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Probing quantum states of Rydberg electrons by half-cycle pulses

G. Alber! and O. Zobay 2

'Abteilung fiir Quantenphysik, Universitat Ulm, D-89069 Ulm, Germany
2 Optical Sciences Center, University of Arizona, Tucson, AZ 85721
published in: Proceedings of the Fourth International Conference on Quan-
tum Communication, Measurement and Computing (Wiley, N.Y., 1999)

Recently performed experiments' have demonstrated that half-cycle pulses (HCPs),
i.e. unimodular electromagnetic pulses, are a useful new spectroscopic tool which is
particularly well suited for investigating the dynamics of weakly bound Rydberg elec-
trons. Typically their pulse durations range from the subpicosecond to the nanosecond
regime and these pulses have already been produced with electric field strengths up
to 10°V/em. So far work in this context has concentrated mainly on studies of total
ionization or survival probabilities and on energy-resolved ionization spectra of Ryd-
berg electrons *% 3. Thus it has been shown with the help of a classical picture of
the ionization process that energy-resolved ionization spectra yield direct information
about the initial momentum distribution of a Rydberg electron. However, this way any
phase information about the initial quantum state is lost.

In the following we address the question whether this phase information can be
obtained from energy- and angle-resolved ionization probabilities. For this purpose a
(multidimensional) semiclassical description of the ionization process of Rydberg elec-
trons by half-cycle pulses is presented. In this theoretical approach it is particularly
apparent how phase information about the initial quantum state of the Rydberg elec-
tron manifests itself in the angle- and energy-resolved ionization spectra. Furthermore,
this way a detailed understanding of the ionization dynamics is obtained which is based
on the underlying classical dynamics. In order to emphasize the essential physical as-
pects our subsequent discussion focuses on the sudden-ionization approximation ? in
which the ionizing HCP can be approximated by a delta-function in time. However, it
should be mentioned that besides numerical advantages as far as the treatment of the
Coulomb problem is concerned the presented semiclassical approach is also well suited
for describing all effects which might arise from finite pulse durations or from spatial
variations of realistic HCPs.



mation

Before we present the main ideas of the general multidimensional semiclassical de-
scription let us first of all summarize the quantum mechanical description of ionization
by an HCP in the sudden-ionization approximation . In the subsequent treatment we
shall use Hartree atomic units with e = h = m, = 1 (e and m, denote the electronic
charge and mass).

Let us consider an atom initially prepared in a highly excited energy eigenstate
| nl). Thereby its principal quantum number n is assumed to be large and its angular
momentum quantum number [ is small. This Rydberg electron is ionized at time t = 0
by a HCP. In the sudden-ionization approximation the HCP changes the momentum
of the Rydberg electron abruptly by the amount

o= [ atE() (1

Thereby E(t) denotes the electric field strength of the HCP. The sudden ionization
approximation is valid provided the Kepler period T,,;, = 27(n — a)® of the Rydberg
electron is much larger than the pulse duration of the HCP (a denotes the quantum
defect of the Rydberg electron ). The electronic state | 1) immediately after the
application of the HCP is given by

| o) = €77 | ), (2)

[ts subsequent time evolution is determined by the atomic Hamiltonian (in the absence
of the HCP). Thus the angle- and energy resolved ionization probability is given by

dBPion

—— = V2| (ple, Q2 t— o00)) |? 3

S 3| (e, ) | (> 00)) | g
with € = p?/2 and Q denoting the final energy and solid angle of the emitted electron.
In the case of a hydrogen atom, for example, which is prepared in an s-state initially
and which is ionized by a linearly polarized HCP, i.e. py = pg€,, a partial wave analysis
yields

(P(€,0,9) | Y(t = o0)) = (4)
1 - ioy a [ e )
57 Eoe Py (cos ©) /0 dr S (r)ie (17o|F) F (e: 7).

