), i.e.

C C G G d, , Tr 1 Tr . 25A B
A B

A B
A B A A

A
B

B
1 1

2 2( | ) ( | ) ( {( ) })( {( ) }) ( )r r r rP P = G G G G - -    
Therefore, a violation of inequality (23) yields the sufficient condition for bipartite EPR steerability fromAlice to
Bobnot only for arbitrary LOOs but also for arbitrary informationally complete local (N,M)-POVMs. In general,
the property of EPR steerability depends not only on the quantum state but also on the class ofmeasurements
involved. Since the EPR steering inequality (25) is identical for all (N,M)-POVMs and LOOs, the quantum states
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violating this inequality are steerable with respect to all thesemeasurements. In view of this result the recent
observations of Lai and Luo [22], which apply to particular families of quantum states and particular SIC-
POVMs,MUBs and LOOs only, appear as special cases of this general consequence of characteristic scaling
properties of (N,M)-POVMs.

For the simple case of Bell diagonal states of the form

 
t1

4 2
26Bell

i

i
i
A

i
B

2 2
1

3

( )år s s= Ä + Ä
=

with the Pauli spin operators i
As and i

Bs for Alice andBob it is straightforward to determine the quantum states
which are steerable fromAlice to Bob andwhich can be detected by a violation of inequality (25) or equivalently
(23)with the help of LOOs or local informationally complete (N,M)-POVMs. For Bell diagonal states EPR
steering is symmetric. Therefore, a steerable quantum state fromAlice to Bob is also steerable fromBob toAlice.
For Bell diagonal states and projectivemeasurements a necessary and sufficient condition for EPR steerability
has recently been derived byNguyen et al [21]. Accordingly, the Bell diagonal states on the border of EPR
steerability are solutions of the equation

N T1 2 det 27T∣ ∣ ( )p=

with the diagonalmatrixT= diag(t1, t2, t3). The normalization constantNT is determined by the relation

N S n n T nd 28T
S

1 2 2

2

( )[ · ] ( )ò=- - -  

with the unit vectors n

being integrated over the surface of the unit sphere S2. Equivalently these states can be

defined by the relation [35]

S n n T n2 d . 29
S

2

2

( ) · ( )òp =
  

Infigure 1 the yellow regionswithin the tetrahedron of all Bell diagonal quantum states represent the steerable
states detected by (25). The yellow and blue regions in thisfigure indicate the steerable quantum states with
respect to projectivemeasurements according to the criteria of (27) and (29). The uncolored central region
represents the Bell diagonal two-qubit states which are unsteerable with respect to projectivemeasurements
according to (27) and (29).

The sufficient condition based on a violation of inequality (25)may be improved further by changing the
LOOs of Alice andBob to another set of local hermitian operators, say Aã and Bã , thereby relaxing the

Figure 1.Bell diagonal two-qubit quantum stateswhich are steerablewith respect to differentmeasurements: Steerable states with
respect to localmeasurements involving (N,M)-POVMsdue to violations of inequality (25) or equivalently (23)(yellow regions);
steerable states with respect to projectivemeasurements due to the criteria (27) and (29) (yellow and blue regions); unsteerable states
with respect to projectivemeasurements due to the criteria (27) and (29) (uncolored central convex region).

8

Phys. Scr. 98 (2023) 115234 MSchumacher andGAlber



orthonormality constraints. Thismay be achieved by a simple rescaling of Alice’s local observables of the form

h G 30i
A

i i
A˜ ( )a =

with the real-valued parameters hi [22].With these new localmeasurements inequality (19) assumes the form

C G V, 1 Tr 31A B A
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For a given state ρ it can be testedwhether the parameters hi can be chosen so that inequality (31) can be violated.
Thus, for a given state ρ itmay be possible tofind an optimal set of parameters hi, such that inequality (31) is
violated even if inequality (23) is still fulfilled. Such an optimization of the sufficient condition for EPR
steerability fromAlice to Bob by variations of the parameters hi of Alice’s LOOor local informationally complete
(N,M)-POVMbreaks the scaling property. Thus, a violation of inequality (31)may detectmore EPR steerable
states fromAlice to Bob than a violation of inequality (23).

