Quantum electrodynamics of one-photon wave packets
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Rapid advances in quantum technology have made possible the control of quantum states of elementary
material quantum systems, such as atoms or molecules, and of the electromagnetic radiation field resulting from
spontaneous photon emission of their unstable excited states to such a level of precision that subtle quantum
electrodynamical phenomena have become observable experimentally. Recent developments in the area of
quantum information processing demonstrate that characteristic quantum electrodynamical effects can even be
exploited for practical purposes provided the relevant electromagnetic field modes are controlled by appropriate
cavities. A central problem in this context is the realization of an ideal transfer of quantum information between
a state of a material quantum system and a quantum state of the electromagnetic radiation field which contains
a small number or even a single photon only. Despite much recent work in cavity quantum electrodynamics,
which has explored this problem successfully in cases in which the number of accessible electromagnetic field
modes is strongly restricted by a cavity, currently still much less is known about ideal quantum state transfer
between matter and few-photon quantum states of the electromagnetic field in the extreme opposite case of
free space. In this contribution we review recent work which explores characteristic quantum electrodynamical
phenomena governing the interaction of a material quantum system with the electromagnetic field in extreme
many-mode cases which are close to cavity-free situations. For this purpose the simplest possible quantum
electrodynamical situation, namely the interaction of a single material two-level system with the wave packet of
a single optical photon is investigated in free space and in situations in which a large cavity modifies the mode
structure of the electromagnetic field modes. It is demonstrated that perfect excitation of an atom by a properly
shaped single-photon wave packet is possible even in free space. In particular, it is demonstrated that perfect
excitation of an atom can be achieved by a single optical photon which is prepared initially in an appropriate
superposition of plane-wave modes provided this photon is focused subsequently onto the absorbing atom by a
parabolic cavity.
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Excited bound states of atoms are one of the simplest examples of unstable quantum states which decay radiatively into the
continuum of possible one-photon states of the electromagnetic field in free space. The search for a satisfactory theoretical
explanation of the line frequencies and intensities of photon emission spectra at the beginning of the last century eventually
culminated in Heisenberg’s *'magical paper’ from July 1925 [1, 2] and in the development of modern quantum mechanics [3-6].
Although basic aspects of this spontaneous decay process have already been described theoretically in an adequate way in the
early days of modern quantum mechanics [7, 8], interestingly, some of its time-dependent dynamical aspects are still of topical

current interest.




To a large part the current interest in this elementary photon emission process is due to recent advances in quantum technology.
They have enabled one to prepare quantum states of matter and of the electromagnetic field to such a high level of precision that
not only subtle quantum electrodynamical phenomena can be tested experimentally but that these phenomena can also be ex-
ploited practically for purposes of quantum information processing [9]. On the one hand it is possible to engineer quantum states
of individual atoms or even of multi-particle systems with the help of sophisticated particle traps. In this context electromagnetic
fields play a predominant role for achieving the required trapping and they also allow to control the material quantum states
involved with an unprecedented level of accuracy [10, 11]. On the other hand it is also possible to engineer quantum states of
the electromagnetic field. Not only classical electromagnetic fields with large photon numbers can be generated by sophisticated
pulse shaping techniques [12] but also particular few-photon quantum states of the electromagnetic field can be prepared in a
controlled way [13]. Numerous current developments in the area quantum electrodynamics, for example, have emanated from an
early insight of E.A Purcell [14] that a modified density of field modes of the electromagnetic field influences spontaneous de-
cay rates. This stimulated numerous experiments demonstrating the suprression of spontaneous decay in cavities [15, 16]. More
recently it has even been demonstrated that extreme selection of electromagnetic field modes by cavities in combination with
trapping of single atoms enables one to control the interaction between single atoms and the electromagnetic field [13]. Thus,
it is possible to prepare single-photon single-mode quantum states of the electromagnetic field [17], for example, or to excite a
single atom by a single-photon quantum state perfectly with the help of vacuum Rabi oscillations [18]. Despite these significant
advances of quantum electrodynamics similarly efficient techniques for preparing many-mode few-photon quantum states of
the electromagnetic field or for controlling the resulting atom-field dynamics are significantly less well developed. Advances
in this direction would be particularly interesting for purposes of quantum information processing. They would significantly
enhance the flexibility of exchanging quantum information between the electromagnetic field, which is particularly useful for
the transport of quantum information, and matter, which is well suited for the storage of quantum information.

In this contribution we investigate quantum electrodynamical many-mode aspects by exploring the simplest possible situation
in this context, namely the interaction of a single atom, modeled by a simple two-level system, with many-mode one-photon
quantum states of the electromagnetic field [19]. In particular, we concentrate on the question how the engineering of electro-
magnetic field modes influences the atom-field interaction. An interesting problem in this context is the engineering of ideal
one-photon multi-mode quantum states which may excite a single atom perfectly [20]. For purposes of quantum information
processing such one-photon multi-mode states are particularly well suited for transmitting quantum information and for storing
it in a material memory again.

This article is organized as follows: In Sec. II characteristic aspects of two extreme cases of the interaction of a simple two-
state quantum system with the radiation field are discussed, namely the single-mode Jaynes-Cummings-Paul model [21, 22] and
spontaneous photon emission in free space [7, 8]. In Sec. III we explore dynamical modifications originating from modifications
of the electromagnetic field modes involved. For this purpose the interaction of a single photon with a two-level system in a
closed spherical cavity of arbitrary size [23] and in a half-open parabolic cavity [24, 25] are explored.

II. QUANTUM ELECTRODYNAMICS OF A MATERIAL TWO-LEVEL SYSTEM - BASIC ASPECTS

In this section basic results concerning the interaction of matter with the quantized radiation field are discussed. For this
purpose an elementary two-level model of matter is considered which involves two non-degenerate relevant energy eigenstates
coupled almost resonantly to the electromagnetic field. Characteristic quantum electrodynamical properties of this model system
are particularly apparent in cases in which the quantum states of the electromagnetic field contain only a small number of
photons. The resulting dynamics depends significantly on whether only one mode of the radiation field or an infinite number of
them participate in the interaction.