Eq.(4) describes the probability amplitude of detecting an ionized electron with asymp-
totic momentum p. The spherical angles of the emitted electron are denoted (0, ¢) with
dQ) = sin©dO A d¢. Py(z) is the Legendre polynomial of order I, S, ;—o(r) is the radial
wave function of the initial state | nl = m = 0) and Fy(e;r) is the regular Coulomb
wave function with energy ¢ > 0 and angular momentum quantum number [’. The
Coulomb scattering phase is denoted oy and jy(z) is a spherical Bessel function of
order I'. Egs.(3)and (4) determine the quantum mechanical angle- and energy resolved
ionization probability in the sudden-ionization approximation.

Semiclassical description of ionization by a HCP

For highly excited Rydberg states, i.e. n > 1, and for sufficiently weak field
strengths of the HCP, i.e. | gy |* /2 < 1, the ionization process can be described
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Into the underlying classical dynamics of the 1onization process. Furthermore, in this
theoretical approach it becomes particularly apparent how phase information about
the initial quantum state of the Rydberg electron manifests itself in the angle- and
energy-resolved ionization spectra.

Let us first of all consider briefly the main theoretical ingredients of such a semi-
classical description for the case of hydrogenic Rydberg states.

Semiclassically the energy eigenstate of a Rydberg electron with energy ¢, =
—1/2n? which is prepared in an s-state is approximately given by °

1 r
Zlin,dl=m=0)= exp(¢ [ drp(r) —in/2 —imw/4) + c.c.
(7 )= g p(i [ drp(r) — im/2 — in/4) + e
= Aa(Z){exp[iW,(Z)] + exp[iW_(Z)]}. (5)

Thereby p(r) = y/2(€¢, + 1/r) and r =| & | denote the electronic radial momentum and
the distance from the nucleus. Eq.(5) is valid for positions of the Rydberg electron
which are located well inside the classically allowed region. The state immediately
after the application of a HCP is given by Eq.(2). Within the framework of a semi-
classical description ® this quantum state corresponds to two Lagrangian manifolds
Ly = {(Z, 94 (2))|pe(Z) = VWL(Z) + pop = +p(r)é, + Po} in the classical phase space
of the electron.

After the application of the HCP the time evolution of this semiclassical quantum
state is characterized by the bi-valued family of classical trajectories Z(t; #(0), gy (%))
which start at all possible points #(*) in the support of A, (#) with initial momenta
P+ (Z) and which evolve according to the classical Coulomb Hamiltonian H = p?/2—1/r.
The probability amplitude (p’ | ¥/(t — oc)) of detecting an ionized Rydberg electron
with momentum p is determined by all those classical trajectories with assume the
asymptotic, final momentum p. With each of these trajectories one can associate °

e a classical action (eikonal)

e a classical probability density

T

1
dzO A dy@ A dzO | (7)

ple) —

i) ndpl) ndpd)

e and a Morse index p which is equal to the number of sign changes of 22 T Ay O A0

times their multiplicities.

Thereby p{/) denotes the final momentum of the ionized Rydberg electron. In terms
of these classical quantities the probability amplitude of detecting an ionized Rydberg
electron with asymptotic momentum p'is given by

(71 (e = 00 = 52y P e i) g )2 ®

Depending on whether the initial momentum of the classical trajectory j is positive or
negative one has to choose for W; either the outgoing or incoming component W.



In order to exhibit characteristic properties of the ionization spectra and their
relation to the underlying classical dynamics of the Rydberg electron let us consider a
linearly polarized HCP with jy = po€, and an initial hydrogenic Rydberg state | nl = 0).

Due to axial symmetry d®P,,,/de A dS2 is independent of ¢. The initial positions
(r®, 0®) of the classical trajectories with final asymptotic energy ¢ > 0 are determined
by energy conservation, i.e.

1 N —
S, 0O) + 5 =1/ = ¢ (9)
or
— €, — o) 2 2
17 = ¢, + (€= en = 50/2) (10)

2p3cos?(O)

Thus there is one value of (¥ for each value of ©(). The initial positions of those
classical trajectories which yield a particular final energy ¢ and emission angle © are a
dynamical property of the Coulomb problem and can be determined in a straightforward
way.

In particular, one can distinguish two characteristic dynamical regimes:

L. 0<e<e,+p2/2
In this case trajectories with 0 < O < /2 (7/2 < ) < 1) start with negative
(positive) radial momenta.

2. €n+Pa/2 <e
In this regime of high asymptotic energies trajectories with 0 < 0 < 7/2
(m/2 < ©) < 1) start with positive (negative) radial momenta.