6.Numerical results

Numerous investigations have already concentrated on criteria and sufficient conditions for steerability and
have applied them to restricted classes of quantum states which typically form zero-measure sets within the
convex set of all quantum states [16]. However, so far questions concerning the statistical typicality of steerability
and its detectability by localmeasurements are largely unexplored. In this sectionwe concentrate on these latter
issues and explore Euclidean volume ratios between bipartite steerable and all bipartite quantum states. In
particular, we concentrate on detecting EPR steerability fromAlice to Bob by local quantummeasurements
based on violations of inequality (31). The required volume ratios between EPR steerable quantum states from
Alice to Bob and all quantum states for different dimensions of Alice’s and Bob’s quantum systemswill be
determinedwith the help of a recently developed hit-and-runMonte-Carlomethod [30, 36]. This way the
efficiency can be exploredwithwhich typical bipartite steerability can be detectedwith the help of local
measurements.

Starting from a dAdB-dimensionalHilbert space d dA B
 describing a bipartite quantum system the

corresponding d dA B
2( ) -dimensionalHilbert space d dA B

2( ) of hermitian linear operators can be constructed.
With respect to theHilbert-Schmidt (HS) scalar product A B A BTrHS AB∣ ≔ { }†á ñ for A B, d dA B

2( )Î  thisHilbert
space d dA B

2( ) is a Euclidean vector space onwhich volumes of sets of hermitian linear operators and of convex
sets of quantum states ρ� 0 can be defined naturally. Numerically the Euclidean volumes of quantum states can
be determined efficiently with the help of a recently developed hit-and-runMonte-Carlo algorithm [30]which
has already been applied successfully to the determination of Euclidean volumes of bipartite quantum states.
This efficientMonte-Carlomethod, which has been introduced originally by Smith [37], relies on the realization
of a randomwalk inside a convex set that converges efficiently to a uniformdistribution over this convex set and,
moreover, is independent of the starting point inside this convex set [38].

With this hit-and-runMonte-Carlomethodwe randomly sampledN= 108 bipartite quantum states for
different values of dA and dB. For each of these randomly selected states it has been testedwhether it violates the
sufficient condition for EPR steerability fromAlice to Bob (31) for LOOs or informationally complete local
(N,M)-POVMswith optimized parameters hi. If inequality (31) is violated this quantum state is EPR steerable
fromAlice to Bob and is kept. Otherwise this quantum state is dismissed. This way Euclidean volume ratios
RS:A→B between the volumes of EPR steerable quantum states fromAlice to Bob and all bipartite quantum states
have been determined numerically. In view of the optimization over the parameters hi these Euclidean volume
ratiosRS:A→B are always larger than the corresponding ratios which are obtainable directly from a violation of
inequality (23).

We summarize our numerical results in table 1.We have numerically investigated bipartite quantum states
with 2� dA, dB� 4. The cases not shown in table 1 yield negligible volume ratios belowour numerical accuracy.
These results suggest that the detection of typical bipartite EPR steerability fromAlice to Bob based on a
violation of inequality (31)with LOOs or informationally complete local (N,M)-POVMs significantly
underestimates the volume ratios of EPR steerable states in higher dimensional scenarios beyond two-qubit
cases. It should be emphasized that in view of the peculiar scaling properties of (N,M)-POVMs discussed in
section 5 the volume ratios of table 1 cannot be increased by changes to other LOOs or informationally complete
local (N,M)-POVMs.
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In order to quantify this possible underestimation of bipartite steerability it is of interest to compare the
results of table 1with the corresponding results of another sufficient condition for bipartite EPR steerability
fromAlice to Bobwhich has been proposed recently byDas et al [31]. However, thismethod is only applicable if
Alice’s quantum system is a qubit. Beyond this requirement it does not impose any restrictions on the
dimensionality of Bob’s quantum system. The authors have proven that given a bipartite quantum state ρ,
entanglement of themixed quantum state


