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1. Introduction

The recentdevelopmentof short andintenselaserpulseshasrenewedthe interestin coherentlaser
excitation processesof atoms and molecules[1]. Typically, in suchprocessesa laserpulse excitesa
coherentsuperpositionof atomic or molecularenergyeigenstates,which representsa nonstationary
chargedistributionandwhosesubsequenttime evolutionis observed,for example,via the fluorescence
signal or by probing the system with an external field after a variable time delay. Quantumbeat
spectroscopy[2] is anearlyexamplewheresuchexcitationmechanismsareused.It is basedon the fact
that the time dependenceof the signal resulting from coherentexcitation of only a few atomic or
molecularenergyeigenstatesexhibits periodicvariationsor beats,whosefrequenciesareproportional
to the correspondingenergyseparations.This methodhasbeenparticularlysuccessfulin determining
small energydifferences,for examplebetweenatomicfine- or hyperfine-structurecomponents[2].

The availability of short laserpulsesin the (sub)picosecondregime [3]hasopenedup thepossibility
of exciting largenumbersofatomicormolecularenergyeigenstatescoherently,thuspreparingquantum
stateswhose probability distribution is localized in comparisonwith the correspondingclassically
accessibleregion. Such wave packetsare particularly interestingas they provide a bridge between
quantummechanicsand the classicalconcept of the trajectoryof a particle.Therefore,studying the
evolution of thesewavepacketsprovidesreal-time observationsof atomicor moleculardynamics.

Here, we review recentwork on coherentlaserexcitation of Rydbergstates,i.e. bound atomic or
molecularenergyeigenstatescloseto a photoionizationthreshold(for a reviewon Rydbergstatessee
refs. [2, 4—6]). A typical propertyof thesestatesis their large extensionin comparisonwith the Bohr
radius,which is the characteristiclength scale for atomic and molecular quantumphenomena.This
almostmacroscopicsize impliesthat, apartfrom a small regionof a few Bohr radii aroundthenucleus,
the dynamicsof a Rydbergelectronis dominantlydetenninedby the (1 Ir) Coulombpotential of the
positively chargedionic core and that these statesexhibit universal featuresindependentof the
particularatomor moleculeunderconsideration.Effectsof the ionic core can be describedby a few
quantumdefectparameters,which take into accountthescatteringof the Rydbergelectroninsidethe
ionic core region [7—14].

If a superpositionof manyRydbergstatesis excited,an electronicwavepacketis generatedwhose
time evolution reflects the motion of the excited electronin the field of the positively chargedionic
core. Coherentlaserexcitation of Rydbergstatesfrom an energeticallylow lying bound state[15—37]
preparesa superpositionof energy eigenstateswith low values of the angularmomentumand the
resultingelectronicwavepacketis only localizedwith respectto its radial coordinate.Becauseof the
infinitely high level densityof Rydbergstatesat a photoionizationthreshold,suchradial Rydbergwave
packets[15—27,30—37] are always generatedin laser excitation processesclose to thresholdand the
analysisof theirdynamicsis thereforeimportantfor an understandingof multiphotonprocesses[38,39]
which involve highly excited Rydbergstatesas intermediateresonances.In orderto localize also the
angularcoordinatesof an electronicwave packet a superpositionof stateswith high valuesof the
angularmomentumis needed.Startingfrom an energeticallylow lying boundstate,laserexcitationof
suchangularwavepackets[40—45]is only possibleif stateswith high valuesof the angularmomentum
are mixed in, for example by additional microwave [46, 47] or static fields [48]. Motivated by
Schrödinger’sdiscussion of the coherentstatesof the harmonicoscillator there havebeenvarious
theoreticalapproachesto constructlocalizedelectronicwavepacketswhich evolve alongKeplerellipses
with minimum quantum fluctuationscompatiblewith Heisenberg’suncertaintyrelations, thus resem-
bling the classicalmotion of an electronin a Coulombpotential as closely as possible[44,49—56].
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Recently,it hasbeenshown how, in the presenceof weak,crossedstatic electricandmagneticfields,
hydrogenic energy eigenstateswhich are localized along Kepler ellipses with minimum quantum
fluctuationscan be excitedby a laserpulse [45,48, 57]. A coherentsuperpositionof theseminimum
uncertaintystateswith different energieswould representan ideal Kepler wavepacket [45, 56].

Coherentlaserexcitationmechanismshavealsobeenusedto investigatechemicalbondbreakingand
bond formation in molecules[58—74].However, a detaileddiscussionof this activefield of researchis
beyondthe scopeof this review. Typically, in thesestudiesa short laserpulsewith durationof a few
femtosecondspreparesa molecularwave packet which is localized with respectto the internuclear
separation.The internucleardistanceimmediatelyafter thelaserexcitationprocessis determinedby the
laser frequencyand the difference potential betweenthe excitedand initial stateaccording to the
Franck—Condonprinciple. The subsequenttime evolution of this wave packeton the excitedenergy
surfaceis characterizedby typical dissociationtimes of the orderof a few hundredfemtosecondsand
maybe probedaftera variable time delaywith a secondshortlaserpulse.Measuring,for example,the
laserinducedfluorescencefrom the final stateasa functionof the time delaybetweenboth laserpulses
gives a time-resolvedpicture of the dynamicsof the wavepacketon the excitedenergysurface.This
so-calledfemtosecondtransitionstatespectroscopy[67,68] hasbeen applied recently to a variety of
problemsin connectionwith dissociationof molecules.

This article is organized as follows. In chapter 2 we discussbasic physical conceptswhich are
involved in the generationand detection of Rydberg wave packetsby laser-inducedone-photon
excitation and we review recentexperimentaland theoreticalwork. In chapter3 we discussin more
detailtheoreticalmethodswhich havebeendevelopedrecentlyin connectionwith thedescriptionof the
dynamicsof thesewave packets.In particular, we concentrateon classicalpath representationsof
atomictransitionamplitudesand theminimum uncertaintystateswhich arelocalizedon Keplerellipses
with minimum quantumfluctuations.Finally, in chapter4 we applythe classicalpathrepresentationsto
the many-channelCoulombproblemand the external-fieldcaseand discusscharacteristicdynamical
aspectsof Rydbergwavepacketsin thesesystems.

2. Rydbergwave packets:basic concepts

A typical propertyof an electronin a Rydbergstateis its large meandistancefrom the nucleusin
comparisonwith the Bohr radius[2, 4]. Dependingon the angularmomentumI we may distinguishtwo
limiting cases: Rydbergstateswith low valuesof 1 representelectronicstateswhich are essentially
delocalizedover thewholeclassicallyaccessibleregion (correspondingto classicalelliptic orbits of high
eccentricity),whereasRydbergstateswith extremelylarge angularmomentaare localized essentially
along a circle in a planeperpendicularto the direction of the angularmomentum(correspondingto
circular orbits in classical mechanics).Correspondingly,two kinds of Rydbergwave packetsare
discussedin the literature.

— Coherentsuperpositionsof Rydbergstateswith different principal quantumnumbern and low
values of the angularmomentumI representradial electronicwavepackets,which are only localized
with respectto the electron’sdistancefrom the nucleus.The angularcoordinatesarestill delocalizedin
a quantummechanicalsense.

— In order to generateangular electronic wave packets,which are localized with respectto the
angular coordinates, a coherent superpositionof Rydberg states with high values of the angular
momentumI is prepared(within one n-manifold).
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The ultimategoal is to preparea Rydbergwavepacketwhich is localizedwith respectto radial and
angularcoordinatesand movesalonga Keplerellipse with minimum quantumfluctuationscompatible
with Heisenberg’suncertaintyrelations.

Due to the infinite level densityof bound statesat a photoionizationthreshold,a radial Rydberg
wavepacketis always generatedif Rydbergstatessufficiently close to thresholdare excitedby a laser
pulsefrom anenergeticallylow lying boundstate.An understandingof their dynamicsis importantfor
the interpretationof multiphotonexcitation processeswhich involve highly excitedRydbergstatesas
intermediateresonances.For the laser-inducedexcitation of angular wave packetsan additional
externalfield is neededwhich mixes in also stateswith high valuesof the angularmomentum.

In this sectionwe discussbasicphysical conceptswhich areinvolved in laser-inducedexcitation of
Rydberg wave packets.In section2.1 we summarizebasic propertiesof wave functions and dipole
matrix elementsof Rydbergstatesandtheenergydependenceof theatomic Greenfunction closeto a
photoionizationthreshold.In section2.2 we discussgenerationand detectionof radial Rydbergwave
packetsby short and intenselaserpulses.Experimentaland theoreticalwork on angularwavepacketsis
discussedin section2.3.

2.1. Basicpropertiesof Rydbergstates

Rydbergstatesarehighly excitedstatesin atomic systemswith large principal quantumnumbern
and,possibly, largeangularmomentumquantumnumber1 [4—61.A characteristicfeatureof anatomor
moleculewith a single excited Rydbergelectronis that the electronicmotion is dominatedby a pure
Coulombforceat large distancesfrom thepositively chargedionic core. Mathematicallythis may be
describedwithin the formalismof QuantumDefectTheory (QDT) [7—14],which assumesa finite-range
potential of the size of the ionic core and a pure Coulombpotential for largerdistances.Using the
languageof QDT, in this section~wesummarizebasicpropertiesof Rydbergstatesand their wave
functions and discussdipole matrix elementswhich describephotoabsorptionto and from Rydberg
states. For simplicity, we restrict our discussion to alkali atoms with one valence electron. The
extensionof theseideasto atomswith more than one valenceelectronis treatedin chapters3 and4.

Wavefunctions. The wave functionof an alkali atomwith a singlevalenceelectronoutsidea closed
core can be written as [91

~‘E~$’ r) = ‘Ptm(R)1~’:(e,r)Ir - (1)

The wave functionof the ion core, ~ (R), includesthe angularmomentumquantumnumbers1 and m
of thevalenceelectron.The radial wave functionF1(e, r) is a solutionof the Schrödingerequation

~~ — l(l~1))_~(r)]~(Er)o (2)

with E = I + e, the ionization energyI and the electronmass Me. Outside the atomic core, i.e. for
r � r0, the local potential, V1(r), is well approximatedby a pure (1Ir) Coulombpotential.

For a given energye, eq. (2) hastwo linearly independentsolutions, which for r � r0 are linear
combinationsof the real-valued,energy-normalizedregularand irregular Coulombfunctionss,(e,r)
and c1(e, r) [12, 14]. The correspondingoutgoing and incoming Coulomb waves are p~(e,r) =
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c1(e,r) ±is1(s,r). For largevaluesof r ande >0 theCoulombfunctionss1(e,r) andc,(s, r) behavelike
sine and cosine functions of the Coulomb argument. Outside the core region the real-valued,
energy-normalizedregularsolution, S1(e,r), of eq. (2) is given by

S1(r, r) — s1(s, r) cos(na1)+ c1(e,r) sin(1Ta1). (3)

The quantumdefect, a1, describesthe deviationof the potential V1(r) from a pure (1Ir) Coulomb
potential inside the core region. The correspondingirregular solution of eq. (2), C1(e,r), behaves
asymptoticallylike

C1(e, r) ~ —s1(e,r) sin(lTa1)+ c1(e,r) cos(na1). (4)

Semiclassically,the regularradial wave function of eq. (3) is [75]

S1(e,r) (~ya0~)~
2[p(r)a

0Ih]~
2sin(Jdr’ p(r’) Ih — (1+1 I2)~+ ~/4) (r

1 4 r 4 r2), (5)

with the Rydberg energy ~y = Mee
4I(2h2) 13.6eV and the Bohr radius a

0 = h
21(Mee2)

5.29x lO~~m. The radial momentumof zero angularmomentum,p(r), is given by

p(r) = {2Me[E — V
1(r)]} 1/2 , (6)

with p(r1) = p(r2) = 0 at the classicalturning points r1 and r2.
Theradial wave functionsconsideredin thecontextof scatteringtheoryandphotoionizationwill be

denotedby S~+ (s, r) and ~ (e, r), respectively.They are defined as energy-normalizedregular
solutions of eq. (2) with an incoming (outgoing) Coulomb wave and a phase-shiftedoutgoing
(incoming) Coulombwave,

S~~(s,r) = (rni) e~’~S,(e,r) P— ~[~(e, r) — e~
2~(s,r)] . (7)

Below threshold,i.e. for s<0, q.~(e, r) canbe decomposedinto exponentiallygrowinganddecaying
functionsJ

1(e,r) and P~(e,r) [9, 121 accordingto

~(e, r) = e~’~[J1(e,r) ~ i(de/dVYV
2P

1(g,r)] (e<0). (8)

Here,~ r) is normalizedto one.The conversionfactorde/d ii = 2~y1w
3 is theenergydensityof the

Rydbergstatesas derivedfrom the relation e = — ~y 1w2 with theeffective quantumnumber v. The
requirementthat thewave functionof a boundstateshouldbe normalizableimpliesthat thecoefficient
of the exponentiallygrowingpartmustbe zero. This gives rise to thequantizationcondition

= —~yIv~, (9)

with ~ = n — a
1 and n = I + 1, 1 + 2 The correspondingbound stateeigenfunctionsare

P~1(r)= (de~1Idn)”
2S,(e~

1,r) . (10)
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Dipole matrix elements.We definedipole matrix elementsfor photoionizationfrom an energetically

low lying atomicstate~i) to a continuumstate elm) by

~ =J drr[~~~(e,r)]*(P,mlp. E~1)~, (11)

with the dipole operator,i and the light polarizationvectore [9]. In a similar way transition matrix
elementsto Rydbergstatesaredefinedby

~nlm,i (nlml~aeJi) = i(de~~ldn)”2e~
1 . (12)

The dipole matrix elementsof eq. (11) aresmoothfunctionsof energyacrossthreshold.This is dueto
the finite sizeof the energeticallylow lying stateIi), which impliesthat thecontributionsto thedipole
matrix elementcomefrom distancesmuch smallerthanthe typical extensionof a Rydbergstate.In a
similar way, matrix elementsfor free—freetransitionsare definedby

~t~n’.etm =J dr[~~(e’,T)J*(~imlI.L. ~ r), (13)

and are relatedto Rydberg—freedipole matrix elementsby

~~I~m’,nlm = i(de~1/dn)
112~ (14)

For a fixed value of the energy difference, e’ — e= hw, thesefree—free matrix elementsare slowly
varying functionsof energyacrossthresholdaslong asenergyvariationsaresmallerthanthe transition
energyhw. This propertybecomesapparentwhenthe dipole matrix elementof eq. (13) is converted
from length form to accelerationform. Then thecorrespondingradial integralbecomesproportionalto
[76,77]

urn f dr’ S,.(e’,r’) dV
1(r) S1(s,r’), (15)

and the contribution is built up from an interaction volume which is muchsmaller than the size of
Rydbergstates,asmay beseenfrom fig. 1. Physicallyspeaking,this is dueto the fact that theelectron
can only absorbthe photonnearthe inner turning point of its orbit. Faraway from thenucleusthe
electronbehaveslike a freeparticleanddoesnotabsorbradiation.This propertywill becomeimportant
belowin ourstudy of absorptionandemissionof opticalphotons,becauseit meansthat a wavepacket
canonly absorboremit radiationnearthe innerturning point ofaKeplerorbit.A generaldiscussionof
the finite rangeof the radiativeinteractionin optical transitionshasbeengiven in refs. [78,79].