A. The Jaynes-Cummings-Paul model

One of the simplest models which describes characteristic quantum features of the almost resonant interaction of matter with
the radiation field is the Jaynes-Cummings-Paul model [21, 22]. In this model a material two-level system interacts with a single
mode of the radiation field. In the Schrodinger picture its dynamics is described by the Hamiltonian

H = E,lg){(g| + Ecle)(e| + hwa'a + hgale)(g| + hig*a'|g)(el. (1)

The energies of the material two-level system are denoted by E, and E, > E,, and & (a') is the destruction (creation) operator
of the almost resonantly coupled electromagnetic field mode of frequency w, i.e. E. — E, ~ hw. The coupling constant g
characterizes the strength of the interaction of the material two-level system with the single mode of the radiation field. In
the dipole approximation, for example, which applies in typical quantum optical situations and in which it is assumed that the
wavelength of the almost resonantly coupled electromagnetic field mode is significantly larger than the extension of the material



charge distribution of the two-level system, this coupling constant is given by
hga = —(eldlg) - B4 (xo). )

Thereby, d is the material dipole operator. The positive frequency component of the electric field operator is denoted by

- [ hw 5
Ei(x) = i %u(x)a, (3)

and it has to fulfill the transversality condition V - E+ (x) = 0. (¢ is the permittivity of the vacuum.) The normalized mode
function u(x) is a solution of the Helmholtz equation

(V2 +w/H)ux) = 0 4)

and fulfills the boundary conditions of the mode selecting cavity involved. It is normalized according to the relation
rs °7 [u(x)|? = 1. The position of the center-of-mass of the material charge distribution is denoted by x.
Within this model the dynamics of the almost resonantly coupled matter-field system can be described in a straight forward
way by expanding the quantum state [); at time ¢ in the basis of energy eigenstates of the uncoupled quantum system, i.e.

W)e = D {aen(t)e  Eetmtdt/hley @ n) 4 a, , (t)eBatrhlt/Alg) @ )y, )
=0

The time-dependent Schrédinger equation ihd|y) /dt = H|[1b), yields the system of pairs of coupled equations
Gen(t) = —igvn+ 1e™ay 1 (2),

Ggn+1(t) = —ig*Vn+ le A, ,(t) (for n > —1) (6)

with A = (E, — hw — E;)/h denoting the detuning from resonance.
If initially, at ¢t = 0, the two-level system is prepared in its excited state |e), i.e. a,,(0) = 0 forn > 0, Egs.(6) yield the

solution
_ Q,t iA L (Qut iAt/2
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ag,n+1(t) == ae,n(o)

The time evolution of the probability amplitudes en(t) and ag ,(t) exhibits a characteristic periodic energy transfer be-

tween the two-level system and the electromagnetic field mode which is characterized by the n-photon Rabi frequency

Qn = /A2 +4]g2(n +1). As the period of this energy exchange depends on the photon number the resulting time evo-
lution exhibits interesting collapse and revival phenomena.

Let us consider a special case in more detail in which initially the two-level system is excited and the single-mode radiation

field is in a coherent state |a) with d|a) = afa) and o € C [18]. The resulting time evolution of the inversion of the two-level
system is given by

w(t) = Z{lae,n(t),z - |ag.n(t)|2} = Z |ae,n(0)[?

n=0 n=0

A% | d4lgl(n+1)
2w

n

cos (Qnt))
(8)

with a.,(0) = exp(—|a|?/2)a*/+/nl. In Fig.(1) the time evolution of this inversion is depicted for resonant coupling, i.e.
A = 0, and various values of the mean photon number < n, >— (ala’ala) = |of? of a coherent state |cr). Tt is apparent that the
initially prepared inversion collapses after a characteristic collapse time of the order of 7, = 2m/|g|. Furthermore, at multiples
of times of the order of T, = 27v/< n > +1 /lg| the probability amplitudes interfere constructively again thus causing revivals
of the initial excitation [26, 27]. Finally, it should also be mentioned that according to Eq.(8) the appearance of collapse and
revival phenomena do not necessarily require an initially prepared pure quantum state of the electromagnetic field.

If one considers the extreme case that the two-level system is excited initially but the electromagnetic field is in its ground
(vacuum) state one obtains the result

A% 4)g?
w(t) = 5% + WCOS(QQ@ )
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FIG. 1: Time dependence of the inversion w(t) of Eq.(8) of the two-level system describing its excitation by a coherent single-mode state |c):
< n >= 0.5 (left curve), < n >= 25 (right curve).

for the inversion of the two-level system. In this case the inversion oscillates periodically between its extreme values and these
oscillations are governed by the vacuum Rabi frequency Qo = 2|g|. In particular, this result demonstrates that in the case of the
coupling of a two-level system to a single mode of the radiation field the decay of the excited state of the two-level system is not
described by an exponential decay law but exhibits a periodic energy exchange which reflects the periodic exchange of a photon
between the two-level system and the radiation field.

B. Spontaneous emission of a photon in free space

If a material two-level system interacts with the quantized radiation field in free space its dynamics differs significantly from
the single-mode case described previously. In order to exemplify these significant differences let us assume that initially the
two-level system is prepared in its excited state |e) and that the electromagnetic field is in its ground (vacuum) state |0). In the
absence of any mode-selecting cavity all modes of the electromagnetic radiation field couple to this initially excited two-level
system. In the Schrodinger picture the field operators of the electric and magnetic field strengths are given by [28]