1

2
Tr 33A B A2≔ ( ) ( ) ( )t mr

m
r+

-
Ä

for a value of 0, 1 3[ ]m Î is sufficient for EPR steerability fromAlice to Bob. As there are powerfulmethods
for determining bipartite entanglement, this approachmay yield better lower bounds on the volume ratios
RS:A→B in its regime of validity. In particular, according to Peres [39] andHorodecki [40] onemay use the
existence of a negative partial transpose (NPT) of τA→B as a sufficient condition for bipartite entanglement for
caseswith dB> 3. In cases with dB� 3 this latter condition is also necessary for bipartite entanglement.However,
a possible disadvantage of this approach is that it is not based on localmeasurements of Alice and Bob. Table 2
depicts our numerically obtained lower bounds on Euclidean volume ratiosRS:A→B based on the approach by
Das et al [31] combinedwithNPT tests of the states τA→B of (33) for different dimensions dB of Bob’s quantum
system. A comparisonwith the results of table 1 demonstrates that for two qubits the detection of EPR
steerability by optimized localmeasurements leads to a result in agreementwith the one of table 2.However, in
all other cases the localmeasurement based sufficient condition for EPR steerability fromAlice to Bob
significantly underestimates the volume ratiosRS:A→B of table 2. Furthermore, the volume ratios of table 2 also
agreewith the intuition suggested by the concept of EPR steerability fromAlice to Bob that increasing the
dimensionality of Bob’s local quantum system should increase his ability to detect EPR steerability byAlice.

In view of the differences between the results of tables 1 and 2 onemay askwhether the underestimated
volume ratios of table 1may still be improved by using the approach ofDas et al [31], while detecting
entanglement of the quantum state τA→B of (33) by localmeasurements. Recently it has been demonstrated that
local informationally complete (N,M)-POVMs are as powerful in detecting entanglement of bipartite quantum
states as LOOs [34]. This is a consequence of the peculiar scaling properties characterizing local informationally
complete (N,M)-POVMs and of their relation to LOOs. It has already been shown byGittsovich andGühne [41]

Table 1.Numerical estimates of lower bounds
of the Euclidean volume ratiosRS:A→B between
EPR steerable quantum states fromAlice to
Bob and all bipartite quantum states for
different dimensions dA and dB of Alice’s and
Bob’s quantum systems: These estimates are
based on a violation of inequality (31)with
Alice’s localmeasurement being optimized by
rescaling. The procedure described in [30]was
used to estimate the numerical errors.

Case dB= 2 dB= 3

dA= 2 5, 011 × 10−2 1, 92 × 10−5

±1, 5 × 10−4 ±4, 1 × 10−6

dA= 3 5, 72 × 10−5 0

±6, 4 × 10−6

Table 2.Numerical lower bounds on the Euclidean volume
ratiosRS:A→B between EPR steerable quantum states from
Alice to Bob and all bipartite quantum states for dA= 2 and
different dimensions 2 � dB � 7 of Bob’s quantum system:
These estimates are based on the approach ofDas et al [31].
The Peres-Horodecki condition has been used as a sufficient
condition for bipartite entanglement of τA→B for dB > 3. The
procedure described in [30] has been used to estimate the
numerical errors.

dB 2 3 4

0, 05167 0, 10936 0, 17278

±1, 5 × 10−4 ±3, 4 × 10−4 ±5, 6 × 10−4

dB 5 6 7

0, 24009 0, 3119 0, 3842

±8, 3 × 10−4 ±1, 3 × 10−3 ±1, 5 × 10−3
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that a sufficient condition for bipartite entanglement detection by LOOs is given by a violation of the inequality
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withGA andGB denoting the LOOs of Alice and Bob and ρA and ρB denoting their reduced quantum states.
Using LOOs of the form (10) for Alice andBob and the relations 1 2A B
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For 1 3m = inequality (35) reduces to inequality (23)with dA= 2. Thus, for cases with dA= 2 a violation of
inequality (23) characterizes once again the sufficient condition for EPR steerability fromAlice to Bob by
entanglement detection via correlationmatrices of localmeasurements involving LOOs or informationally
complete (N,M)-POVMs. This demonstrates that the approach ofDas et al [31] combinedwith local
measurements involving LOOs or informationally complete (N,M)-POVMs as tests for bipartite entanglement
cannot improve the results of table 1.