Greenfunction. In the following sectionwe will needthe retardedGreenfunction of the atomic
Schrodingerequation,

G~E 1 = f Inlm)(nlml 16( EHA+iO nlmJ EE~1+iO ( ~
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0 10 20 30 rCa u.)

Fig. 1. Convergenceof the radialdipole integralform for (l-.+l + 1) transitionsasa function of theupper integrationlimit, r, for r = 0, e’ = O.3~y
and (1, l’)= (0,1),(1, 2),(2,3). The finite rangeof theradiativeinteractionis illustratedby theconvergenceof theradialintegralwith r. For higher
1-values theradial integralsare built at largerdistancesanddecreasein magnitudedueto the increasingcentrifugal barrier [78j.

with theatomicHamiltonianHA and its energyeigenvalues~ = 1 + e,,~.Analogousto eq. (1), onecan
factorizeG +(E) into a core or angularpart anda radial Greenfunction. For energiese >0, theradial
Greenfunction is given by

+g1 (e; r, r ) = —~S1(e,rjp1 (e, r>) , (17)

with r> and r< the largerandsmaller of r and r’. Below threshold,i.e. for s <0, eq. (17) divergesfor
r —~ and no longer representsthe radial part of eq. (16). For theseenergiesthe physical Green
functioncan be constructedby addingto g~+ (e; r, r’) a multiple of the regularsolution of the radial
Schrödingerequation (2) in order to enforce the correct asymptotic behavior. Using well-known
propertiesof Coulombfunctions[9] we obtain

~ \[~(—)( i\]*g~(e;r, r’) = g~(r;r, r’) + 2iri e
2’~—e~’r

1 (e <0,Im e>0). (18)

This radial Greenfunction haspoles at the bound-stateenergiese,~1= — ~IIyI(n— a1)
2.

Expandingthe resonantdenominatorin eq. (18) into a geometricserieswe find

g~(e;r, r’) = g~(e; r, r’) + 2~i~~(e,r) e2’~~ (e2~e2t~)M[~_)(e, r’)]5 (Im e>0).
(19)

Equation(19) is a classicalpath representation,which will be discussedin a more generalcontext in
chapter3. Briefly speaking,the contributionsfrom M = 0, 1, 2,... may be attributed to the first,
second,etc. revolution of the excited electronalongits orbit.

2.2. Radial Rydbergwavepackets

In this sectionwediscussbasicphysicalconceptswhich areinvolved in thegenerationanddetection
of Rydbergwave packetsby shortand intenselaserpulses.In particular,we considera laser-induced
one-photonexcitation processas schematicallyshownin fig. 2. An atomicelectronis excitedfrom an
energeticallylow lying atomicstateIi) with energyE

1 to Rydbergstatesby absorptionof a singlelaser
photon.At the position of the atom, x 0, the laserpulse may be describedby theclassicalelectric
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11~4L.1~J

I E E~ ii>

Fig. 2. Schematicrepresentationof excitation processesstudied in chapter2.

field

E(x = 0, t) ~‘a(t)Ea e~~t+ c.c. , (20)

with the laserfrequencyWa~thepolarizationvectorCa and the slowly varying complexamplitude~a(t).

For the wave functionof the atom we make theansatz

l~(t))= Ii)a
1(t) + ~ f an,m(t)lnlm)= i)a1(t) + IF(t)). (21)

ntm

Here, I F(t)) characterizesthe time evolution of the excited Rydberg electron and antm(t) are the
correspondingRydberg amplitudes.From the time-dependentSchrödingerequationwe find in the
rotating-waveapproximation

d ‘c-’
1. iwl

ih —,j— a
1(t) = E~a1(t)— L j (iJ~. elnlm) ~~a(t)* e aanim(t)

Ut nim
(22)

Wi ~- antm(t) = Enimantm(t) — (nImI~tt~~)~‘a(t) e~°~
ta

1(t)

In subsections2.2.1 and2.2.3 we will solve this equationwith the help of methodswhich arederived
from QDT [17,18, 30, 32]. This approachhastheadvantageof providing a clearphysicalinterpretation
ofthe formationof Rydbergwavepacketsand it is closelyrelatedto semiclassicalmethodsof quantum
mechanics.This aspectwill bediscussedin moredetailin connectionwith classicalpathrepresentations
of atomictransition amplitudesin chapter3. Numericalsolutionsof this equationhavebeenobtained
by Stroudandcoworkersin modelingtheirwavepacketexperiments[15,40, 41]. Wavepacketsolutions
of eq. (22) were also discussedby Fedorovet al. [28,31, 35] andGrochmalickiandLewenstein[33].

2.2.1. Generationby a short laserpulse
In this subsectionwe solveeq. (22) for thecaseof a weak andshort laserpulsewhich still contains

manyopticaloscillations.Thus,we assumethat all laser-inducedtime scales,for examplethedepletion
time of the initial state,aremuchlongerthanthepulse duration.In this limit eq. (22) maybe solved
perturbativelywith respectto the laser field andwe find

JF(t)) = ~ lnlm)e~t~J dt’ (nlmI,.i Call) ~a(t’) e’h~~’°~t~. (23)
ntm
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Long after the interactionwith the laserpulse, the Rydbergamplitudesare given by

anim(t) = (ilfi)(nImI IL . Cak)~‘a(6~~j)exp(iô~ita)~ , (24)

with the detuning t5~= (E~1— E1 — hwa)Ill. The laserpulse is centeredaround time ta with pulse
duration; and ~a(~) = f~dt ~(t + ta) etht is its Fourier transform.Hence,laserexcitationby a pulse
with pulse durationTa leadsto significant excitation of Rydbergstateswith energiesE. + Ii w~— h I;
sE~ E1 + ~a + hi;.

If the exciting laserpulseis short in thesensethat its spectralwidth overlapsmanyRydbergstates,
i.e.,

/I 1 dE~1
—p——-—— , (25)
;

2i~ dn n

with themeanexcitedenergyE~= E
1 + hWa,manytermscontributeto thesum of eq. (23) and F(t))

describesanelectronicwavepacket.As theclassicalorbit time of an electronwith meanexcitedenergy
E~is given by

T~=
21T ~ (.E~~)_3/Z=21TV~itau~ (26)

eq. (25) statesthat a wave packet is excitedwheneverthe pulse durationis shorterthanthe classical
orbit time of the excitedelectron (tau 2.42x s is the atomictime unit). Dipole selectionrules
imply thatonly a few angularmomentumeigenstatescontributeto thesum in eq. (23). Therefore,only
the radial coordinateof this wavepacketis localized.The angularcoordinatesarestill delocalizedin a
quantummechanicalsense.Theessentialelementin eq. (23) responsiblefor thewavepacketstructure
is the coherencein the superpositionof manyRydbergstates.

For a discussionof the time evolutionof this wave packetit is convenientto replacethe sum overn
in eq. (23) by anintegral. This canbe achievedby rewriting eq. (23) with thehelpof the resolventof
eq. (16),

IF(t)) =—~-~--~~ J dEe tG+(E)IL•EaIi)~a(~)exp(iô~ta). (27)

Insertingthe classicalpathrepresentationof eq. (19) we find for r> r
0

F(R, r, t) = — ~ ~im(1~) ! J dEe Ct ~(6~) exp(i5~ta)

x (~-~-- J dr’ r’g~(e;r, r’)(cpmtliz• CaII)r~

+ ~ e~(e
2’~’e2~t)M )(~,r)~,~~ø(_s)) (E = I + e). (28)



G. Alber and P. Zoller, Laserexcitationof electronic wavepacketsin Rydbergatoms 241

An equivalentresultcan be obtaineddirectly from eq. (23) with the help of the Poissonsummation
formula. If many statescontributeto eq. (23) the energyintegralsof eq. (28) can be evaluatedin a
stationaryphaseapproximation.This leadsto the following interpretationof the various terms.

(i) Wavepacketin the continuum.If the laserpulse excitesdominantlycontinuumstates,only the
first term in eq. (28) contributesand the radial centerof the wave packet,r(t), escapesto infinity.

(ii) Boundwavepacket. If the laserpulse excitesa superpositionof Rydbergstates,for small times,
t — ta< T~I2,only the first termofeq. (28) contributessignificantly. We emphasizethat — althoughwe
havea bound particle— its motion is governedby the continuumpropagatorg~(e; r, r’). This is not
surprising,becausefor thesetimesthe electronhasnot yet beenreflectedat the outerturning point of
its orbit. At time t — ta TEl2 thewave packetreturnsagainto the ionic core region. The periodic
motion of theelectronis des~ribedby the infinite sum in eq. (28). From thestationaryphasecondition

r(t)

CM±jp~,~dTtta (M+l)TE,
1 (M=0,1,...), (29)

we realizethat the Mth term in the sum is the contribution from the (M + 1 )th return of the excited
electron,which movesalong thebound Keplerorbit.

Figures3a,b showthe motion of a radialpacketwhena laserpulse with Ta = 8psexciteshydrogenic
Rydbergstateswith 1= 1 aroundt~= 85. This correspondsto a meanclassicalorbit time of T = 94ps.
The generatedwave packetis plotted for times t — ta = ~T, ~T, ~T. Figure 3b comparesthe wave

1 (a)

0 __________________

0 4000 8000 12000 16000

H~
0 4000 8000 12000

Fig. 3. RadialRydbergwavepacketin hydrogenasa functionof r (in units of theBohr radiusa0). A laserpulseof duration8 ps inducesan(s—’ p)
transitionaroundñ = 85 correspondingto T= 94 ps (from ref. [17]). (a) Probability r!P(r, t)1

2 at t — t~= (1/9)T, (2/9)T, (3/9)T. (b) Probability

Ir!P(r, t)12 at t — t~= (2/9)Tand(1 + 2/9)T.
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packetat timest — t~= ~Tand t — t~= (1 + ~)T. As is apparentfrom fig. 3b, the wavepackettendsto
spreadwith time. Figure4 is a three-dimensionalplot of theprobability densityof the Rydbergwave
packet.The angularpart is a p-wave.

The uncertaintyproductof the wave packetduring its evolutionhasbeenstudiedin ref. [15].Its
initial width is found to be closeto the minimum uncertaintylimit, but spreadsrapidly as the wave
packetevolves.

Revivals.Theanharmonicityof the level spacingleadsto a destructionof thecoherenceof thewave
packetin thecourseof many classicalorbiting periodsT~1.This restrictsthedurationofthe“classical”
evolutionwhere thewavepacketis well defined.For long timesthe dephasingneednot be completely
irreversibleand thereis thepossibility for thewavepacketto regainits initial shape(revival of thewave
packet). This aspectwas studiednumerically in ref. [15]. As an example,fig. 5 shows the emission
spectrumof an atom excitedby a short laserpulse (10ps) aroundii = 85 with T~1= 94 ps ascalculated
by Parkerand Stroud [15]. A complete reconstruction of the wavepacket is observedafterapproxi-
mately35 periodsof classicalmotion. Therearealso other(fractional)revivals,which are indicatedby
arrows.An analytical discussionof thesefractionalrevivalswasgiven by AverbukhandPerelman[23].
Keepingonly second-ordertermsin theanharmonicityof theatomiclevels,theexcitedstateis given by

IF(t)) = ~ a~(t)In)exp[—21Ti(i~nt/Tct + 1~n
2t/Trev)] ‘ (30)

~

Fig. 4. Projectionof theprobability density IrV’(r. t)12 of a radial Rydbergwavepacket(1 = 1, m= 0) onto they—zplane is shownat I= (1/2)T
(parametersasin fig. 3).

c I
~ —~ �-93~4 peec ~,

‘4

I I H

~~ I~ITl) lilT ~,,I~!il!J,~I,~IkI

JL~ iI~i iL
11~ui1&1 JI.~0.0 1.0 2.0

Time after laser pulse (nsec)
Fig. 5. The emissionof an atom excited by a short laserpulse to highly excitedRydbergstates(according to ref. [15]).Fractional revivalsare
indicated by arrows [23].
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with i~n= n — ~iand T,ey the revival time. Onecan definea “classical” wavepacketevolvingwithout

dispersionby
lF(t))~1=>~a~(t)In)exp(—2iri~nt/T~3, (31)

so that I F(t)) -~I F(t) ) ~ for t 4 Trev. For t Trev the additional phaseshift due to the anharmonicity
dropsoutandwe havea revival, becauseI F(t)) — I F(t) ) In ref. [23]thescenariooffractionalrevivals
is discussed.The simplestoccursatt — ~T~,where I F(t)) I F(t + ~T~1))ci~Anotheronetakesplace
at t — ~T,~y,where

IF(t)) (1 iV~)[e”~
4IF(t))~

1+ e~
4IF(t+ ~T~

1))~1]. (32)

Equation (32) representsa nonclassicalobject formed by two correlatedwave packetswhich are
spatiallyseparatedwithin the classicalorbit. The arrowsin fig. 5 indicatethe times ~T,~,~~ ~Trey
and ~Trev, which correspondto thesefractional revivals.