Il

Ex) = > 4/ %“-{z‘uk,i(x)ak,i —iuf ,(x)af ;} = B (x) + B_(x), (10)
k,i

~ h . . o A x
B(x) Z 5 {(V Auag,s) (%) ak,i + (VA uk’i)(x)aL .} =Bi(x)+B_(x)
k,i Al 7
with their corresponding ’positive-’ and *negative-frequency’ parts E (x) and E_ (x) ( B4 (x) and B_(x)). If we consider an
electromagnetic field in a cubic quantization volume of length L and volume V' = L? and impose periodic boundary conditions
a complete set of orthonormal mode functions can be chosen in the form
eik-x
Uk (X :eik—,izl,Q (11)
k, ( ) ( ) \/v
with the wave vectors k = 27n/L (n € Z?) and with the corresponding real-valued unit-polarization vectors e;(k) (e (k) -
ex(k) = 0, e1(k) A ea(k) = k/|k|) fulfilling the transversality condition e;(k) - k = 0 for i = 1,2. Within a perturbative
treatment of the spontaneous photon emission process according to Fermi’s Golden rule the resulting decay of the two-level
system is governed by the rate [28]

o A R w3 |(€|a|g>]2
r— S : * 0B + hoxe = Be) = —4——5—
> 7 (eldg) - B (x0) [ 6(Ey + hwi — Ee) 3meohic3

k,i
(12)

with the transition frequency we, = wey. Within the framework of the dipole approximation xo denotes the position of the
center-of-mass of the two-level system. It is apparent from Eq.(12) that the spontaneous decay rate depends on the number of




field modes per unit energy which couple resonantly, i.e. with wx = (E. — E;)/h, to the spontaneously decaying two-level
system. Thus, altering the mode structure of these relevant field modes by a cavity, for example, modifies the spontaneous decay
rate. This effects was confirmed in experiments with Rydberg atoms of sodium [29] excited in a niobium superconducting cavity.
Rydberg atoms are especially suitable for the experimental verification of modifications of spontaneous decay rates since they
posses large dipole matrix element on micro-wave transitions. Therefore, the spontaneous emission rate for the atomic transition
23S—22P was investigated which was in resonance with the niobium superconducting cavity at 340GHz. Thus, the free-space
value of I' = 1505~ could be increased to a value of ['cqpiry = 8 - 104571,

A non-perturbative treatment of the exponential decay of an excited two-level system has already been given by Weisskopf
and Wigner [7, 8] in their seminal work. If the initially prepared quantum state of the matter-field system is of the form |e) ® |0)
the time evolution of the resulting quantum state can be decomposed according to

Y = Za_qk e~ iEathdt/Rlg) @ af 10) + ac(t)e ™/ Me) @ |0). (13)

The resulting dynamics is described by the time dependent Schrodinger equation with Hamiltonian

H = E,lg)(g] + Ecle){el + > hwia] énc; —

kel,i
le) (gl (eldlg) - B+ (x0) — |9) (el (eld]g)" - B (x0) (14)

in the dipole- and rotating-wave approximation [28]. The rotating wave approximation takes into account the interaction of
the two-level system with the almost resonant field modes (k € I) within a frequency interval of width Aw > T' centered
around the transition frequency we, in a non-perturbative way. The influence of all other (non-resonant) field modes can be
taken into account perturbatively. In particular, in second order perturbation theory these non-resonant modes give rise to a
Lamb shift [30, 31]. It should be mentioned that, contrary to the almost resonant modes, for a consistent treatment of this
energy shift the coupling of the non-resonant modes of the radiation field to the two-level atom cannot be treated in the dipole
approximation because also high-frequency field modes have to be taken into account. Furthermore, mass renormalization has
to be included. This way a well-defined and finite expression for the Lamb shift can even be obtained within a non-relativistic
quantum electrodynamical description [31].
The time dependent Schrodinger equation is equivalent to the differential equations

. ed / y
ao(t) = | |9 Z Uk (x0) agki(t ei(Ec—Eg—h kt/h

kel i
. eld hwe A B —hw
agki(t) = % ?:uk,i(xo)ae(t)e (B Eg—hen )t/ (15)
for the probability amplitudes which yield the integro-differential equation
hwic|(e|d]g) uy i (xo)| »
alt) = - Y Tlldoig) x dt e (¢ )eiPe= Ba=hr) 1=t ) /1 (16)

kel,i

for the probability amplitude a.(t) of observing the two-level system in its excited state |e) at time ¢ > 0. In the continuum limit
of a large quantization volume V' the summation over the modes of the electromagnetic field can be approximated by

> — Z% / Fr=Y" dwp(w) (17)

kel kel i wel

with p(w) = 47Vw?/(873c®) enumerating the number of field modes per frequency and per polarization. As long as the
spontaneous decay rate I" of Eq.(12) is much smaller than the resonance frequency w.,4 and the frequency range over which the
integrand of Eq.(16) varies significantly, the *pole approximation’ [7, 8, 32] may by applied so that Eq.(16) reduces to

/dt Tae(t t—t)———g—ae(t). (18)

Within this approximation the initially excited two-level atom decays exponentially with rate (12) so that for ¢ > 0 the quantum
state is given by
. Aok e—i(Eg-i—ﬁwk)t/ﬁ _ e—i(Ee—ihl"/Z)t/h ;
= —i){e|ld|g)* - uf . — a, |0
) = 3 (Oeldlo)” - v Gl o e kil 218) ¢
e~ i(Be=ihT/2)t/h|g) @ |0). (19)




Thus, at the end of the spontaneous decay process the two-level system approaches a separable pure quantum state with the
two-level system in its lower energy eigenstate |g). In this quantum state the mean electric and magnetic field strengths vanish
so that the (normally ordered) energy density of the electromagnetic field provides a local measure for the statistical uncertainty
of these electromagnetic field strengths.

According to Eq.(19) after the completion of the photon emission process both the two-level system and the electromagnetic
field are in pure states. In view of this asymptotic separation it is of interest to ask whether a one-photon state of the electro-
magnetic field exists which is capable of exciting a material system, such as an atom, perfectly in free space from an initially
prepared ground state |g) to an excited state |¢) by photon absorption. Within our quantum electrodynamical model this question
can be answered in the affirmative in a straight forward way . For this purpose one has to solve Eqs.(15) subject to the final-state
condition that at a particular time, say t = 0, the two-level system is in its excited state and the radiation field in its vacuum
state. It is straight forward to show that for ¢ < 0 this advanced solution of Egs.(15) is given by the quantum state

N ol P, e~ (Bathndt/B _ g—i(BikD/2)t/h
= S d * ko Mk N . O
[Whe = 3 (i)(eldlg)” - uies(ox0)y o B R r T ki) @ o) +

kel i
¢~ i B +iR/2)1/) 6y @ (o). (20)

Indeed, for ¢ — —oo this quantum state is separable. It describes the two-level system initially prepared in state |g) with the
radiation field prepared in the particular pure one-photon state which finally excites the two-level system to its excited state |e)
perfectly by absorption of a single photon. For times ¢ > 0 the continuation of this time evolution is described by the quantum
state of Eq.(19).