7. Conclusions

Wehave applied the correlation-matrix-based sufficient condition for bipartite EPR steerability fromAlice to
Bob of Lai and Luo [22] to localmeasurements based on (N,M)-POVMs performed on arbitrary dimensional
bipartite quantum systems. It has been shown that within the class of local informationally complete
(N,M)-POVMs this sufficient EPR steerability condition, which is based on a violation of inequality (17),
exhibits a peculiar scaling property. This implies that a violation of one and the same inequality characterizes this
sufficient condition formeasurements involving LOOs and for all local informationally complete (N,M)-
POVMs. Thus, local informationally complete (N,M)-POVMs are as powerful as LOOs for detecting bipartite
EPR steerability fromAlice to Bob based on a violation of inequality (23).

With the help of a hit-and-runMonte-Carlo algorithmwehave determined lower bounds on the Euclidean
volume ratios of EPR steerable bipartite quantum states fromAlice to Bob and all bipartite quantum states for
lowdimensions of Alice’s and Bob’s quantum systems. These numerical results explore the statistical typicality
of locally detectable bipartite EPR steerability fromAlice to Bob based on a violation of inequality (31). They
demonstrate that, except for the case of two qubits, the sufficient condition for bipartite EPR steerability from
Alice to Bob resulting from a violation of inequality (31) tends to underestimate the Euclidean volume ratios
between EPR steerable bipartite quantum states fromAlice to Bob and all bipartite quantum states significantly.
Our numerical investigations also demonstrate that the recently introduced approach ofDas et al [31], which
relates bipartite EPR steerability fromAlice’s qubit to Bob’s arbitrary dimensional qudit to bipartite
entanglement, can bemore efficient providedmethods for detecting bipartite entanglement are usedwhich
transcend localmeasurements. However, besides not being based on localmeasurements a further disadvantage
of this latter approach is that its validity is restricted to cases inwhichAlice’s quantum system is a qubit.
Therefore, further research is required for the development of efficientmeasurement-basedmethods for the
detection of EPR steerability and for the exploration of its intricate relation to entanglement.

Acknowledgments

It is a pleasure to dedicate this work to Igor Jex on the occasion of his sixtieth birthday. G.A. is grateful to his
friend and regular collaborator for numerous inspiring discussions on the intricacies of quantumphysics. This
research is supported by theDeutsche Forschungsgemeinschaft (DFG)—SFB 1119—236615297.

Data availability statement

All data that support thefindings of this study are includedwithin the article (and any supplementary files).

Appendix

This appendix outlines the derivation of the general scaling relation (24) of section 5 between the 1-norms of the
correlationmatrices of arbitrary LOOs and local informationally complete (N,M)-POVMs. The general
relations between informationally complete (N,M)-POVMs and orthonormal hermitian operators bases
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presented in this appendix have been obtained recently in an investigation on the detection of typical bipartite
entanglement with the help of localmeasurements [34].

We consider a d-dimensionalHilbert space Span ,d ( ( ) ·∣· )= á ñ  with orthonormal basis
d1 , ,{∣ ∣ }= ñ ñ and an associated arbitrary basis of hermitian linear operators G G G, , d

T
1 2( )=  with

G G d, 1, , 2{ }† m= Îm m  acting on thisHilbert space. Let us also assume that this operator basis is orthonormal
with respect to theHilbert-Schmidt (HS) scalar product, i.e. G G G GTrHS AB ,∣ ≔ { } dá ñ =m n m n m n so that it spans
theHilbert space GSpan ,d HS2 ( ( ) ·∣· )= á ñ .