Two-photonexcitationand quadraticStarkshift. The experimentsdiscussedin subsection2.2.2 use
two-photonexcitation schemesfor creatingRydbergwave packets.it is straightforwardto generalize
eq. (22) to two-photonabsorption.If the intermediatestatesarenonresonant,they canbeeliminatedin
perturbationtheory.This leadsagainto equationsof the form (22) wheretheone-photondipole matrix
elementis replacedby an effective two-photonmatrix element,

~ C (nlmlILEIr)(rI,.Leli) 2
(nlmI,.L . e’i) ~‘(t)—*L J E + 11w — E ~‘(t) . (33)

In thesameorderofperturbationtheorythe initial stateand theRydbergstatesareStarkshiftedby the
amount

— ~ ((I(rIi.~.e~k)~
2 (nIL . E*Jk)I2\ ~, 2 34k~~J~Ek+hW_Er+ Ek~hW~ErJ’ (t)I ( )

with k = i or k = (nlm). Close to threshold, i.e. for frequencies11w ~ k~
1I~the Stark shift of the

Rydbergstatesis approximatelygiven by

~Enim = MeW
2 I ~(t)j2 + O(v

1
3), (35)

and is only weaklydependenton n [78]. The first termin this equationis just theshift of the ionization
thresholddue to the wiggle energyof the electronin the laserfield. This ponderomotiveshift of the
Rydberg threshold has been discussedat length in recent literature on the electron spectrumin
above-thresholdionization (for referencesseerefs. [80,39]). In our context,the intensitydependence
of theStarkshift leadsto a time-dependentphasein eq. (23), similar to a frequencychirp of the laser
pulse.A detailednumericalstudy of theeffect of the Starkshift in potassiumis givenin refs. [24,25].
In this casetheshift of thegroundstateis the dominantfactor. Theseauthorscometo the conclusion
that the Stark effect placesan upper limit on the strengthof the pulse that can be usedto excite a
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“good” radial wavepacket.Noordamet a!. [26]considereda situationwherethe shift of theRydberg
statesdominates.In this casethe Stark shift leadsto a contractionof the wave packetwith the first
returnto the core. A similar effect hasbeenfoundin ref. [17]in thecaseof a frequencychirp of the
laserpulse. Noordamet a!. suggestto useexcitedRydbergsystemsasan amplifying lasermediumand
to exploit this effect to shortenlaserpulsesefficiently.

2.2.2. Detectionofa Rydbergwave packet
According to Parkerand Stroud [15] the motion of an electronicwavepacketcan be observedby

monitoringthe time dependenceof the light emittedby theorbiting atomicelectron.The returnsofthe
electronto the ion coremanifestthemselvesasspikesof the intensity,which repeatthemselveswith the
classicalorbit time until the wavepacketdecays.

Here, we discussin somedetail the conceptof observingthe wavepacketdynamicsin two-photon
processeswith time delayedpumpandprobepulsesassuggestedby Alber et al. andHenleet al. [17,
18]. Similar configurations have been studied by Fedorov and coworkers [31, 35]. Two recent
experimentshaveemployedthis technique[21,25].

We assumea first pumppulse~a(t) to excitea wavepacketat time ta, which is probedat a latertime
tb> ta + Ta by a secondshort pulse ~b(t) of durationTb and meanfrequency~

0b. The conceptually
simplestversionof sucha two-photondetectionschemeis a two-color Raman-typeprocesswhere the
secondpulsede-excitestheelectronby stimulatedemissionto a (low lying) boundstateIf) with energy
E

1. Using perturbationtheory, the probability of finding the electronin state II) is given by

Pf1 = ~ J dt’ e~tt)~~(fIIL. e~F(t’))~(t’) e~~
t2 (36)

As is apparentfrom eq. (36), the wavepacket IF(t)) canonly be de-excitedwhen thereis significant
overlapwith the (localized)final stateIf). Hence,we expectPfL to showmaximawhentb coincideswith
the returnof thewavepacketto the inner turning point of its orbit. Accordingto eq. (27), long after
the interactionwith the secondlaserpulse the transitionprobability is given by

P
1~=~ J ~ (37)

2irh

with the two-photontransitionmatrix element

T11(E)= (fIIL e~G~(E+ iO)IL Call)

J(fI~e~~ IL~CaIj), (38)
ntm n!+1

and thedetunings8~= (E — hcua — E1)Ih, I3~= (E — h(db — Ef)Ih Equation(18) implies a two photon
matrix elementof the form

1T1(E) (e>0),Tf1(E) = ~T~(E)+ 2~iEim ~L(e
2~ — e2~’)~, (e<0,Im e >0), (39)
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with E = I + s. Thus, for s<0 the two-photonmatrix elementconsistsof two parts:Thefirst partis the
two-photon matrix element, T~1(E),which is smoothlyextrapolatedfrom the energyregion above
threshold.The secondtermhassingularitieswheneverE coincideswith one of the Rydbergenergies.

~ and ~ are dipole matrix elementswhich are smoothly extrapolatedto below threshold.
Figure 6 illustrates the energy dependenceof the two-photon transition amplitude of eq. (39) for
hydrogen[79].In eq. (39) the rapid energydependenceassociatedwith Rydbergresonanceshasbeen
separatedfrom thequantitiesT~1(E),~~Jm’~ anda1,which areslowly varyingfunctionsofenergy
acrosstheRydbergthresholdandcanbe takenasconstantsfor our purposes.This separationis vital for
evaluatingtheenergyintegralsof eq. (37). From a physicalpoint of view, theexistenceof theseslowly
varying functionsof energyreflectsthe fact that, apartfrom thepureCoulombforce, the interactionof
theRydbergelectronwith the radiationfield andthe ion core is confinedto a finite interactionvolume
which is much smaller thanthe size of the Rydbergstates.

From eq. (19) we obtain the classicalpath representationof the two-photontransitionprobability,

Pf1 = ~(~-f dE (~a(~)T;i(E) exp(iô~ta- iôEtb)

+ ~ f dE 2t~m~(ö~) e
2’~~ (e21’~’e2~~)M~

1~a(~) exp(i6~ta— i~Etb)) 2~ (40)

Following the discussionof the previoussection,the various termsin eq. (40) can be interpretedas
follows.

(i) If thepumplaseris tunedto thecontinuum,thereis only a contributionfrom thefirst termof eq.
(40), which involves thecontinuumpropagatorg~

4(e; r, r’). Therefore,Pf
1 will be essentiallynonzero

only for overlappinglaserpulseswith tb ta• The physicalpicture behindthis is that the pump pulse

u’ 0.3

0.2

0.0 ___

-4.0 \ \ \•~ ______
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-3.0 _______________

-3.5. -J
-8 -6 -4 -2 0 2 4 6

—3

E (10 a.u.)
Fig. 6. Perturbativetwo-photontransitionamplitude T11(E) for ionization of the hydrogen is statewith circularly polarizedlight accordingto the
quantumdefectformula (39). Theenergyof the intermediatestateis denoteda. Top: Total generalizedcrosssection~ Center:Real(solid line)
and imaginary (dashedline) part of T~(E).Bottom: Smooth quantumdefectparameters[real and imaginary partof T~(E)l.(From ref. [79J)
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generatesa wave packetwhich escapesto infinity. The atom can only absorba secondphotonfrom the
probelaser, if the electronis still closeto the ion core.

(ii) If the pump laserexcitesRydbergstates,in generalthere will be contributionsfrom the first
termandfrom the infinite sum,which stemsfrom the resonantpartof the two-photonamplitude.The
first term contributesonly for overlapping laserpulses. In this case the two-photon matrix element
looks like in an above-thresholdprocesswhenonly continuumstatesareexcited.This is relatedto the
absenceof intermediateRydbergresonancesin a two-photonprocesswith spectrallybroadpulsesh/Ta~
/1[Tb ~ hi TE and tb ta~The terms in the infinite sum give contributionsfor time delays tb — t

0 -~

(M + 1) TE (M = 0, 1, 2,. . .). This reflectstherepeatedreturnsof the wavepacket to the ionic core,
wheretheelectroncanmakea transitionto the final stateIf) by emitting aphotonfrom the laserfield.
Evaluatingthe integralsappearingin eq. (40) in a stationaryphaseapproximationwe obtain for time
delayswith tb — ta~ Ta~Tb,

~ ~

11

x [3(M + 1)(—E/~y)
512(2~y)2]~”2e~4~ E=E~M)~ (41)

with

= BEta — ôEtb + 2ITMa
1 + 21T(M+ 1)(—Ei~y)”

2.

The points of stationaryphase,E~M),are determinedby

h dE~E=E~M) (b ta)+(M+ 1)T~(M)=0 (M=0,1,2,...). (42)

This stationaryphaseevaluationis valid aslong as ~(d2cP/ dE2)(h /Ta)2 ~ 1. The dominantcontribution
to the sumof eq. (41) comesfrom stationaryenergieswith E~M)— E

1 + hWa — Ef + hWb,so that thetime
delaybetweenbothpulsesis a multiple of themeanclassicalorbit time. Figure 7 showsthe two-photon

P A i\~
Fig. 7. Two-photonRamantransition probability versustime delay betweenboth laserpulses

tb — t~(in units of the classical orbit time T)
accordingto ref. [18].Theparametersare ; = = 12 ps, ñ = 85 (T = 94ps). Solid line: asingleRydbergseriesis excited. Dashedline: thewave
packetis a superpositionof autoionizing Rydbergstates(r = 0.075, see section4.1).
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transitionprobability of hydrogenas a function rf the time delayin units of the classicalorbit time for
Ta=Tb=

12PS, ~i=85 (T=94ps),1=1 [18].
As mentionedabove in section 2.1, not only energy-normalizeddipole matrix elementsfrom low

lying boundstatesto Rydbergstatesare slowly varying functionsof energybut also thosedescribing
ionization from the Rydbergstates.Thus, the ionization probability in a two-photonexperimentwith
time-delayedpulses will show a structuresimilar to the Raman processdiscussedabove [17]. The
advantageof observingradial Rydbergwavepacketsin ionization is thatonly asingle laseris needed,
which generatesa pumpanda probe pulse.The disadvantageof a single-lasersetupis that the ionized
electronscreatedby both pulseshavethe sameenergy.Thereforethe total ionization signal will not
only consist of the contribution of the generatedwave packet but also of the direct multiphoton
ionization by the individual pulses.

Two experimentshave reportedobservationof a radial Rydbergwave packetusing pump—probe
schemeswith two-photon excitationof the wave packet andsubsequentionization in a single-laser
setup.In the experimentof ref. [21] Rydbergstatesof Rb around42d were excitedwith a 6pspulse
anda centralwavelengthof 594.8nm. The classicalorbit time was 10.2ps. The result for the ionization
signal as a function of the time delayis given in fig. 8. Theionization signal dueto the separatepulsesis
subtractedfrom the total signal. Aroundzerotime delaythe wavepackethasnot yet left the coreand
multiphotonionization takesplace by absorptionof photonsfrom both pulses.The coherentspike in
the light intensitydueto temporalandspatialoverlapof the two pulsesgives rise to the extralargepeak
in the ionization yield. With increasingtime delaytwo peaksatapproximately9.4Psand18 Ps areseen.
They correspondto successivereturnsof the radial wave packetto the core region.Yeazellet al. [24,
25] useda 20Ps pulseto excite acoherentsuperpositionof statesaroundn = 85 in potassium.Resultsof
the experimentand their comparisonwith theory are shown in fig. 9. The ion signal showspeaksat
multiplesof the classicalorbit time of 107Ps. The decreasingheightof the succeedingpeaksis primarily
due to pulse-to-pulse frequency fluctuations and partly also due to dephasingof the coherent
superpositionof states.

0 . . 10 20 30

delay (ps)

Fig. 8. Photoionizationsignal of the wave packetas a function of the time delaybetweenpump and probe pulse (derivedfrom a single laser)
accordingto theexperimentof tenWolde et al. [21].Rydbergstatesof rubidium were excitedaroundthe42d state(T = 10.2ps) with a6 ps pulse.
At 9 ps andi8ps, the return of the wavepacketto the core leadsto an enhancementof the ion signal.
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Fig. 9. Experimentaland theoreticalresultsfor a photoionizationsignal in a pump—probeexperiment(squaresand solid curves,respectively)
accordingto Yeazell et al. [25]. A single-lasersetupwasused;approximatelyfive Rydbergstatesof potassiumaround ~i= 89 (T = 107 ps) were
excitedby a 25 Pspulse.

We concludeby pointing out that accordingto ref. [27]evenincoherentpump andprobe pulseswill
lead to modulationpatternsin the ionization probability as a function of time delay.The necessary
conditionsare that the coherencetime of the incoherentlight pulse hasto be shorterthanthe classical
orbit time andthat pumpandprobepulse arederivedfrom the samelight source.However,thepulse
durationdoesnot haveto be shorterthan the classicalorbit time.

2.2.3. Generationby an intenselaser field
In this sectionwe study the excitationof aRydbergseriesby an intense,not necessarilyshortlaser

pulse close to threshold(see fig. 2). By intense pulse we mean that the time scale of the atomic
evolution,as inducedby the laserlight, can beshorterthanthe durationof the light pulse.This requires
a nonperturbativesolution of equationsof the type of eq. (22) [28—37,81—85]. Two caseswill be
discussedbelow: (i) the depletiontime of the groundstateis muchshorterthanthe classicalorbit time;
(ii) the Stark shift of the Rydbergstatesis largerthan the spectralwidth of the pulse and the energy
spacingof the Rydberg levels. In the first casea radial wave packet is generateddue to the rapid
depletionof theground statepopulation.Thesedepletionwavepacketshavebeendiscussedin refs. [30,
32]. The secondcaseis realizedwhen a high-order multiphoton processexciteselectronsclose to
threshold[20, 37, 38]. Our derivationswill againbe basedon quantumdefectmethods.This implies
that the interaction with the Rydbergseries is treatedas a whole including the infinite number of
Rydbergstatesandthe adjoining continuumfrom the outset.