III. QUANTUM ELECTRODYNAMICS WITH CONTROLLED MODE SELECTION

In this section characteristic quantum phenomena originating from the exchange of energy between a two-level system and a
single-photon radiation field inside a cavity are discussed. Firstly, we consider a possibly large but closed spherical cavity which
may contain many almost resonant field modes coupling to a material two-level system positioned in the center of the cavity. By
varying the size of this cavity it is possible to describe in a uniform way the transition between the extreme cases of coupling
to a single mode of the radiation field and of the free-space limit [23, 33]. Secondly, we discuss the dynamics of spontaneous
photon emission by a two-level system in a half-open parabolic cavity.

A. Photon exchange in a closed spherical cavity

The dynamics of a material two-level system positioned at the center xo of a spherical cavity, which supports almost res-
onant field modes, can be described within the theoretical framework discussed in Sec.IIB. In the dipole- and rotating wave
approximation again the dynamics of this quantum system can be described by the Hamiltonian of Eq.(14) in the Schrodering
picture. However, now the electric field operator of Eq.(10) has to be constructed with the help of mode functions u;(x) which
are appropriate for a spherical cavity. For this purpose we solve the Helmholtz equation (4) with the boundary condition of an
ideal metallic spherical cavity. Thus, the tangential component of w;(x) and the normal component of (V A w;)(x) have to
vanish at the boundary of the spherical cavity. The corresponding solutions of the Helmholtz equation determine the relevant set
of possible discrete eigenfrequencies w; inside this cavity. For a spherical cavity of radius R the possible mode functions are of
the form [33]

Nnng(wnLT/C)XLAI((X —Xo)/[x — o),

UnL[W (X)
Vg () = Nan (V A ) wnrr/e)X par((x — X0)/]% — Xo|) Q1)

nL

with the mode index | = (nL M), the vector spherical harmonics [34]

Xonly/lyl) = —L—(zmyA(VYZ”I)(y/IyI), 22)

and with the spherical harmonics Y (y/|y|) (L € No,—L < M € Z < M)[35]. The dependence of these mode functions on
the radial coordinate r = |x — x| is determined by the regular spherical Bessel functions [35] whose asymptotic behavior is
given by

L . sin(z — Lw/2)
m;@n(x)w>1 .

(23)




with (2L +1)!! = (2L + 1)(2L — 1)(2L — 3) - - - 3 - 1. The normalization constants N,,;, are given by

- ~1/2 >
2.2 WnL
NnL = (/0 drr ]L(LUnLT/C)> m P E (24)

The eigenvalues wy,, of the electromagnetic field modes are determined by the metallic boundary conditions, i.e.

.
julwnRye) = 0, QL) oo, 03)

Thus, highly excited field modes with wy,;, R/c >> 1 are characterized by the eigenvalues

wnrR/c ™+ (L + 1)m/2. (26)

Wn L R/C >1
Note that the energy density of highly excited field modes is given by dn/d(hw, 1) = R/(r/ic) and is thus frequency indepen-
dent. It should also be mentioned that at the center of the spherical cavity, i.e. at Xo, only the mode functions V=1 p=0(x)
are non vanishing. Therefore, in the dipole approximation the two-level system positioned at the center of the spherical cavity
can only couple to these field modes.

Inserting the relevant mode functions into the electric field operator of Eq.(10) and solving the time-dependent Schrodinger
equation with Hamiltonian (14) yields the time evolution of the quantum state [¥): [23]. As a result, under the condition
[#)t=0 = |e) ® |0) in the limit of an infinitely large cavity again the results of Egs.(19)and (20) are obtained. In particular,
with the help of the relevant mode functions V,,;,—11/—0(x) the energy distribution of the resulting one-photon state can be
determined in a straight forward way. In the radiation zone of the two-level system, i.e. at distances |x — xo| = 7 > ¢/Weg, ONE
can use the asymptotic form of the relevant spherical Bessel functions. Thus, for the quantum state of Eqs.(19) and (20) in this
region of space the energy density of the radiation field is well approximated by

3T Awey sin® 6 _
——e
8me 2

ol 3 (B0 +e*B) : [w)e = Fd=r/9g(Jt| - r/c). @7)
Thereby, :: denotes the normal ordering [28] of the field operators, 6 is the angle between the dipole moment (e|d|g) and the
direction of observation (x — X¢), and ©(z) denotes the Heaviside unit-step function with ©(z) = 1 for z > 0 and zero
elsewhere. The electromagnetic energy density of Eq.(27) is a local measure for the uncertainties of the electric and magnetic
field strengths. It is apparent that this energy density has an exponential shape with a spatial extension of the order of ¢/T" and
with a sudden decrease at distance [x — xo| = 7 = c|t| from the two-level system. Due to energy conservation the total field
energy contained in this one-photon wave packet equals fiw,y(1—e~TI*l). The mean field energy density can also be decomposed
into its electric and magnetic contributions (which are equal) and into its various polarization components. Thus, along direction
e the polarization component of the mean electric energy density, for example, can be represented in the form
€0 A

W] 5 (e E(x))?: [g) = |e-E(x,t) [2 (28)

with the complex-valued electric one-photon energy-density amplitude

_ ;. [3Thwe isgn(t)we(|t|—r/c) g~T([t|—r/c)/2 5100
E(x,t) = —i —1%6(|t|—r/c)e € el (29)

and with sgn(t) denoting the sign of t. Eq.(29) is valid in the radiation zone, i.e. for we,r/c > 1, as long as Weg > T'/2
(compare with Eq.(18) and the validity of the pole approximation). It demonstrates that in the radiation zone the electromagnetic
field energy is concentrated completely in the polarization direction ey. Integrating Eq.(28) over all space (thereby neglecting
contributions outside the radiation zone) the electric field energy at time ¢ is given by

Tuweg

dx | E(x,t) 2= (1 — e TH, (30)

R3

The analogous expression for the magnetic one-photon energy-density amplitude can be obtained from Eq.(29) by the replace-
ment eg — e,. Thus, the magnetic energy density is concentrated completely in the direction e, and its integrated field
energy contribution is also given by Eq.(30).