Characteristic examples for the dependences of the final observation angle © on the
initial emission angle ©() are depicted in Figs. 1 and 2. The deflection function shown
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Figure 1. Deflection function, i.e. final angle © as a function of the initial emission angle ©(®) (in
degrees); parameters are n = 50, | po |= 0.05a.u., € = 10meV.

in Fig. 1 corresponds to a case of small electron energies. It is apparent that there
are three different initial emission angles ©(®) for each final angle ©. Thus on the
basis of Eq.(8) it is expected that the resulting angular- and energy resolved ionization
probability displays a complex interference structure arising from quantum mechanical
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trajectories. Furthermore, there are classical trajectories with initial emission angles
O £ 0, 7 which are ionized along the direction of polarization of the HCP, i.e. with
© = 0, 7. Due to the axial symmetry of the problem these trajectories give rise to the
semiclassical glory phenomenon ” which manifests itself in a divergence of the primitive
semiclassical ionization amplitude of Eq.(8). However, this divergence can be removed
in a straightforward way with the help of semiclassical uniformization methods 7.
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Figure 2. Deflection function, i.e. final angle © as a function of the initial emission angle ©(®) (in
degrees); parameters are n = 50, | po |= 0.05a.u., € = 40meV.

The characteristic behaviour of the deflection function for high energies of the
ionized electron, i.e. €, + pa/2 < ¢, is shown in Fig. 2. At these energies electrons
are emitted in the polarization direction of the HCP with initial angle ©(®) = 0 only
so that there is no longer a semiclassical glory phenomenon at © = 0. However,
in the opposite direction, i.e. for ©® = 7, a semiclassical glory phenomenon is still
observable as there are classical trajectories leaving the atom in this direction with
initial angles ©) = 0, 7. In addition, also an extremum of the deflection function is
noticable around an emission angle of approximately ©(®) ~ 37 /4 which gives rise to a
semiclassical rainbow phenomenon 7. At this emission angle the contributions of two
classical trajectories coalesce and the primitive semiclassical ionization amplitude of
Eq.(8) diverges. Again this divergence can be removed in a straightforward with the

help of semiclassical uniformization techniques .

As an example, the resulting energy-resolved angular distribution is depicted in
Fig. 3. The overall good agreement between the semiclassical result obtained on the
basis of Eq.(8) and the exact quantum mechanical result of Eqgs.(3) and (4) is apparent.
The primitive semiclassical result of Eq.(8) deviates from the quantum mechanical one
only in a small region around the rainbow and backward glory angles. According to
Eq.(8) the oscillations of the ionization probability can be explained in a straightforward
way in terms of quantum mechanical interferences between the probability amplitudes
of the contributing classical trajectories. Thus the angle- and energy resolved ionization
spectrum can be related directly to the underlying classical dynamics of the Rydberg
electron under the influence of the ionizing HCP.



Figure 3. Energy-resolved angular distribution In[d®P;,,,/de A d?] in the sudden-ionization
approximation: exact quantum mechanical result of Eq.(4)(full), primitive semiclassical result of
Eq.(8) (dotted) and uniform semiclassical result (dashed); parameters are n = 50, | go |= 0.05a.u.,
€ = 40meV.

Outlook and conclusion

The presented multidimensional semiclassical approach offers an adequate descrip-
tion of ionization of Rydberg electrons by HCPs. Thereby the angle- and energy-
resolved ionization spectra can be related directly to the underlying classical dynamics
of the Rydberg electron. Within this semiclassical treatment the phase information
contained in the quantum state is taken into account properly. Thus on the basis of
this semiclassical treatment it is expected that also all phase properties of the initial
quantum state of the Rydberg electron might be reconstructed from observed angle-
and energy resolved ionization spectra. Work in this direction is currently in progress.
This semiclassical approach offers also significant numerical advantages as it avoids the
usual problems connected with the large extensions of Rydberg states and with the
Coulomb singularity. It can be extended in a straightforward way to cases where the
pulse durations are finite and where spatial variations of the ionizing HCP are no longer
negligible.
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