In a seriesof papersFedorovand coworkershavestudiedstrongfield effects in coherentprocesses
involving Rydbergstates[28, 31, 35], predicting, for example,stabilizationof Rydbergstatesin strong
fields due to interferenceeffects causedby Raman-typetransitionsvia the continuum.The dynamics
andquasi-energiesof asystemconsistingof agroundstateanda quasicontinuumof levelsin a resonant
externalfield has alsobeenanalyzedfor theentire rangeof intensitiesandvariousrise timesof the field
by various authors[81—83] andhasbeenextendedrecently to include laserbandwidth effects [84].
Grochmalickiand Lewenstein[33] havediscussedexcitationof Rydbergwavepacketsby short laser
pulsesincluding saturationeffects for a classof pulseshapesand haveemphasizedthe importanceof
smoothnessof the pulse.

To describethe formation of depletionwavepacketswe startfrom eqs. (21) and (22). Although for



G. Alber and P. Zoller, Laser excitation ofelectronicwavepacketsin Rydbergatoms 249

strongfields one expectsin generalalso other excitation channelsto contribute,the problemstudied
below is thebasicbuilding block of morerealisticmodels.We assumethat theelectric field of the laser
is turnedon instantaneouslyat t = 0 and that theenvelopehasthe form of a squarepulsewith constant
amplitude~(t) ~. However,theessentialdifferenceto subsection2.2.1 is that a perturbativesolution
of the Schrödingerequationis no longersufficient. To simplify notation,weconsideronly couplingto a
single Rydbergseries,i.e., wesuppressthe angularmomentumquantumnumbersim, and useHartree
atomicunits (e = 11 = Me = 1).

The Laplacetransform of the initial-stateamplitudea1(z) is definedby

= + iO

a1(t) = ~— f dze_izfa~(z), (43)
— = + jo

and is explicitly given by

a1(z)= i[z — E1 — .~(z+ w)]~, (44)

with the self-energyof the initial state .I(z)= T1~(z)l~’I
2.Before proceedingto a discussion of

near-thresholdphenomena,we find it worthwhile to review thesolutionof eq. (22) in theenergyregion
far below and far abovethreshold.

Far below threshold (the two-level approximation). Whenever the laser pulse is tuned to near
resonancewith one of the bound statesIn), i.e., I E

1 + w — E~I I E~— E~±~I,and the intensity is
sufficiently low, i.e., I0~I= 2I(nIIL. eli) ~‘I~ JE~— E~±1I,only state In) is excited significantly.
Therefore,the self-energy.~(z)may be approximatedby keepingonly the single state In) in the
spectraldecomposition,

.~(E)—UI1~I
2I(E—E~), (45)

with the Rabi frequencyfin. Insertingeq. (45) into eq. (44) we find the poles,z
12,of a1(z) and the

correspondingquasi-energies,E12 = z12+ w, from the quadraticequation

(E—E)(E—E~)—~Ifl~I
2=0, (46)

with themeanexcitedenergyE= E
1 + w. Thesequasi-energiesdescribethepositionsof the Stark-split

energylevels.
Inverting the Laplacetransformof eq. (43) we obtain for the initial-state amplitude

a~(t)=~ eE1~t (E - E)
2+(;fl~I)2~ (47)

The initial-state probability thereforeexhibits the well-known Rabi oscillationswith frequency[(En —

+ (Uf1~I)2]”2.

Far above threshold (exponentialdecay). If the laser field is tuned well above the ionization



250 G. Alber and P. Zoller, Laserexcitation of electronic wavepacketsin Rydbergatoms

threshold,the dominantcontributionto .~(z)comesfrom the excitedcontinuumstatesneartheenergy
conservingvalue z + w = E —~E. As the bound—freedipole matrix elementsaresmoothfunctionsof
energy,we may approximate.~(z+ w) by its valuesnearz E1 (pole approximation),

(48)

~ is an approximatelyenergyindependentquadraticStarkshift (which we assumeto be absorbedin
the initial-stateenergyE1) and

y = 2~rI(EIIL.e ~Ii)I
2 (49)

is the ionization ratein agreementwith Fermi’s goldenrule. Thus the self-energyof eq. (48) gives rise
to a complexquasienergyE z + w = E — iy/2. Inverting the Laplacetransformwe find

a~(t)= e_~_~~)te_5t12, (50)

and the initial-stateprobability is exponentiallydecayingas a function of time.

Near threshold. If the laser is tuned close to the photoionization threshold, many bound and
continuumstatescontributeto the self-energy.~(z).Taking the Laplacetransformof the wave function
of eq. (21), we find the following systemof close-couplingequations:

(z_Et)aI(z)+(iIIL.e*~*lF(z+w))=i, (51)

(z + w — HA)IF(z + w)) + i~. e~‘Ii)a~(z)= 0.

Solutionsof similar equations,which describethe couplingbetweena bound channelIi) and a free
channelIF(z + w)), havebeenstudiedin QDT [9]. Eliminating IF(z + w)) in eq. (51) we find for the
self-energy(E = I + r)

J~w—iy/2 (e>O), 52
~(E) — ~ + (y12) cot[ir(v + a)] (r = —1 /(2v2)<0).

Here,~wandy area quadraticStarkshift contributionandthe ionization rate. Theshift ~wis assumed
to be absorbedin the initial stateenergy E

1 together with the ponderomotiveshift of the Rydberg
threshold.As a consequenceof the finite-rangecharacterof the radiativecoupling(seesections2.1 and
2.2.2),&o andy areapproximatelyenergyindependentacrossthreshold.Therapid energydependence
below thresholdis containedin the cot term.1~(E)haspolesat the Rydbergenergiesr,, = — ~(n — a)

2.
It is not difficult to seethat eq. (52) reducesto the resultof the two-level approximationwhenonly a

single stateIn) is significantly excited.Near a resonanceenergy,E —~E~,we obtaineq. (45) provided
we makethe identification

Ufl
0I

2=(yl2ir)(n—aY3. (53)

Notethat eq. (53) impliesthe familiar (n — a)3 scalingof the bound—Rydbergdipole matrixelements.
Above thresholdeq. (52) is identicalwith eq. (48).
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Dressedenergies,E~= Z~+ tu, are determinedby the poles of a1(z). According to eqs. (44) and

(52), they aresolutionsof the transcendentalequation
1 (54)

2[n—a—p.(E~)]
2

with the intensity dependentquantumdefect

/2(E) = (—1 iir) arctan[(y/2)(E— E)~]. (55)

The appearanceof a Rydbergformula with a laser-inducedquantumdefectis not surprising: it is well
known that the mixing of a boundstateinto the continuumleadsto a resonantphaseshift 1r/2(E); in
the excitation from a low lying atomic statesuch a continuum phase shift manifestsitself in the
appearanceof a laser-inducedautoionizing-like resonance,whereasin the processof laser-assisted
electron—ionscattering,which is describedby the scatteringmatrix

= e2’~ (56)

it gives rise to “capture—escape”resonances.On theother hand, in the bound stateregion scattering
phaseshifts correspondto quantumdefects,in agreementwith eq. (54).

Wenow returnto studythe timeevolutionof the initial-stateamplitude.Usingeq. (52) and inverting
the Laplace transformby contour integration,we find the initial-stateamplitude in the dressedstate
representation,

— ‘~‘ -i(E~-w)t 1 ~ y12a
1(t) — ___ e ~n — 2 2 —3

n IT (E~—E)+(y12) [1+2(yirv~)]

+ ~— e
t{e~t12[E

1(—iEt— 7t12) — 2iri0(E)] — e7t/
2E

1(_iEt+ ytI2)}. (57)

0(x) is theunit stepfunction, which vanishesfor x<0. E1(x) is the exponentialintegral[86].Equation
(57) shows that all quasi-energiesin an energyintervalof width y[l + 2/(yITi

3)]”2 aroundthe mean
excited energyE contribute significantly to the excitation process.We can, therefore,distinguish
betweentwo different dynamicalregimes,namely the two-level (or weak-field) limit characterizedby
y ‘~ Ü~,and the threshold(or intense-field)limit y ~‘ i1~.The last caseimplies that for E< I

TE =2IT[2(I— E)]312>>2irI-y, (58)

with theclassicalorbit time of anelectronin a CoulombpotentialTE. In the time domainthe inequality
(58) expressesthe fact that the laser-induceddepletiontime of theinitial state,1 iy, is shorterthanthe
classicalorbit time of the excitedelectron.

Undercondition (58) a direct evaluationof the sum of eq. (57) is inconvenient,becausemany
dressedstatescontribute. Instead,we prefer to representthe initial-state amplitude in the form of a
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classicalpath representation,

a1(t) = ~ eYtJ
2 + J dEe~~~~’[i(E— E + iy/2)1~~~*] e2~’~

x [j(E) ~ ~‘i(E — E + iyI2)’], (59)

with the photoionizationand recombinationdipole matrix elements

= _iei~~a(EIIL. eji) , = —ie~”(iIIL.

Comparewith eqs. (11) and(12)] andthe electron—ionscatteringmatrix ,~(E).Since v ~‘ ~ e2’~”is a
rapidly oscillating function of energy. Therefore,the dominantcontribution to the energy integrals
comes from points of stationary phase, E~M), which fulfill the relation t = (M + 1) TE(M), M =

0, 1,2 Performing the energy integration in eq. (59) with the stationary phasesmethod
we find

a
1(t) = e~~~’°~’e~~~’

2
/ \1/2

+ 2 IT ) e”~4e E.M.I)(
712)[(E — E)

2 + (y/2)2]1I(M), (60)
M=1 Ia 1/3E I(M,t)

with the phase~(E, M, t) = —(E — w)t + 2irM[v + a + /2(E)]. -

For a given time t the only contributingterms in eq. (60) are those for which IE~M)— El :S

Therefore, for times much shorter than the classical orbit time there are no stationary phase
contributions and the initial-state amplitude decaysexponentiallywith rate ‘• The depletionof the
initial state~i)on a time scale of the order of 1/7 4 T~implies the generationof a radial electronic
wavepacket.The exponentialdecaylaw for the initial statefor times t4 TE reflectsthe fact that the
electronicmotion is not affectedby the outerturningpoint of the Coulombpotentialandbehaveslike
in a true ionizationprocessabovethreshold.For timest — TE, the dominantcontributionof eq. (60)
stemsfrom the term with M = 1, which describesthe first returnof the electronicwavepacketto the
inner turning point of its orbit. Insidethe coreregion, the electronis scatteredin thepresenceof the
laser field and can be de-excitedback to the initial stateIi). Similar argumentscanbe presentedfor
times t — MTE (M = 2, 3,. . .), so that the population of the ground state will show population
pulsationswith the periodof the classicalorbit time.

Figures 10 show the initial-stateprobability as a functionof time for different meanexcitedenergies
~ and a fixed value of y and a = 0. Figure lOa representsa casewhere only a few quasi-energies
contributein eq. (57), giving rise to slightly modified Rabi oscillations.As soonas the meanionization
time, 1/7, becomescomparableto or smallerthanthe classicalorbit time, T~,the timedependenceof
theinitial-stateprobabilitychangesdrastically(figs. lOb—d). In fig. lOc manyRydbergstatesareexcited
and a radial Rydbergwavepacket is generated.Thus the ground statepopulationshows population
pulsations with the classical orbit time. The broadeningof the recombinationpeaks reflects the
spreadingof the wave packet. For long times, when the wave packetis no longer well defined,the
groundstatepopulationshows rapidoscillations.An extremecaseis shownin fig. lOd, whereRydberg
and continuum statesare significantly excited.The excitedenergiescorrespondto orbit times from
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Fig. 10. Initial state probability, P, as a function of time (in units of the mean orbit time T
5) for excitation of a Rydberg serieswith

7=4.13x iO’°s’, (a)s= —2 x iO~au, (b) e= —5 x i0’ au, (c) i= —1.25x 10’ au, (d) 1= —4 X 10~au.The dashedcurve in (d) showsthe
mean(time-averaged)initial-state probability.

some Tmin up to infinity, so that the radial wave packet is not well defined. This leadsto rapid
oscillations, which correspondto the interferencebetweencontributions associatedwith different
returnsof the electronto the core region. Averagingover theseoscillationsone can showthat in the
presentmodel thegroundstatepopulationapproachesa nonzeropopulationin the long time limit. This
valueis approachedasymptoticallyaccordingto a powerlaw involving t~

513[29, 30].