For finite values of the radius of the spherical cavity R the dynamics of the photon exchange with the two-level system changes
significantly. In the extreme limit of a small cavity in which only one cavity mode is in resonance with the spontaneously
decaying two-level system the dynamics reduces to the results of the Jaynes-Cummings-Paul model discussed previously. In
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FIG. 2: Time dependence of the probability P.(t) of observing the spontaneously decaying two-level system in its excited state at the center
of a closed spherical cavity: The number of resonantly interacting field modes is of the order of I'R/c and depends on the size of the cavity
R. ForI'R/c = 10 (left figure) a spatially localized photon wave packet is generated by spontaneous emission and can be reabsorbed again
by the two-level system at the center of the cavity at later times. For ’'R/c = 1 (right figure) only a small number of cavity modes interact
resonantly and the two-level system performs approximate Rabi oscillations governed by the vacuum Rabi frequency.

cases in which this resonant field mode is highly excited this single-mode limit is realized if T'dn/d(w,r=1) = T'R/(mc) < 1
so that the cavity is small in comparison with the extension of a one-photon wave packet which is generated by spontaneous
emission in free space and whose spatial extension would be of the order of ¢/T". For larger values of the cavity radius R the
two-level system starts to couple to more and more field modes almost resonantly so that eventually in the infinite-cavity limit the
free-field dynamics is approached. It can be shown that for almost resonant coupling of the two-level system to highly excited
modes of the spherical cavity, i.e. wey,R/c > 1, for t > 0 the time evolution of the excited-state probability amplitude for an
initially excited two-level system is given by

oo
(€| ® <0|'l/)>t = e—i(Ee——iﬁF/2)t/h + Z @(t _ 2MR/C)e—i(Ee—ihl"/Q)(t-QMR/c)/h %
M=1

= (M -1\ [-T(t - 2MR/c)|"*"
(3o eeen

r=0

In Fig.2 this time evolution is depicted for various sizes of the spherical cavity. For small cavities the characteristic almost
periodic energy exchange between the two-level system and the radiation field is apparent. For larger cavity sizes this dynamics
is modified. For large cavities with I'dn/d(wy=1) = I'R/(wc) > 1 the initially excited two-level system decays approximately
exponentially with rate I' and is excited again at later times by the spontaneously generated one-photon wave packet whenever
it returns again to the center of the cavity where the two-level system is located.

B. Spontaneous photon emission in a half-open parabolic cavity

Efficient atom-light interaction in free space [20, 36-38] may provide us with less technologically demanding solutions for
quantum communication over large distances than typical cavity quantum electrodynamical solutions [13]. Thus, it has gained
a lot of interest recently. An intermediate case between the small-cavity limit and the free-space limit can be realized by a large
closed cavity [23] in which an atom couples to a large number of modes and which has been discussed in the previous section.
A half-cavity, i.e. a cavity with one mirror, constitutes another example of such a case. The structure of standing light waves in
front of a mirror was already analyzed in the pioneering work of K. Drexhage [39]. Later on, it has been verified experimentally
that under such circumstances one can witness a change of the density of states of the electromagnetic field modes near the
atom by measuring its spontaneous emission rate [40]. A simplified one-dimensional scalar model of a laser-driven atom in a
half-cavity has been discussed in [41], for example.

As a second example for modifications of the quantum electrodynamical interaction between matter and the radiation field
originating from controlled mode engineering in the following we discuss the spontaneous decay of a two-level system, such as
an ion [24], in a half-open cavity with a parabolic shape. The two-level system is assumed to be positioned in the focus F' of an




FIG. 3: Spontaneous photon emission in a parabolic cavity: The two-level system is positioned in the focus F of a metallic parabola with
focal length f. All light rays emanating from F which are reflected at the parabolic boundary leave the cavity by propagating parallel to the
symmetry axis. They all accumulate the same phase (eikonal) of magnitude we,4 (2 + f)/c which is the same as if these light rays had started
in phase from the plane 2 = — f. There are always two possible trajectories to any point x inside the cavity. In the semiclassical limit, i.e.
f > ¢/wey, these two classes of trajectories give rise to the spherical-wave and the plane-wave contributions to the complex-valued energy
density amplitude of Eq.(32).

axially symmetric parabola whose boundary is formed by an ideal metal and is described by the equation z = p?/(4f) (compare
with Fig.3). The coordinate z measures distances from point P along the symmetry axis and p denotes distances perpendicular
to the symmetry axis. The focal point F' of the parabola has coordinates (z = f, p = 0) with f > 0 denoting the focal length. A
defining property of any parabola is the fact that the distance between any point on its surface and the focal point F' equals the
distance to the plane perpendicular to the symmetry axis located at z = — f.

We are particularly interested in possible changes of the spontaneous photon emission process of a two-level system resulting
from the presence of the parabolic boundary conditions. The parabolic shape of the mirror ensures that, if a light beam is
sent parallel to the symmetry axis of the parabola towards the two-level system, this two-level system interacts with the light
coming from the whole 4 solid angle. Similarly, the whole light resulting from spontaneous decay of the two-level system is
redirected into a beam propagating parallel to the symmetry axis. Thinking in terms of a semiclassical ray-picture only light
rays which are emitted from the two-level system along the (negative part of the) symmetry axis return again to the two-level
system. Contrary to the closed spherical cavity discussed in the previous section all other emitted light rays leave the cavity
without any reexcitation of the two-level system. Thus, if the dipole moment of the two-level system is oriented along the
symmetry axis photon emission along the symmetry axis is suppressed and we do not expect any significant modification of
the spontaneous decay process of the two-level system due to the presence of the cavity in cases in which the focal length f
is large in comparison with the wavelength of a spontaneously emitted photon [42]. Nevertheless, in analogy to a small cavity
or to spontaneous emission in front of a planar mirror [43] significant changes of the spontaneous decay rate are expected if f
becomes comparable to the wavelength of a spontaneously emitted photon.