An arbitrary (N,M)-POVM, sayΠ= {Π1,L ,ΠNM}withΠ(i)� 0, i(α, a)≔ (α− 1)M+ a,α ä {1,L ,N},
aä {1,L ,M}, i ä {1,L ,NM}, can be expanded in this orthonormal hermitian operator basis, i.e.Π= GTS
with the d2× (NM)matrix S of real-valued coefficients. Using the orthonormality of the basisG, forN� 2
conditions (7) and (8) characterizing (N,M)-POVMs can be rewritten in the form

S S
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withΓ= (xM2− d)/(M(M− 1)) (cf (18)), the (NM)× (NM)matrix J of all ones, i.e. J 1i a j a, , ,( ) ( ) =a a¢ ¢ , andwith
theM×M blockmatrices Jα of all ones, i.e. J i a j a, , , ,( ) ( ) ( ) d=a a a a a¢ ¢ ¢. The spectrumof the positive semidefinite
symmetric (NM)× (NM)matrix (A1) is given by

S S
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( )
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with the exponents indicating themultiplicities of the eigenvalues. ForN= 1 the zero eigenvalue no longer
appears in the spectrumof STS. Therefore, according to (9) for informationally complete (N,M)-POVMs the
dimensionD of the eigenspace of the nonzero eigenvalues is given by

D N M d1 1 . A32( ) ( )= - + =

The spectral representation of this symmetricmatrix is given by
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, 0 A5

i

a

M

i a

1 2 ,1

1
, , ( )( )å

L = =

L = G =n a n
=

for i ä {1,L ,NM}, νä {2,L ,N(M− 1)+ 1}. The (NM)× (N(M− 1)+ 1)matrixXi,μ fulfills the
orthogonality condition

X X . A6
i

NM
T

i i
1

, , ,( ) ( )å d=m n m n
=

As a consequence of (9), for an informationally complete (N,M)-POVMthemost general formof the d2× (NM)
matrix Swhich is consistent with (7) and (8) is given by

S O X A7i

d
T

i
T

,
1

, ,

2

( )å= Lm
m

m m m m
¢=

¢ ¢ ¢

with the arbitrary real-valued orthogonal d2× d2matrixO, i.e. OO O O PT T
d2= = . Thereby, Pd

2 denotes the
projection operator onto the (N(M− 1)+ 1)-dimensional eigenspace of nonzero eigenvalues of the linear
operator STS acting in theHilbert space NM . Note that in the case of an informationally complete (N,M)-
POVM this subspace is isomorphic to theHilbert space d2 . Let usfinally also add the constraint (2)which
yields

 i a d G O, A8d
a

M d
T

1 1
,1

2

( ( )) ( )å åa= P =
m

m m
= =

wherewe have taken into account the constraints (A5) on the eigenvectors of STS. This relation together with the
constraints (A5) also implies condition (6). Therefore, all requirements defining an informationally complete
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(N,M)-POVMΠ=GTS, namely (2), (6), (7), (8) and (9), are fulfilled. It should bementioned that so far the
positive semidefiniteness of the POVMelementsΠ(i(α, a))has not been taken into account. Therefore, it can be
concluded that, provided an informationally complete (N,M)-POVMexists, it is related to an orthonormal
hermitian operator basisG byΠ=GTSwith thematrix elements of S being given by (A7).

With the help of (A7) it is straightforward to relate the correlationmatrix of two local informationally
complete (N,M)-POVMs for Alice and Bob, sayΠA andΠB, to the correlationmatrix of two LOOs, sayGA and
GB. Using relation (A7) for these local baseswe find

C S C G G S

X O C G G O X

, ,

, . A9

A B A T A B B

A A A A B B T B B T

( ∣ ) ( ) ( ∣ )

( ∣ )( ) ( ) ( )

r r

r

P P =

= L L

For the corresponding 1-normwe obtain the result

C O C G G O, , A10A B A A A B B T B
1 1( ∣ ) ( ∣ )( ) ( )r rP P = L L   

withΛA andΛB denoting the diagonalmatrix of nonzero eigenvalues of Alice and Bob.Using (A8), the
degeneracy of all eigenvalues forμ≠ 1, i.e.Λμ≠1= Γ, and the invariance of the 1-normunder orthogonal
transformations this expression simplifies to

C C G G, , . A11A B
A B

A B
1 1( ∣ ) ( ∣ ) ( )r rP P = G G   

The above arguments demonstrate that this scaling relation is valid for arbitrary informationally complete local
(N,M)-POVMsΠA andΠB and LOOsGA andGB.
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