Effectsofthe Starkshift. We havealreadydiscussedaspectsregardingthe Starkshift of atomiclevels
in subsection2.2.1. We concludethis sectionwith remarkson the thresholdbehaviorof N-photon
resonant(N + 1)-photonionization processes(typically N = 3,4,...) in caseswhere the Stark shift is
much larger than the Fourier width of the pulse, so that it is the dominantbroadeningmechanism.
Examplesare multiphotonionizationexperimentsin rare gases[20].Typically, in this casetheshift of
thegroundstateis small while thephotoionizationthresholdis shiftedupwardsaccordingto eq. (35).
For anexplanationof theexperimentallyobservedthresholdstructureof ref. [20],inclusionof the time
and space dependenceof the ionizing laser pulse is of central importance.If the laser is tuned
sufficiently far below threshold,the spectralwidth of the laserpulseis smallerthanthe Rydberglevel
spacingand the Rydbergstatesappearas isolatedintermediateresonances.Close to thresholdthe
energylevel separationbecomessmaller thanthe spectralwidth of the laserpulse and the resonance.
structuredisappears.There are three time scalesin the problem,the time scaleassociatedwith the
Starkshift SE, the laserpulsedurationT~and the classicalorbit time T. (Note,however,that for afixed
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excitationenergy thereis an ambiguity in defining a Rydbergenergyspacing, becausethe effective
ionization thresholdvariesaccordingto the spaceandtime dependenceof the laserfield.) In figs. lithe
experimentalandtheoreticalionization probability of (2 + 1)-photonionization of rubidium is shownas
a function of laser frequency[87]. According to these figures, a region where individual Rydberg
resonancesare well resolved, is followed by a smoothly decreasingionization probability in the
bound-stateregion and an almost energyindependentabove-thresholdionization signal.

a
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0 I.I!I,I,I!I,I,
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Fig. 11. Ionization probability of rubidium as a function of the laser frequencyacrossthresholdaccordingto ref. [87]. The durationof the laser
pulse is = 3.54 ps, the maximumlight intensity is I = 6.9 X 1010w/cm

2. Thetwo subplotsare(a) experimentand(b) theory(for aGaussianlaser
pulse).The left arrow on (b) (betweenthe20d and21d states)indicatesthepositionwheretheStarkshift equalstheenergyseparationbetweenthe
Rydberglevels. The right arrow correspondsto the positionwherethe laserpulseduration is equal to the classicalorbit time.
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2.3. Angular Rydbergwavepackets

An angularwave packetis a coherentsuperpositionof energyeigenstateswith high valuesof the
angularmomentumquantumnumberslm so that the polar and azimuthalanglesof theexcitedelectron
arelocalized.Due to angularmomentumselectionrules, formation of such a superpositioncannotbe
achievedby one-or two-photonabsorptionfrom an atomicground statewith a shortlaserpulsealone.
Additional externalfields or a specialpreparationof the atom is requiredfor the excitation of high
angularmomentumstates[46—48].Although such an excitation is difficult to achieveexperimentally,
specialpropertiesof thesehigh angularmomentumstates,for exampletheir long radiativelife times,
their large electric andmagneticdipole momentsand their anisotropicbehaviorin collisions, have
motivatedexperimentalefforts. Examplesarethe Starkexcitationschemesof Hulet and Kleppner[46],
the method of crossed electric and magnetic fields proposedby Delande and Gay [57] and the
suggestionby Molanderet al. [40] to employ dressingby a radio frequencyfield.

In a seriesof papers,Stroud and coworkers[24, 40—42] investigatedthe excitationof an angular
wave packetconsistingof a superpositionof a large numberof aligned Rydbergstateswith m= 1 ~ 1

and the same value of the principal quantum number, n, theoreticallyand experimentally. The
wave function of such a state is given by V~’(r,0, cP, t) = ~ A1Y~(0,~I) e~°”~. Because
Y~(0, 1) (sin0)~,the probability distributionof eachof thesealignedstatesis essentiallyconfinedto
aplaneperpendicularto the axis of quantization.A linearsuperpositionof different I-valuesproducesa
localization with respectto the angle 1’. The time evolution of such an angularwave packet is
determinedby the interferencebetweenstateswith different angularmomentabut a fixed valueof n.
For a nonrelativistichydrogenatom theseeigenstatesare degenerateand the correspondingwave
packetis stationary.In the caseof alkali atoms,correctionsto the 1 Ir Coulombpotential includea 1 1r

4
contribution from core polarizationand relativistic effects. As a consequence,the wave packet will
precess.This is in completeanalogyto the precessionof Mercurydue to relativistic effects. As an
example,fig. 12 showsthe evolutionof an angularwavepacketaccordingto Yeazell [24].

Following the suggestionof Molander et al. [40],in a recentexperimentYeazell and Stroud [42]
preparedanangularwavepacketby opticalexcitationof Rydbergstateswhicharestronglydressedby a
radio frequency(rf) field. Therebya circularly polarizedlaser field exciteselectronsfrom the sodium
ground statevia two-photon absorptionto the n = 50 d-state.The n = 50 manifold is dressedby a
circularly polarizedrf field (frequency 65 MHz, field strength 0.3V/cm), which is tuned near the
thirty-photonresonancebetweenthe states(n, l) = (50, 2) and (n, I) = (50, 32). As a consequencethis
high angularmomentumstateand severalof its neighborsarestrongly mixed with the SOd state.All of
theserf-dressedlevels lie within the coherentband width of the short optical pulse (pulseduration

= 500ps). Turning off the rf field adiabatically,the populationin the dressedstatesgoesdirectly into
the angularmomentumeigenstateswith which theyareconnected,leavinga coherentsuperpositionof
I-states.After the rf field is turnedoff, the motion of the (free) wavepacketis dueto corepolarization
and relativistic effects. Detectionof this angularwave packetis achievedby ionization with a pulsed
electric field. The ionization signal dependson time andthe angularlocalizationof the wavepacket.A
wavepacketalignedin the direction of the ionizing field hasa largerionization ratethanone alignedin
anotherdirection.Therefore,the time dependenceof the ionization signal providesa signatureof the
orientationof the wavepacket.Yeazelland Stroud [42]performeda classicalMonte Carlo calculation
to model this ionization process.Very good agreementis achievedwith their experimentalresults,
demonstratingthe experimentalrealizationof an angularwavepacket.Precessionof the wavepacket
hasso far not beenobservedexperimentallybecauseof the long precessiontimes, whicharetypically of
the orderof milliseconds.
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Fig. 12. Evolutionof anangularwavepacketaccordingto Yeazell [24].After thedressingradiofrequencyfield hasbeenturnedoff, theprobability
densityof thewavepacketis shownat intervalsof 56u.s. Thewavepacketis describedby athree-dimensionalplotof theprobability density in the
planeperpendicularto theaxisof quantization.Thewave packetprecessesdueto perturbationsof theCoulombpotentialwith periodT = 340 u.s.

Coherentexcitation of a superpositionof DC-Stark-splitatomicstateshasbeenreportedrecentlyin
ref. [43]. For small static electric field strengthsF, the Stark shift of an alkali Rydbergstatescales
linearly with F. For hydrogen the energiesof the Stark-split states are given by E~1~2= —PAy/n

2
+ 3PAy(F/F

0)n(n1— n2) with the principal quantumnumbern = n1 + n2 + m+ 1, the parabolicquan-
turn numbersn1, n2 and the atomic unit of electric field strengthF0 = 5.14 x 1011 V m’. Therefore,
coherentlaserexcitationof theseenergylevelsleadsto a beatingperiod T= (11 /2PAy)(2IT)/ [~(F/F0)n],
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which is the same for all neighboringcomponents.These Stark statesare superpositionsof angular
momentumeigenstates.Accordingto calculationsin ref. [43],awave packetconsistingof a superposi-
tion of suchStarkstatesis oscillatingbetweena moreor lesssphericaldistributionof low-i statesanda
distributionwhich is stronglyorientedalongthe electric-field axis. In ref. [43], the periodic motionof
such a wave packetwas observedin Rb for excitationof Rydbergstateswith n = 23 in a single-laser
setupwith pulseduration = Sps.The-Starkperiod was T = 45.8ps.The observedmodulationsof the
ionization signal reflect the oscillationsof the electronicchargedistribution.

Recently,it hasbeenshown by Delandeand Gay [57] how in the presenceof weak,static electric
and magneticfields a stationaryhydrogenicenergyeigenstatecan be excitedwhich is localized on a
Kepler ellipse with minimum quantumfluctuations.This excitation schemecertainly constitutesa
promisingsteptowardsthe final goalof preparinga localizedelectronicwavepacketwhich movesalong
a Kepler orbit. Experimentally,excitationof such a minimumuncertaintyenergyeigenstatehasbeen
demonstratedrecently by Hare et al. [48]. For the preparationof an ideal Kepler wave packet a
superpositionof many of these energyeigenstatesis needed.These minimum uncertaintyenergy
eigenstatesmight haveinterestingspectroscopicapplicationsin the future. They arediscussedin more
detail in section3.2.

3. Theoreticalmethodsandaspects

The purposeof this andthe following chapteris (i) to generalizethe treatmentof the single-channel
Coulomb caseof chapter2 to the many-electron(many-channel)problem and (ii) to discusswave
packetdynamicsin the presenceof externalstatic fields. Theoreticalmethodsbasedon Multichannel
QuantumDefectTheory(MQDT) and semiclassicaltechniquesare developedin this chapter,whereas
physicalapplicationsarepostponedto chapter4. We concludethischapterwith a brief discussionof the
minimum-uncertaintystatesof the Kepler problem.

In this and in the following chapterwe shall useHartreeatomicunits with e = Me = Fl = 1.

3.1. Classicalpath representationofatomictransition amplitudes

Recently,therehasbeenrenewedinterestin thedescriptionof atomicandmolecularlaserexcitation
processeswith semiclassicaltechniques[88—98]in which quantummechanical wave functions and
observablesare constructeddirectly from propertiesof the trajectoriesof the correspondingclassical
problems[88,92, 95—98]. Thesemethodsclearlyexhibit theconnectionsbetweenclassicaldynamicsand
quantummechanicsand theirapplicationis particularly interestingin caseswheretheclassicaldynamics
is not integrableand exhibits complicatedphasespacestructure.Recently, thesemethodshavealso
been applied to the descriptionof laser excitation processesof atomic Rydberg statesclose to a
photoionizationthreshold[17, 18, 30, 32, 34, 36, 99, 100].

For highly excited Rydberg states with small values of the angular momentumthe classically
accessibleregionof configurationspaceis largein comparisonwith the Bohr radius.This implieslarge
classicalactions.Therefore,semiclassicalmethodsare applicablefor thedescriptionof thesestatesand
classicalpathrepresentationsmay be derivedin which the atomictransition amplitudesof interestare
expressedas a sum of contributionsof all closedorbits of the excited Rydbergelectron,which start
from the nucleus.In the context of laser excitation of Rydberg statesclose to a photoionization
thresholdsuchrepresentationshavebeenderivedrecentlyfor an unperturbedatom in refs. [17,18, 30,
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32] and for an atom in a static external field in refs. [34, 36, 99, 100]. These classical path
representationsare particularly useful for the descriptionof the dynamicsof radial Rydberg wave
packetsandare derivedin the following. In the specialcaseof a one-channelCoulombproblem,such
classicalpath representationshavealreadybeenencounteredin chapter2.

As hasbeen shown in section2.2, the quantity of central importancein atomic processeswhich
involve resonantabsorptionandstimulatedemissionof laserradiation(within perturbationtheory), is
the resonantpart of the two-photontransition amplitudeas given in eq. (38),

TfI(s)=(fIIL.E~(r—HA+iO)~IL.E
5Ii) (E~~E+Wa), (61)

betweenan initial stateIi) with energye~anda final stateIf). HA is the atomicHamiltonian,/5 is the
atomicdipole operatorand Ea~~b andWa~Wb arethepolarizationsand frequenciesof theabsorbedand
emitted laserphotons. With the replacemente~—~Eb, eq. (61) also describesone-photonresonant
two-photonabsorption.The main problemin the descriptionof suchlaserexcitation processesis the
determinationof the energy dependenceof T~1(s).This problem hasbeendiscussedfor the single-
channelcasein subsection2.2.2.

In termsof this two-photontransitionamplitudethe final-stateprobability of the two-photonRaman
excitationprocessof subsection2.2.2 is givenin eq. (37). In the specialcaseof one-photonexcitation
from an energeticallylow lying boundstate I g), the resonantpartof the self-energyis relatedto this
two-photontransitionamplitudeby

Z(e) Tgg(E)I~I
2, (62)

with 8a = Eb. Its imaginarypart gives the one-photonexcitation rate,

F= —2Im[.~(e)]
08~+~ (63)

which describesthe laser-induceddepletionof state I g) in the limit where the depletiontime 1/F is
much largerthan the pulseduration ‘r~[comparewith eq. (52)].

The generalizationof eq. (39) to the many-channelcaseis convenientlydoneusing the Dalgarno—
Lewis method [101]. The two-photon transition amplitude is related to the solution I F0) of the
inhomogeneousSchrödingerequation

(C~HA+~O)IFf)=I~t~EaIl) (64)

by

Tf1(E) = (fIIL ~*IF) (65)

It can thereforebe evaluatedin two steps:In a first step we solve the inhomogeneousSchrödinger
equation(64) andin asecondstepwe determinethe dipole matrix elementbetweenthe final state If)
and the excitedatomicstate IFO) as given by eq. (65).

Themain purposeof this sectionis the derivationof classicalpathrepresentationsfor thetwo-photon
transition amplitude with the help of this method. In subsection3.1.1 we concentrateon an un-
perturbedatom, where at large distancesfrom the nucleusthe dynamicsof the excitedelectronis
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Fig. 13. Schematicrepresentationof laserexcitation of autoionizing Rydbergstates.

determinedby the (1/r) Coulombpotentialof the ionic coreandwe generalizetheresultsof eq. (39) to
the caseof manyfragmentationchannelsas schematicallyindicatedin fig. 13. In this case,a classical
path representationmay be derivedfrom standardresultsof QDT [18,30, 32]. In subsection3.1.2 we
generalizetheseresultsto caseswhereat large distancesfrom the nucleusthe dynamicsof the excited
electronis modified, for example,by a static externalfield. Under theseconditionsa classicalpath
representationmay be derivedwith the help of multidimensionalsemiclassicalmethods[36, 99, 100].

3.1.1. ThemultichannelCoulombproblem
If one of the outerelectronsof an atom with severalvalenceelectrons(an alkalineearthatom,for

example[Ii]) is excitedby a laserpulse,it mayexchangeenergywith the ionic core. In the framework
of an independentparticle model the energyspectrumof the neutralatom consistsof Rydbergseries
convergingto various fragmentationthresholdswith energiesIi,. Due to electroncorrelation effects
theseRydbergseriesandcontinuaarecoupled,andenergyis exchangedbetweenthem [9, 14].