1. Time evolution of a photon wave packet

First of all, let us consider the dynamics of an almost resonant photon and its resonant energy exchange with a two-level
system positioned in the focal point F' in the semiclassical limit in which the focal length of the parabola is large in comparison
with the photon’s wavelength, i.e. f > ¢/w.,. Furthermore let us concentrate on cases in which the two-level system’s dipole

moment (elél] g) is oriented parallel to the symmetry axis of the parabola. In particular, we want to investigate solutions of the
time dependent Schrodinger equation [+), for which at a certain instant of time, say ¢ = 0, the two-level system is excited and
the electromagnetic radiation field is in its vacuum state, i.e. [1))¢—o = |e) ® |0). Thus, this case describes spontaneous emission
of a photon for ¢ > 0 and perfect excitation of the two-level system by a one-photon field for ¢t < 0. As f > ¢/weg, in the
radiation zone, i.e. for wey|X — Xo|/c > 1, the distribution of the energy density of the electromagnetic field can be determined
with the help of semiclassical methods. This is due to the fact that the one-photon energy density amplitudes of the electric and
magnetic field energies (compare with Eq.(29)) are rapidly oscillating functions of the radial variable r = |x — xo| with a slowly
varying envelope which decays on the length scale ¢/T. Stated differently, the condition Weg > I'/2 implies that the phase
(eikonal) of these amplitudes exhibits many oscillations within the region of support of these amplitudes.
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In the radiation zone the one-photon energy density amplitudes are solutions of the wave equation whose semiclassical so-
lutions [44] can be constructed with the help of the classical light rays inside the parabolic cavity. Thus, the general form of
the energy-density amplitudes of the electric and magnetic field can be constructed semiclassically in two steps. Firstly, one
determines their form inside a sphere of radius Ry around the focal point F' = X, so that the condition ¢/w., < Ry < f is
fulfilled. For the electric field this amplitude is given by Eq.(29) and for the magnetic field it can be obtained from Eq.(29) by the
replacement €9 — e,,. Semiclassically, with this form of these amplitudes one can associate a Lagrangian manifold [44, 45]
of radially outgoing straight-line trajectories which start at the position of the two-level system F' and which propagate with the
speed of light. The relevant polarization direction remain constant during transport along these radial trajectories. In a second
step one determines the most general semiclassical solution of the wave equation within the parabolic cavity but outside this
sphere of radius Ry. For this purpose one has to construct the light rays outside this sphere thereby taking into account that they
are reflected at the boundary of the cavity according to the classical reflection law (equal incoming and outgoing angles). Apart
from the reflection process where one has to take into account the boundary conditions of an ideal metal the polarization direc-
tions remain constant during the propagation along any of these classical trajectories. The geometry of the parabola implies that
after reflection at the metallic boundary the classical trajectories propagate parallel to the symmetry axis. Matching the solutions
inside the sphere of radius Ry and outside the sphere in a smooth way one obtains the one-photon energy-density amplitude of
the electric field at any point x = (2, p) inside the parabolic cavity. Whereas for times |t| < f/c this energy-density amplitude
is given by Eq.(29), for times ¢ > f/c it is modified due to reflections of light rays at the boundary of the parabolic cavity and
assumes the form

_ . [3Thwe isgn(t)weg([t1=r1 (2,0)/) g~T(It]~r1 (2,0)/c) /2510 (01(2, P))
E(x,t) = —1i T O([t] = r1(z,p)/c)e e — ey, +

7'1(2,,0)
iy |3 weg gy 2+ S isan(twes (e~ 1)/0) T~ (4 /1250 0200) (32)
167c c r2(p)
with
1 = — _ 2 2
sin(61(z, p)) e ri(z,p) =V (z—f)?+p
p P
sin (6 = . = f(1+ =).
060 = £, rale) = 11+ L)

Therefore, at a fixed time ¢ the contribution at position x = (z, p) results from the interference of contributions originating
from radially propagating direct light rays (first term on the r.h.s. of Eq.(32)) with the contributions from light rays reflected at
the boundary of the cavity (second term on the r.h.s. of Eq.(32)). Whereas the first type of contributions give rise to a slowly
modulated spherical wave front emanating from the position of the two-level system at F' = xo, the reflected trajectories give
rise to a (rapidly varying) plane wave propagating in the z-direction with a slowly varying amplitude. This plane wave is a
consequence of the parabolic geometry of the cavity and the fact that for any point on the boundary of the cavity its distances
from the focal point F' and from the plane z = — f are equal. Therefore, all light rays emitted at any angle 6 at F' and reflected
at the boundary of the parabolic cavity accumulate the same phase (eikonal). This phase is the same as the one originating from
a ficticious set of trajectories starting from the plane z = — f and propagating along the z-axis with the speed of light. For
large focal lengths in the sense that 2 f >> ¢/T" the two contributions to the energy-density amplitude are well separated in space
apart from small regions around the boundary of the parabolic cavity. As a consequence interferences between contributions of
these two different types of classical trajectories disappear. Furthermore, for a fixed value of p the spherical-wave contribution
to Eq.(32) becomes vanishingly small in comparison with the plane-wave contribution in the limit of large values of 2. It is
apparent from Eq.(32) that the polarization properties of the spherical-wave contribution are not changed by the cavity and are
the same as in free space. However, the polarization features of the plane-wave contribution are significantly different. At any
point x its polarization is directed in the e,-direction so that the vector field £(x, t) represents a vortex field with respect to its
polarization properties. The singularity at the symmetry axis is suppressed by the fact that there is not coupling between the
radiation field and the two-level system along this axis because the dipole moment of the two-level system is oriented in this
direction. Finally, it should be mentioned that the (primitive) semiclassical expression of Eq.(32) breaks down at points close to
the boundary of the parabolic cavity where transitional or uniform semiclassical approximations [44, 46] have to be employed.

2. Modifications of the spontaneous decay rate

In this subsection it will be demonstrated that depending on the characteristic parameters, namely the focal length f, the
resonant wavelength A\ = (27)c/we,, and the orientation of the two-level system’s dipole moment d = (|d|g), the spontaneous
decay rate of the two-level system may differ significantly from its free-space value as given by Eq.(12).
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Since the two-level system is located in a half-open space we start by expanding the electric field operator (10) in mode
functions suitable for the parabolic symmetry of the problem. Following the results of [47] we use mode functions of the form

k -
teu(t) = —=75 dne*™ T by (n)e’ (n). 33
k,[,y,( ) (27!')3/2 53 [,li( ) ( ) ( )
Thereby, k = kn denotes the wavevector, ¢ = 1,2 enumerates the polarization states, and parameters £ = 0,+1,£2,...
and 1 € (—00, +00) are additional mode indices. The unit vector n and the polarization vectors e’ (n), €*(n) constitute the
orthonormal basis which ensures the transversality condition V-E = 0. In particular, we choose these directions in the following
form

n = (sinf cosy,sinfsin ,cosb), (34)
el(n) = (singp,—cosy,0), (35)
e?(n) = (cos@cosyp,cosfsinyp, —sinb). (36)
The functions hy ,(n) are explicitly given by [47]
he, (60 i 37)
(0, 0) = Xu( )E, (
with
exp (—iplnftan 6/2])
xul) V2msin @ (38)
One can easily check the orthogonality and completeness conditions
27 o
[ do [ dosing b (6, 0)her e 6.0) = 10 = 1), (39)
Jo 0
100 +0o0 ) 500 — ¢
S [ i 0.0, 6) = 8o - )T, (0)
oo sin @
Combining Eq. (33) with Eq. (39) one obtains the orthogonality of the mode functions, i.e.
/ ArE*] , (1) BY o () = 6(k — K)6(u — 1) Sor. @1)

If a two-level atom is positioned at x in free space with the transition dipole parallel to the z-axis, in the dipole approximation
the resulting spontaneous decay rate is given by

1 d”lcq

r
el = (2m) (2m)2 2h60

/ / dn / d’ fu(n, 1) f1(0, x) - €2 (m)eZ (0') B (1, ) (0, K) “2)

with k = we,/c. Furthermore, we defined fx(n,r) = exp(ikn - r), eJ(n) = e’(n) - e., and used the fact that the summation
over £ produces 6(¢ — ') (see Eq. (40)). Therefore, the relevant directions n, n’, and the 2-axis belong to the same plane which
leads to the relation

Ze = e%(n)e?(n’) = sinfsinf'. (43)

Taking into account that the integration over 4 yields another Dirac delta distribution §(6 — ¢”) we finally obtain

1 &Pr

D(z,y,2)= @n ) ey

/ w/ d8sin® 6 fu (2,3, 7 0, 0) (44)
0

with x = (z,y,2) and fx(n,r) = fr(z,vy,2;¢,0). The relation |fir(z,y,2;¢,0)| = 1 implies that we recover again the
free-space result of Eq.(12).
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In the presence of a conducting parabolic mirror the mode functions of Eq. (33) should fulfill the appropriate boundary
conditions of an ideal metal. However, it is very challenging to solve the Helmholtz equation under these boundary conditions
and the transversality condition simultaneously. Contrary to reference [48], a simplified approximation may be obtained by
keeping the transversality condition but relaxing the precise conditions on the mode functions on the surface of the parabolic
mirror. The transversality condition relates the electric field to the geometry of the system and therefore contributes to some
geometrical factor present in the decay rate formula. The boundary condition ensures a possible discreteness of the normal
modes. As our physical system is large it is expected that slightly changing the boundary conditions of the parabolic cavity will
not influence the decay rate significantly.

We start our approximate treatment by introducing parabolic coordinates (€, 7, ) which are related to Cartesian coordinates
by

xr = 2\/500&,0, (45)
Yy = 2¢/&nsinp, (46)
z =£—n. (47)

The boundary of the parabolic mirror is described by the equation 7 = f. It can be shown [47] that the important n-dependent
part of the mode functions possesses the following asymptotic behavior

(48)

) cos {pIn2kn + kn — ap .}
Vv

with a phase v , whose explicit form is not important for our subsequent discussion. Imposing the parabolic boundary condition
on Eq. (48) at the value = f results in a discrete set of values for u,,. A simple choice for these discrete values is

Fé,u(k; n

kf —ae,=0, upIn2kf =mr, m=1,2,3,... (49)
This particular choice is consistent with the replacement of the continuous set of modes of Eq. (38) by the discrete set

. (m7r1n tan6/2 )
Sin

In2kf
Yinl(l) = for 8 € [0y, ™ — 6 50
X () 2rIn2kfsiné or 6 € [fo,m — o] (50)

= 0 otherwise

such that

0o 1 1A
S Tk T g (1)
The limitation on the angle 6 results from the quantization condition (49) and from the fact that at the boundary the normal
modes have to vanish, i.e. X,,(6o) = 0. This ansatz modifies the formula for the decay rate because the completeness condition
is changed according to

56—

sinf )

> %m(0)Xm(0) = Ljgy x—0,)(0)

with I denoting the indicator function of the set A. Therefore, the integration over the angle 8 involved in Eq. (42) should be
performed over the interval [f, 7 — 6p]. This leads to a correction of the order of (kf)~* which, however, is not relevant for
present-day experiments. In currently planned experiments [24] typical focal lengths and wavelengths are of order of f = 2mm
and A = 250 nm which amounts to a value of k f ~ 10* [20] so that f, is small. Therefore, we can replace sin 6 by 6. It is rather
obvious that the same is true for any reasonable choice of the boundary conditions because the smallness of this correction is
entirely due to the large value of k f.