In an N-channelapproximation,a solutionof the homogeneouspart of eq. (64) is given by

~0(R,r) = ~ ~.(R) F~(e,r). (66)

The channelfunctions,~(R), characterizethe stateof the ionic corewith R indicating its coordinates
andthe angularmomentumandspin of the excitedelectron.In the nonrelativisticapproximationthe
radial wave function of the excited electronis determinedby [9, 18, 30, 79]

~ [(~ - h1(r))~ - Vjk(r)]Fk(e, r) = q1(r) (j =1,. . . , N). (67)

The energyof the excitedelectronin fragmentationchannelj is e1 = — 1,. If e~,<0, fragmentation
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channeljis closed,otherwiseit is open.The radial Hamiltonianof the excitedelectron,h1(r), includes
the long-range(i/r) Coulombpotentialof the ionic core and is given by

1 ( d
2 l.(l~+l)\ 1

hJ(r)—~y~—i—r2 )~

The residualpotential,VJk(r), describesthe electron-correlation-inducedcouplingbetweenthe fragmen-
tation channelsandq.(r) = r ( I~.I EaI1)r describeslaser-inducedexcitation from the initial stateIi).

As far as the dynamicsof the excitedelectronis concerned,we may distinguishtwo characteristic
physical regions:

1. For nonhydrogenicionic coresthe potentialVJk(r) tendsto zeroat leastas 1/ r3 at largedistances
from the core. It maythereforebetreatedapproximatelyasa finite-rangecoupling,which is restricted
to a reactionzoneof a few Bohr radii aroundthe atomicnucleus,i.e., l’k(r) = 0 for r> rc -~ 1 [9, 14].
The energeticallylow lying boundstate Ii) is also localizedin a region of this size aroundthe atomic
nucleusso thatwe haveq.(r) = 0 for r> r~,approximately.

2. Therefore,outsidethe reactionzonethe dynamicsof the excitedelectronis determinedby the
(1 / r) Coulombpotentialof the ionic core and eq. (67) maybe solved analytically.

For energiesabove all thresholds,i.e., e~>0 (j = ~ . . , N), and large valuesof r the physical
solution of eq. (67), which is regular for r—* 0 and remainsfinite for r—~~, is given by [18, 30]

F~(e,r) -~~ r)iIT~l~~(14 r) . (68)

The photoionizationdipole matrix element

= dr [~~(e, r)]*q~(r) (69)

describeslaser-inducedexcitationof channelj. The solution ~7)(e, r) of the homogeneouspart of eq.
(67) describesan electronleavingthe ionic corein channelj and behavesasymptoticallyas

7)(r, r) ~ r)8k1 - ~Ek, r)~~](14 r), (70)

with the energy-normalizedoutgoing and incoming Coulombfunctions ~ (ri, r) [9], respectively.
Semiclassically,they are given by

~~e~,r)~\/2/[ITp(r)]exp{±i[w
8(r1,r)—(l1+1/2)IT+IT/4]) (r14r4r2), (71)

with the classical action w0(r1, r), the turning point r1 and the radial momentum p(r) = [2(r~

+ 1 /r)]”
2. The scatteringmatrix elementsXkf describeelectron scatteringbetweenchannelsk and j,

which takesplace inside the reactionzonedue to the presenceof the residualelectrons.Thesematrix
elementsaresmoothfunctionsof energyacrossany threshold[9, 14].

For somechannelsclosed, i.e., e~<0 (j = ~ . . , N~<N), F~(r,r) asgiven in eq. (68) diverges
for r —~ ~. However,in this casethe physicalsolutionof eq. (67) is given by a linear combinationof the
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particularsolution F7) (s, r) and a solution of the homogeneouspart of eq. (67), i.e.,

F~(e,r) = F7~e,r) + ~ [~(e, r)]*~k(e). (72)

The amplitudes.s~(r) are determinedby the requirementthat I~,(e,r) hasto remainfinite for r —~ co•

Using well-known properties of the Coulomb functions ~ r) [9] or of their semiclassical
approximations,we find

I ~ i 21~rv
0ç1 2i1TP~~—11~ ()~() II — 1 PsI \

,~, ~ = ~ ~e ~ — e ~ ]kj~
7~’j ~ ‘ ‘~‘c) ‘ (73)

k 10 (k=N~+1,...,N).

The matrix X
0~is the scatteringmatrix in the closed-channelsubspaceande

2”~is the diagonalmatrix
with elementse2~and i-~= (—2e~)112. Inserting eqs. (72) and (73) into eq. (65) we obtain the
two-photontransitionamplitude

N
0

T1~(e)= ~ +
2iIT ~ ~~[e2”~(1 — Xcce2)]Jk~~~ (74)

j,k=1

with the recombinationdipole matrix element

= ~ J~r(fIn EfI~k)rT[~ki(E,r)]*. (75)

The first term of eq. (74) describesthe“direct” two-photontransition,which takesplaceinside the
reactionzone.Above all thresholdsthisis the only contributionto Tf

1(s). Theresidualtermsof eq. (74)
describethe resonantcontributionsfrom the Rydbergstates.If If) is an energeticallylow lying bound
state,the reactionzone extendsonly a few Bohr radii aroundthe atomic nucleusand ~ and the
photoionizationand recombinationdipole matrix elements~ and ~ areslowly varying functions
of energyacrossanythreshold[9, 14]. If the secondlaserpulse inducesatransitionfrom highly excited
Rydbergstatesto continuumstateswell abovethreshold,the effectiverangeof the radiativecouplingrc
may be estimatedby the distancethe Rydbergelectroncan move away from the nucleusduring the
absorptionof the laserphoton.This characteristicabsorptiontime is of order r — w 1, which implies
r~ ~-2/3 [78]. Therefore, in the optical frequency regime photoabsorptionfrom highly excited
Rydbergstatesis alsolocalizedin spacein a finite reactionzonearoundtheatomicnucleusso thateven
in this case~ ~ and ~ are slowly varying functionsof energyacrossthreshold(comparealso
fig. 1 and the correspondingdiscussionin section2.1).

Expandingeq. (74) in a geometricserieswefinally obtainthe classicalpath representation[17, 18, 30]

N0

T~1(s)= ~ +
211T ~ ~ [e(~~ e2 )M]~ . (76)

j.k=1 M=0

The Mth termin the infinite sum ofeq. (76) representsthecontributionsof the (M + 1 )th returnofthe
excitedelectronback to the reactionzone. The quantity S

1 =
2ITI.~is justthe classicalactionaccumu-
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latedduring onerevolutionalonga Kepler ellipseof maximaleccentricity (1 = 0). With eachreturn to
the reactionzonethe excitedelectronmaybe scatteredinto a differentchanneldueto the presenceof
the residualcore electrons.This scatteringprocessis describedby the scatteringmatrix x0~.

3.1.2. Atom in an externalstaticfield
If an atom is placed in a weak, static externalfield, a highly excitedRydbergelectron may be

strongly influenced at large distancesfrom the ionic core. In this caseRydbergstatesof different
n-manifoldsare stronglymixed and the influenceof the externalfield on the atom cannotbe treated
perturbatively[4].

Physically,we can distinguishthreecharacteristicspatial regionsas far asthe dynamicsof theexcited
Rydbergelectronis concerned[102, 103]:

1. The atom—laserinteraction [78] and electroncorrelation effects [9, 14] are concentratedin a
reactionzone,which typically extends only a few Bohr radii aroundthe atomicnucleus,i.e., r � r0 -= 1.

2. In the surrounding Coulombzone,i.e. for r0 <r 4 a, the electronis dominantlyinfluencedby the
(1 / r) Coulombpotential of the ionic core.

3. At sufficiently large distancesfrom the ionic core, i.e. for r � a, the externalpotential Vext(X)

becomesat least as important as the (1/r) Coulomb potential. In general, the Hamiltonian which
describesthe dynamics of the excited electron in this asymptotic zone is not separableand the
correspondingclassicalproblemmight evenbe nonintegrable.
This allows oneto solve the Schrödingerequation(64) in two steps:In a first stepwe solve eq. (64) in
the reactionandCoulombzonewith the methodsof section3.1.1. In a secondstepwe solve eq. (64) in
the Coulomb and asymptoticzonewith the help of semiclassicalmethodsand matchboth solutions
inside the Coulombzone.

For simplicity, we shall restrict the following discussionto the caseof a single excitationchannel.
Thus,in the asymptoticpart of the Coulombzonethe generalsolutionof eq. (64) which is regularfor
r—*O is given by

F(e,x)—~Y~(O,~)~ ~ r)iIT~~ + ~ T)*~irn(E)] (14r4a), (77)
1,m r

in the notationof section3.1.1 [comparewith eq. (72)]. The radial solutionsof the homogeneouspart
of eq. (64), ~ (e, r), involve scatteringmatrix elementsXt which describeelastic scatteringof the
valenceelectroninside the core region dueto the presenceof the residualelectrons.For simplicity we
assumethis scatteringto be sphericallysymmetricso that Xt is independentof the magneticquantum
numbersm1. Typically, this scatteringprocessaffects only low angularmomentumstateswith I < 1~,

which havea sufficiently large overlap with the ionic core. Thus we may write x1 = 1 + f1 with the
scatteringamplitudesf, beingzero for l> l~,approximately.

For the evaluationof si/,~,(r)we have to solve eq. (64) in the region xj � r0 with the boundary
condition

~Ie(X)Iixi=r=F(E,X)ixi=r (i4r04a). (78)

The large extensionof the classically accessibleregion implies large classicalactions.Therefore this
boundaryvalue problemmay be solved with the help of semiclassicalmethods.For this purposewe
start from the part of F(e,x) which is proportional to ~ r), i.e. t/i0~~(x).For small angular
momenta,1, m —~1, i~t0~~(x)involves arapidly oscillatingradial functionanda slowly varyingfunction of
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0 and ç. For fixed value of the energythe rapidly oscillating radial part definesthe two-dimensional

Lagrangianmanifold [95,96]

L0 = {(r0, 0~,Wo~Pr0’ Poe’ P~)I 0<0~<~,0< ~ <2w, Pr0 = ~2(e+ 1/r0), p8 = pç = 0).

PropagatingL0 throughphasespacealongtheHamiltonian flow generatedby the classicalHamiltonian
H = ~ p

2 — 1 /r + Vext(X) we obtain the three-dimensionalLagrangianmanifold

L={(r, 0, çø, P
0, p0,pç,)(T, 0~,coo)IO<0o<IT,O<wo<

21r,T�O)

In the limit of large classicalactionsthe solution of the boundaryvalue problemis given by [95, 96]

~ ~x)= ~ ~J(0, 001, ~Oj)/ I J(r~,,001, ~0j ) I

x exp{i[S
0(r~,00), w01) — /2~1T/2]} t/bout(T~o,~ ~Oj) (IxI � r0) , (79)

asymptotically. The summationindex j representsa sum over all projectionsof L onto the three-
dimensionalconfigurationspaceat point x and S0(i, 001, ~ is the classicalactionalong trajectoryj
which startsat point (r0, ~ ~ with r = 0 and reachespoint x with i~= i~.The,amplitudesof this
asymptoticwave function are determinedby thedeterminantof the local projectionof the Lagrangian
manifold L onto configurationspaceat point x, i.e.,

dx A dy A dz
J(~,001, ~Oj) = dr A dO0 A dp0 ~ (80)

Its initial value, i.e. J(0, 00/, co01), is determinedby L0. /L~is the Maslov index [95,96] of trajectoryj
outside the Coulomb zone. The unknown amplitudes ~

1tm(e) of eq. (77) are determinedby the
boundarycondition (78), which implies

~im(E) = f d~Jd0sin0 Y~(0,~)*(_1)l ~ VJ(0,O~,~
01)/IJ(~,0~,~)I

x exp{i[2w0(r1, r0) + S0(i,001, Qoj) — ( + 3)-ir/2]}

x ~ Y~’(001, ~01)(—1)
t’[2ii~ ~. + (1 +fi~)S~’i~m.(E)] , (81)

with r(r
1,001,ço01)=r0, r1>O and p0(i~, ~ ~

In general,eq. (81) can only be solved approximately.A specialcasearisesin the absenceof an
external field, where ‘~

4,m(s) may be evaluatedexactly. The rotational symmetry of the Coulomb
problem implies that the action S

8(i,, 001, %j) is independentof the final angles 0 and q’. Below
thresholdthereforethecontributionsof all boundtrajectories, which startfrom thenucleuswith apure
radial momentumand return again to xl = r0, interfere constructively. Taking into account that
S8(i, 001, p~)+ 2w8(r1, r0) = 2iw with e = —1/(2v

2)< 0, ‘we obtain

~im(~) = e1~2 4~’2~[2iir~,~ + Xi~im(S)] (e<0). (82)
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Insertingeq. (82) into eqs. (77) and (65) gives theone-channelapproximationof the classicalpath
representationas given in eq. (76).

In a staticexternalfield the rotationalsymmetryof theCoulombproblemis broken.In general,this
implies thatexp[iS8 (‘r1, 001, Qoj)] is a rapidly oscillating functionof the final angles0 andç. In this case,
thedominantcontributionsto SfItm(8)comefrom pointsof stationaryphase,wherep9 = p~,=0 andthe
trajectoriesreturn to the Coulombzonewith a pure radial momentum.Solving eq. (81) iteratively in
the stationaryphaseapproximationyields St~jm(E)as a sumof contributionsof repeatedreturnsof all
isolated,closedtrajectories, which startfrom thenucleus.The first iterationof eq. (81) gives for small
angularmomenta1, m -= 1,

~im(6) = ~ y~(9,~1)*(1)’~/sin ~ sin O~~J(21T)2/~ ~:~:(~‘°o~~co~)

I a(p9,p )xexp{i[SJ(s)_/2IIT/2+sgn( a(0q~))~/4}

X >~Y7?(O~J,~01)(—1)
t2iir~J~.+ O(A2). (83)

The leadingcontribution of a closedorbit to 4,,,,(e) is thereforeof orderA1 with A denotingtheorder
of magnitudeof the classicalactions,S~(e),alongthe closed orbits. This reflects the fact that only
classicaltrajectories,which returnto theCoulombzonein a smallneighborhoodof a closedorbit within
a solid angleof order (A _1/2)2 significantly contribute to ~~‘im(s). The sum over/ includesall closed
orbits which start from the Coulombzonewith a pureradial momentum.The Maslov indicesof the
closedorbits are denotedp.

1. The Jacobianmatrix a(p9,p,) /~(0,p) is evaluatedat r = r0 when the
closedorbit leavesthe Coulombzoneagain.This stationaryphaseevaluationis valid as long as all
closedorbits areisolatedandstationaryphasecontributionsarewell separated.The seconditerationof
eq. (81) gives thecontributionsof the secondreturnof theclassicaltrajectoriesto theCoulombzone.
Contributionsfrom closedorbits which havenot beenscatteredduring theirfirst returnto the reaction
zoneare of orderA~

1.In theapproximationthatonly a few of thescatteringamplitudesf, arenotequal
to zero, contributions from scatteredorbits are of order O(A2). Therefore,in the limit of large
classicalactionsthey may be neglected.With this approximationwe finally find for the two-photon
transition amplitude

T~
1(e)= ~ + 2iir ~ ~ ~ q~,)\/iin ~. sin00/ ~2/~ ‘~% (~t~j~oj)

x exp{i[Mj[Sj(s) — p.1ir/2] +sgn(a~,‘~°~)~r/4]}d~(00~,~ (84)

The M,th termin this classicalpathrepresentationrepresentsthecontributionof the M1th returnof the
isolated,closedorbit j to the Coulombzone.The amplitudeof this contributionis determinedby the
correspondingcrosssection

dp~”~ . . dp0 A dp~(MJ)
=(sinO.sin00.) .

d120 ‘ ‘ do0 A d~0~

In theapproximationof eq. (84) effectsof a nonhydrogeniccoremanifestthemselvesonly in the initial
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excitationandfinal recombinationprocesses,which are describedby thephotoionizationandrecombi-

nation dipole matrix elements

d~(010,~) = ~ ~Y7(~0, ~~)(-1)’, d~(O~,~) = ~ ~Y7(~, ~)*(_1)1

We conclude by pointing out that there exists already an extensiveliterature on the theoretical
description of wave packet propagation,both in molecular and nuclear physics [1041.An early
systematicapproachto the time evolutionof wavepacketshasbeendevelopedby Hellerandcoworkers
[105—117].It is essentiallynumericallyorientedand is basedon representingan approximatesolutionof
the time dependentSchrödingerequationas a sum of Gaussianwave packetswhich are propagated
alongthe classicaltrajectoriesof the system.The parametersof theseGaussiansare determinedby
expandingthepotentialup to quadratictermsabouttheinstantaneouscentersof thewavepackets.This
method has been applied to investigatea variety of problems in molecular physics, for example
photodissociation[118,119], photofragmentation[120,121], vibrational Ramanscattering[122—125]
and gas—surfacescattering[126—128].However,sofar applicationsof this methodto thedescriptionof
molecularlaser excitation processeshavefocusedmainly on excitation processeswhich involve long
laserpulsesandmay thereforebe characterizedby a time independentphotoabsorptioncrosssection.
In this contextthe time dependentGaussianwave packetshavebeenused as a calculationaltool to
evaluatethemoleculardipole autocorrelationfunction,whoseFourier transformdeterminesthe laser
excitation rate [129].

3.2. Minimum-uncertaintyenergyeigenstates

Since Schrödinger’sdiscussionof the coherentstatesof the harmonic oscillator therehave been
various attemptsto constructelectronic wave packetswhich are localized on Kepler ellipses with
minimum quantumfluctuations [49—56].Such ideal Kepler wave packetsare of particular interest,
becausethey provide a natural bridge betweenquantum mechanicsand the classicalconcept of the
trajectory of an electron which moves in a Coulomb potential. Recently, it has been shown how
hydrogenic energy eigenstateswhich are localized along Kepler ellipses with minimum quantum
fluctuations,canbe excitedby a laserpulse[45,56, 57]. A coherentsuperpositionof a largenumberof
suchminimum uncertaintyenergyeigenstateswith different energieswould representan ideal Kepler
wave packet [45, 56]. These statesand wave packetsconstructedwith thesestates might have
interestingapplications.

Minimum-uncertaintyenergyeigenstateshavebeenintroducedrecently by Delandeand Gay [57]
and Nauenberg[56].Thesestatesare coherentsuperpositionsof hydrogenicencrgyeigenstateswith
different values of the angular momentum.Their probability distributions are stationary and are
localized along Kepler ellipses. The quantum fluctuations of thesestatesare as small as possible
compatiblewith Heisenberg’suncertaintyrelations. Coherentlaser excitation of thesestateswould
generatean ideal Kepler wave packet which moves along a Kepler orbit for all times [45, 56].
Experimentally,suchminimum-uncertaintystateshavebeenpreparedwith thehelpof microwavefields
[46,47] and recentlyalsowith the help of crossedelectricandmagneticfields [48].

In the constructionof thesestatesthe SO(4) symmetry of the Coulomb problem is of central
importance[45,56, 57]. From the angularmomentum1—x xp andthe Runge—Lenz—Paulivector

a=(—2e)~
2[~(pxl—lxp)—xIrJ (s<0), (85)
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which both commutewith thenonrelativistichydrogenicHamiltonian, we may constructtwo indepen-

dentangularmomentumoperators
j12 = ~(l~a). (86)

From eqs. (85) and (86) we find 1 a = a = 0 andj~=j~= ~(1~+ a
2) = ~(n2— 1). All hydrogenic

energyeigenstateswith energye = —1/(2n2)<0may thereforebe chosenas eigenstatesof j~andj~
with Ji J2 = (n — 1) /2. An angularmomentumeigenstateI ju) with maximum(minimum) eigenvalue
m

1= / (m1 = —j) along the quantizationaxis u (u
2 = 1) implies minimum quantumfluctuationsof the

angularmomentumaroundits meanvalue (j) = urn
1, i.e., i~j=((j

2) — (j)2)~2=~/. The hydrogenic
energyeigenstate[45]

Ina)=Ij
1u1)®Ij2u2) (87)

with rn = m12 = (n — 1) /2, for example,thereforeimpliesminimum fluctuationsof the angularmomen-
tum and the Runge—Lenz—Paulivector around their mean values. The quantity (~~sI)

2+ (i~a)2=
2(Aj, )2 + 2(i~j

2)
2= 2(n — 1) is thereforeas small as possiblecompatiblewith Heisenberg’suncertainty

relations.Choosingthe z-axis as the first and thex-axis asthe secondbisectorof (u
1, u2) anddenoting

2a = L(u1, u2), the meanvaluesof the angularmomentumand the Runge—Lenz—Paulivectorin the
stateof eq. (87) are given by

(lv) = (lv) = (ar) = (as) =0, (as) =(n—1)sina , (li) =(n—1)cosa. (88)

ClassicallythesemeanvaluesdefineaKeplerellipselocatedin the x—y-planewith major axis alongthe
x-axis andeccentricitye = sin a. A specialcaseof theseelliptic statesare thecircular stateswith a =0
(1 = rn = n — 1), which are localizedon~acircle in the x—y-plane. Linearsuperpositionsof hydrogenic
eigenstatesIna) with different energieswould representan ideal Kepler wavepacket[56].

A methodfor preparingtheseelliptic states,I na), by laserexcitationin weakcrossedelectric and
magneticfields hasbeenproposedrecentlyby Delandeand Gay [57].Neglectingdiamagnetism,the
nonrelativistichydrogenicHamiltonianin weak crossedelectric andmagneticfields is given by

Hp
2/2—1/r+ ~Bl~+Fx, (89)

with themagneticandelectricfield strengthsB andF in atomic units. (The atomicunitsofthemagnetic
andelectric field strengthareB

0 = 2.35 x i0
5 T and F

0 = 5.14 X lO~V m~.)lithe externalfields areso
weak that n-mixing is negligible, we may performthePauli replacementx= — na~within a particular
n-shelland the interactionHamiltonianreducesto

14’,, = ~Bl~— ~nFa~= ~/~B/2)
2+ w~A~u

2, (90)

with u2 = (sin a,0, cos a), tana = 2w~/Band the Stark frequency ~ = — ~nF. From the quantum
mechanicalcommutationrelationsbetweenthecomponentsof 1 anda we find thatA = (as, a~,l~)is an
angular momentumoperator.The eigenstatesof the Hamiltonian H can thereforebe chosen as
eigenstatesof A

2 and A• u
2 with eigenvaluesA( A + 1) and k (1k I ~ A ~ n — 1, — (n — 1) � k~ n — 1),
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respectively[130,131]. The correspondingenergyeigenvaluesare

E~= —lI(2n2) + k\/(B12)2 + w~. (91)

From eq. (87) we find

A2Ina)A(A+l)Ina), (92)

Au
2lna)—(n—l)Ina) , (93)

with A = n — 1 so that the highest energyeigenstateof the Hamiltonian of eq. (89) is the minimum-
uncertaintystate na). (A similar argumentappliesfor the lowest energyeigenstate.)

Thus,a minimum-uncertaintyenergyeigenstatemay be excitedin the following way: In a first stepa
laserpulse excitesthe uppermostenergyeigenstateof a particularhydrogenicn-manifoldin the Stark
limit, w~~ B12, so that the elliptic state na = ir/2) is prepared.This elliptic stateof maximal
eccentricity has a large overlap with any energeticallylow lying bound stateand its laser-induced
excitation is thereforevery effective. In a secondstep the electric field is turned off and a weak
magneticfield is turnedon until a definite valuea0 is reached.If bothfields arechangedadiabatically,
i.e. slowly in comparisonwith [(B! 2)2 + w ~]-1/2, this procedurepreparesthe minimum-uncertainty
state na0). With this methodHare et a!. [48]haverecentlyexcitedcircular Rydbergstates.

4. Dynamics of radial Rydberg wave packets

In this chapter we apply the methodsdevelopedin chapter3 to discussthreeproblemsof wave
packet dynamics.As a first examplewe considerwave packetsin many-electronatoms.The second
exampledealswith one-photonresonanttwo-photonexcitationcloseto thresholdby a long and intense
laser pulse. Finally, resultsare presentedfor wave packetsin the presenceof a static electric and
magneticfield.

4.1. Electroncorrelation effects

In orderto study the influenceof electroncorrelationeffectson thedynamicsof a radial electronic
wavepacketweconsiderthesimple caseof laserexcitationof anatomwhoseRydbergand continuum
states close to the photoionization threshold can be described approximately in a two-channel
approximationasschematicallyshownin fig. 13. Both ionization thresholdscorrespondto excitedstates
of the positively chargedionic core. Due to electroncorrelationsboth excitedchannelsare coupled.
This coupling is localizedinside a reactionzone,which typically extendsonly a few Bohr radii around
theatomic nucleus,and may be characterizedby the 2 x 2 scatteringmatrix [9]

— ‘( (1—r)e
2~ 2i/~e”~’”\

x—(l+r) ~2i~e~’ (1—T)e2~! (94)

Above both thresholdsx describesthe inelastic electron—ionscattering due to the residual core
electronsinsidethe finite reactionzone.It is a smoothfunctionof energyacrossboththresholds.The
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configuration interactionbetweenboth channelsis characterizedby the channelmixing parameterr
(0< r <oc), ira and ir~arecontinuumphaseshifts.

If many Rydbergstatesclose to one of the photoionizationthresholdsare excited coherently, for
exampleby a short laserpulse,a radial Rydbergwave packetis generated,part of which returnsagain
to the reactionzone,whereit mayexchangeenergywith the ionic core [18]. Therefore,probing this
wavepacketwith a secondshortlaserpulse,which induces,for example,a transitionto anenergetically
low lying bound stateIf), yields informationabout the electroncorrelationinducedcoupling between
both fragmentationchannels.

(i) Autoionizingregion. For energiesjl> s� I~= 0 only channel1 is closedandthe classicalpath
representationof the two-photontransitionamplitudeas given in eq. (76) reducesto

Tf1(s) = ~ + 2iir ~ ~ e
21~n1(Xiie21)M~~. (95)

The infinite sumdescribesthe contributionsfrom repeatedreturnsof the excitedelectronback to the
reactionzone.The scatteringmatrix elementx

11 describesscatteringof the excitedelectronwithin the
closed-channelsubspace.

Thedashedcurveof fig. 7 showsthetwo-photonRamantransitionprobabilityas evaluatedfrom eqs.
(95) and (37). Autoionizing Rydbergstatesaround i~= 85 are coherentlyexcitedin channel1 by a
short laserpulseat time ta andareprobedwith a secondpulseaftera time delayAt = tb — ta~Both laser
pulsesare assumedto haveGaussianpulseenvelopeswith thesamepulseduration.The recombination
peakscorrespondto repeatedreturnsof theexcitedelectronto the reactionzone.Becauseof inelastic
electron scattering inside the reaction zone we have Ix11I <1. This leads to a decreaseof the
recombinationpeaks in comparisonwith the correspondingresults in the absenceof autoionization,
which are shown by the solid curveof fig. 7 [18].

(ii) Boundstateregion. For energiess <0both excitedchannelsareclosedand the first few terms
of the classicalpathrepresentationof the two-photontransition amplitudereduceto

Tf~(r)= ~ + 2iir[~~~~ + ~ e
21~~

+ ~ e2”~’~-~
1e
2’”~’~~ + ~ ~ e2’”~,~-

2~C

2hbn12~()

+ ~ e2”~’~
12e

202~~+ ~ e2”~”~y
2~e
21~~ +...] (r <0). (96)

The classicalactionS
1 = 2 in~correspondsto onerevolution of theexcitedelectronin channelj alonga

Kepler ellipse of maximal eccentricity.The 2 x 2 scatteringmatrix ~ describestheelectronscattering
betweenboth excited channels,which takesplace insidethe reactionzone.