Hence the only relevant modification of the spontaneous emission rate due to the presence of the parabolic mirror is the
replacement of the plane traveling waves fi(n,r) = ¢’*™ by the standing waves

fe(n,r) = v2sin (kn - (r - f)) (53)

where the factor v/2 ensures the completeness condition. Eq. (53) implies that the electric field for any mode of the form of
Eq. (33) vanishes at the point P of the parabola. It leads to the following approximate expression for the spontaneous emission
rate in the presence of a conducting parabolic mirror

s 1 d?k3

2m T
[(z,y,2) = ——/ dcp/ df sin® @ sin®{k[(z cos ¢ + ysin @) sin 6 + (z + f) cos 0]} (54)
27T2 Qﬁeo 0 0
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FIG. 4: Modifications of the spontaneous decay rate according to Egs.(55) and (56): small values of k = (27)¢/weq (left figure): k = 0.257
mm™! - solid line, k = 0.57 mm~' — dashed line, k = 7 mm™~! — dotted line; large value of k = 10 mm™" (right figure).

If the two-level system is placed at a distance from the point P which is much larger than A = (27)c/we,, the interference factor
sin’(...) is averaged to 1/2 and the standard free-space result of Eq. (12) is recovered.
If the two-level system is located at the symmetry axis of the parabola, i.e. z = y = 0, the integral in Eq. (54) simplifies to

['(z) =ql (55)
with the correction 7 to the free-space decay rate I" being given by

- (1 +3(:os(2l~c(z-I— ) 3sin(2k(z +f))> ‘ (56)

%2z + f)2 8k3(z + 1)

For a focal length f = 2 mm this correction factor 7 is depicted in Fig. 4. Its value at the focal point F' becomes significant for
small values of the wave vector £ = ¢/w.,. This corresponds to cases in which the two-level system is close the mirror surface,
ie. |z + f| < A. However, for larger values of k the variations of 7 are shifted towards the mirror surface. Far away from the
mirror 7 tends to unity so that the decay rate reduces to its free-space value. According to these results modifications of the
spontaneous decay rate could be observable on a scale of 100nm but only within a distance of the order of the wavelength from
the mirror surface.

IV. CONCLUSIONS AND OUTLOOK

Despite significant recent advances in the area of cavity quantum electrodynamics concerning the control of photonic quantum
states and their interaction with matter in cavities, the interaction of few-photon multi-mode quantum states with matter in free
space is still largely unexplored. A detailed understanding of this interaction and the resulting exchange of quantum information
between radiation field and matter is not only of general physical interest but is also necessary for promising future quantum
technological applications, such as the realization of quantum repeaters.

Here, we have discussed the simplest problem in this respect, namely the free-space interaction of a single-photon quantum
state with an individual two-level matter system which can be realized by a trapped atom or ion. In this elementary example it
can be demonstrated explicitly that the process of spontaneous emission of a photon is perfectly reversible provided that one is
able to control the modes and quantum states of the radiation field in free space. For this purpose the dynamics resulting from
the mode structure of a parabolic mirror has been discussed. It has been shown that using parabola it is possible to perfectly
convert the excitation of an appropriately prepared asymptotically incoming plane-wave one-photon quantum state to an atom
positioned in the focus of the parabola. The resulting dynamics depends strongly on the magnitudes of the dominantly excited
wave lengths of the one-photon state. If these wave lengths are short in comparison with the focal length of the parabola the
propagation of the one-photon state can be described by semiclassical methods and is dominated by the light rays of the photon
inside the parabola. In the opposite limit of long wave lengths diffraction effects become important and semiclassical treatments
become inappropriate.

Further experimental testing of the discussed theoretical results is planned. In our future experiment [24, 25] we will use a
174y H%* jon as a two-level system with 1Sy and P electronic levels as the ground and the excited state, respectively, and no
hyperfine structure. The atomic transition frequency of 251.8 nm is in the ultraviolet regime. The ion will be trapped at the
focus of a metallic parabolic mirror with focal length f =2.1mm which forms one electrode of a Paul trap. The rf needle-shaped
electrode will come from the back of the mirror through a small hole. This trap design will ensure almost full 47-angle ion-light
interaction in the strong focusing regime. The aberration corrections will be done using a diffractive element located in front
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of the mirror. The ion has only one decay channel and its dipole moment will be parallel to the mirror axis. There are several
methods which allow for single-photon pulse generation with the desired spatio-temporal shape and spectral distribution. The
first relies on electro-optic modulation of a single-photon wave packet [49]. Another experimentally more accessible method
applies a strongly attenuated laser pulse containing 7<1 photons on average. This technique is widely used in Quantum Key
Distribution [S0]. We can shape the pulsed temporal mode structure electronically with modulators starting from a continuous-
wave laser. Next we will turn it into a radially polarized spatial doughnut mode. After reflection from the mirror surface its
polarization at the focal point will only contribute to polarization parallel to the symmetry axis of the mirror and therefore will
excite a linear dipole oscillating parallel to this axis. Using this simpler method perfect coupling is achieved if the probability
of excitation matches the probability of finding a single photon in the pulse. In addition, as a third option one can generate
the properly shaped single-photon Fock state wave function conditionally using photon pairs from parametric down conversion.
This method is similar to ghost imaging in the time domain.

Of course, none of these methods will produce an infinitely extended pulse. This is not an obstacle for our experiment however,
because one can truncate somewhat the exponential tail of the one-photon wavepacket. For example, truncating the pulse to a
duration of five lifetimes the excitation probability can be as high as 0.99. For quantum-storage applications it is straightforward
to expand this scheme to a lambda transition between two long-lived states [51]. Furthermore, efficient coupling in free space
opens the possibility for non-linear optics at the single photon level.

The investigations discussed here present first steps towards the future goal of obtaining a detailed understanding of the
interaction of individual photons with individual atoms in free space. For future applications in quantum information technology
the exploration of the limits of perfect exchange of quantum information between the radiation field and these material systems
is of particular interest.
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