Figure 14 shows the two-photonRamantransitionprobability asevaluatedfrom eqs.(96) and(37).
A first, shortlaserpulseexcitesRydbergstatesaroundi~= 89. Becauseof theconfiguration-interaction-
inducedcoupling betweenboth excited channels,two Rydbergwave packetswith different mean
classicalorbit timesaregenerated.Theirtime evolutionis probedwith a secondshortlaserpulseaftera
time delay At. Eachrecombinationpeakof fig. 14 correspondsto the returnof oneof the wave packets
to the reactionzone.Therecombinationpeakat time At T1 + T2 is dueto inelasticscatteringof one
of thewavepacketsduring the first returnto the reactionzoneandvanishesin theabsenceof channel
coupling. It is describedby the6th and7th termson the r.h.s. of eq. (96). If both wave packetsreturn
to thereactionzonesimultaneously,they interfere.In fig. 14 completedestructiveinterferencebetween
both wave packetsoccursat time At 3 T1 =2T2 and thecorrespondingrecombinationpeakvanishes.
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Fig. 14. Two-photonRaman transition probability R (in arbitrary Fig. 15. Schematicrepresentationof thelaserexcitation process.
units) versustime delaybetweenboth laserpulsesin units of themean
classicalorbit time T, = 107ps, with I = e + = + u,,, pulsedura-
tion r,, = 14 ps, mixing parameterr = 0.02, Fano parameterq = —7

andI~=0.63meV (correspondingto i~=76, T
1 = T2/1.6).

4.2. Resonanttwo-photonexcitation

Herewe generalizethediscussionof depletionwavepackets(subsection2.2.3) to two boundstates
which are resonantlycoupled(fig. 15 [32]).A first long and intenselaserpulse inducesa resonant
transitionfrom aninitial state~g)to an excitedstatele). A secondlaserpulse,which overlapswith the
first one, subsequentlyexcitestheatomto Rydbergandcontinuumstatesclose to thephotoionization
threshold. Both laser pulses are assumedto have rectangularpulse shapesand are turned on
instantaneouslyat t = 0.

The dynamicsof this excitationprocessis determinedby fourmain parameters:the Rabi frequency
of the transition lg)—~Ic), ~‘

2eg= 2(eI~z. ~g) ~ the detuningfrom resonance,~1= e~+ — e~the
ionizationrate from the excited statele), F; and the level spacingbetweenadjacentRydbergstates,
As,, = (n — a)3.

In the rotating wave approximationthe initial-state probability amplitudeof the atom at time t is

given by [32]

= + tO

ag(t) = ~- f dse~~’~{i[e — Hbb — 1bb(~)]}gg (97)
—o°+iO

The Hamiltonian matrix

fe +w
1+w2 ~fl

Hbb= g 2’~eg ~e +~2) (98)
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describesthe field-inducedcouplingbetweenboth bound states.The self-energymatrix of the bound
statesis given by

(0 0’\ I&w—iF/2~.~~ (s�0),
~bb(~)~O 1) ~w—iF/2+21Ti ~ (s~v2<O) (99)

and describeseffectsof the laser-inducedcoupling betweenthe excitedstateIc) andthe Rydbergand
continuumstatescloseto threshold.The quadraticStark shift betweenthe excitedstatele) and the
Rydbergand continuumstatesis denotedSw and includesthe ponderomotiveshift of the ionization
threshold.Both the quadraticStark shift and the ionization rate F are slowly varying functions of
energyacrossthreshold.The scatteringmatrix elementx = c2” describeselasticelectron—ionscatter-
ing insidethe reactionzone.The photoionizationand recombinationdipole matrix elements~ ~ and

~ characterizethe laser-inducedcoupling betweenstateIc) and the Rydbergandcontinuumstates.
With the methodsof subsection2.2.3 we may derive a classical path representationfor the

initial-stateprobability amplitude[32]

=+ iO

ag(t) = ~ J dsei(0_w1~2)t[i(s — Hbb —

+ de e (o 1~2)t[i(g — Hbb — 1bb)]ge~

x e2”~”(,~(s)e2 ~ — Hbb — lbb) ]egl ~
2I , (100)

with the infinite sum on the r.h.s. representingcontributionsfrom repeatedreturnsof the excited
Rydbergelectronback to the reactionzone.The scatteringmatrix element

j(s) = ,y + 2ir~1I~~[i(s— Hbb — 1:~)_1]ee~(+)I~~2I2 (101)

describeselectron—ionscatteringbetweenthe excitedRydbergelectronand the ionic core inside the
reactionzonein the presenceof the laserfield.

If the initial state g) is depletedon a time scaleshort in comparisonwith themeanclassicalorbit
time of the excitedRydbergstates,aradial electronicwavepacketis generated[30,32]. In the caseof
long laserpulsessucha shortdepletiontime is achievedby usingsufficiently high laserintensities.If the
first laser pulse is tuned on resonance, i.e. ~1= 0, and is so intense that 1/II2~~I~ 1/F
~ T~= 2 ir(— 2~)-3/2 with ~= s~+ w2, theenergiesof thestronglycoupledboundstatesaresplit due to
the AC Stark effect and two radial Rydberg wave packetsare generatedwith mean energies

~ ~eg and ~ 2~eg~
Figure 16 shows the initial-state probability as a functionof the interactiontime as evaluatedfrom

eq. (100). Rydbergand continuum statesaroundi~= 250 are excitedby an intenselaserpulse. For
times short in comparisonwith both classicalorbit times, the generatedradial wavepacketshavenot
been reflected at the outer turning points of their orbits and behavelike in a typical one-photon
resonanttwo-photonionizationprocess.Therefore,the initial-stateprobability shows Rabi oscillations
originatingfrom thestrongcoupling betweenI e) and I g) which decayexponentiallyon a time scaleof
the order of 1/F becauseof ionization. This short-time behavioris describedby the first term of the
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time
Fig. 16. Initial-state probability P, as afunction of interactiontime in units of the mean classicalorbit time T~= 2.37 ns for 1/~f2,,~=6.0ps,
l/V=

3Sps,4=0 and aO.

classicalpath representationof eq. (100). Eventually, the wave packetsare reflected at the outer
turning points of their orbits andreturnagainto the reactionzone,wherethe laser field may induce
transitionsto one of thedressedstatesof the stronglycoupledstatesIc) and g). This recombination
processleads to an increaseof the initial-state probability. The first recombinationpeak in fig. 16
correspondsto the first returnof the fasterwavepacketto the reactionzone.For theparametersshown
in fig. 16 we have3T~(

1/2)fl=
2Ti+(1/2)O,g~so that the fasterwavepacketoverlapswith the slower

one insidethe reactionzoneat time t 3 T~_~/2)n . The interferencebetweenboth wavepacketsleads
to rapid oscillationsof the initial-state probability\vith frequency~2eg

4.3. Externalstatic fields

In this sectionwe studythe influenceof an externalstaticelectricor magneticfield on the dynamics
of an initially preparedradial Rydbergwavepacket[34,36].

4.3.1. Static electricfield
If an atom is placedin a weak,staticelectricfield, F = Fee, thedynamicsof a highly excitedRydberg

electronis significantly modified at large distancesfrom the positively chargedionic core [4, 102, 103,
132—145]. The characteristicdistance,a = F”2, at which the external potential Vext(x)= —~i e

5F
becomesequal to the (lIr) Coulomb potential of the ionic core, measuresthe extensionof the
Coulombzone. (The atomic unit of electric field strengthis given by F0 = 5.14 x i0~’V m 1~)There-
fore, in the caseof weak electric fields with typical field strengthsof the orderof a few kV/cm the
classically assessibleregion of configurationspaceis large. This implies large classical actions and
atomictransition amplitudesmay be evaluatedwith thesemiclassicalmethodsdescribedin subsection
3.1.2. In particular,wemay deriveclassicalpathrepresentationsin which the transitionamplitudesare
expressedasa sumof contributionsof all isolated,closedorbits of theexcitedelectronwhich startfrom
the nucleus.

A characteristicfeatureof the classicaldynamicsof a highly excitedRydberg electronunder the
influenceof a Coulombfield and an external static electric field is the appearanceof one isolated,
periodicorbit for energiesabovethe zero-fieldphotoionizationthreshold[132—145].The Hamiltonian,
which describesthe motion of the excitedelectronin the Coulomband asymptoticzone, is axially
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symmetricaroundtheelectric field axis. The periodic orbit startsfrom the nucleusandextendsalong
this symmetryaxis in the direction of the applied field. Becauseof the separabilityof the classical
Hamiltonian in parabolic coordinates,the classicalpropertiesof this orbit can easily be determined
analytically [34, 100]. Its action is given by

S(s)= F~
4(1 + ~.2)_.1/4. ~{(1+ ~.2)1/2[(1 + ~2)112 — flK(,) + 2~(1+ ~2)~’2E(K)} , (102)

with K = ~[~+ (1 + ~2)”2](1 + ~2)112 the scaled energy ~=
5/(2\/P) and the complete elliptic

integralsof the first and secondkind K(K) and E(K) asdefinedin ref. [86].The Maslov index of this
periodicorbit is given by p. = 2 and its instability propertiesarecharacterizedby the crosssection

dp (M) dp Adp (M)
(.~) = (sin 00 sin Oy1~dO: A d~0 ro = [sinh(Mu)/V~]

2. (103)

The energydependenceof the stability exponent

u=2\/~(1+s2)~’4K(K)(e�0) (104)

is shown in fig. 17. Inserting eqs.(102)—(104)into eq. (84) we obtain theclassicalpathrepresentation

for the two-photontransition amplitude [34,100]

T~
1(e)= ~ + ~ 0) 2iir ~ ~ 0) (s � 0). (105)

M=1 sin (Mu)

The contributionsof the repeatedreturnsof the isolated,closedorbit to the reactionzoneareof order
(A~

2)2with A = Va denoting the order of magnitudeof the classical action. It has beenshown in
subsection3.1.2 that in the limit of large classicalactionseffects of a nonhydrogeniccore are only

u1~~

0
0 10 20 30 40 50

Fig. 17. Stability exponentu of isolated, closedorbit as a function of scaledenergyi
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important for the initial excitation and final recombinationprocessof the closedorbit, which are
describedby the dipole matrix elementsd~10(0,0) and d~20(0,0).

Atomic laserexcitationfrom aninitial stateIi) by a long andweak laserpulseof constantamplitude
1~’may be characterizedby the time-independentexcitation rate

F= —21m[T11(s)] I~I2

= — (21T)
26~~A~1 sinh(Mu) ~2Im{d~(0,0)eiM~0~ld~(0,0)1~I2}~=~, (106)

with the meanexcited energyI = s, + w � 0 andI~denotingthe excitationrate in the absenceof the
static electric field. The energy dependenceof this excitation rate reflects the interferencebetween
contributionsof repeatedreturns of the excited electronto the Coulombzonealongtheclosedorbit.

The solid curve in fig. 18 shows the dependenceof F/F
0 on the meanexcited energyI. A sodium

atom is excitedfrom anenergeticallylow lying s-stateby a long andweak laserpulse,which is polarized
parallel to the static electric field. The quantumdefectof the excitedsodium p-statesis given by
a = 0.854. The correspondinghydrogenicresult is shown by the dashedcurve in fig. 18. Close to
threshold,i.e. for 1 —0, the isolatedperiodicorbit is almoststable(seefig. 17) and thecontributionsof
many repeatedreturnssignificantly contributeto the classicalpath representationof eq. (106). This
gives rise to a characteristicasymmetriclineshape.With increasingenergythe isolatedorbit becomes
more and more unstable.For theseenergies,the dominantcontribution to the excitation rate comes
from the termwith M = 1 of eq. (106),which describesthecontributionof the first returnof theexcited
electronto the reactionzone,and the lineshapebecomesapproximatelysinusoidal.

The time dependenceof theelectronicdynamicsmaybe studiedwith a radial electronicwavepacket
which is generatedby a short laserpulse.The repeatedreturnsof this wavepacketto the reactionzone
may be probed,for example,by a ~econdshortlaserpulse,which inducesatransitionto somelow lying
boundstateafter a time delay At. Figure 19 shows thecorrespondingRamantransition probabilityas

1.10 0.0006 -

R
1.05

::: ~ 0.0003

0.90 0.0000 . .-~- ,

0.00 0.10 0.~0 0.30 0.0 1.0 2.0 3.0.atrr~
Fig. 18. One-photonexcitation rate of sodium (solid curve) and Fig. 19. Two-photonRamantransitionprobability Rasa functionof
hydrogen(dashedcurve) asa function of the mean scaledenergyI, thetimedelaybetweenboth laserpulses,in unitsof themeanclassical
for F=5.i4x 10’Vm’. orbit time T,=i.7 ps, for I=e+w,= e,+w5=5x10

4au.



274 G. Alberand P. Zoller, Laser excitationof electronicwavepacketsin Rydbergatoms

obtainedfrom eqs. (105) and (37) for an electric field strengthof F= 5.14 x i05 V m’. Both laser
pulsesare assumedto haveGaussianpulse profiles with pulse duration = 0.17 ps. The form of the
recombinationpeaks,which appearat multiplesof the classicalorbit time, aredeterminedby thepulse
profile of the laserpulses,whereasthe positionsof the maximaandtheir amplitudesreflect the classical
properties of the isolated periodic orbit.

4.3.2. Static magneticfield
In a static magneticfield, B = Bee, the dynamicsof a highly excitedRydbergelectronis strongly

modified at distances r � a = (B12)213, at which the diamagnetic interaction potential V
0~1(x)=

~B
2(x2 + y2) becomescomparableto the Coulombpotentialof the ionic core [4, 103, 146—152]. (The

atomicunit of magneticfield strengthis given by B
0 = 2.35 x i0~T.) For magneticfields of theorderof

a few Teslaor less theclassicallyaccessibleregionof configurationspaceis thereforelarge.This implies
largeclassicalactionsand laserexcitation of Rydbergstatesin the presenceof a weakstatic, magnetic
field may be describedwith the semiclassicalmethodsof subsection3.1.2. In particular, atomic
transitionamplitudesmay be expressedas a sum of contributionsof all closedorbits of the excited
electronwhich startfrom the nucleus[36,99, 100].

The dynamicsof a highly excitedRydbergelectronin the presenceof a Coulombfield and a static
magnetic field is particularly interesting, becausethe correspondingclassical Hamiltonian is not
integrableandthe classicalmotion exhibitschaos[152].The axial symmetryof thisHamiltonian around
themagneticfield axis implies that closedorbits, which startfrom thenucleus,arenot isolatedbut form
one-parameterfamilies of trajectories.Oneof thesefamilies is shown in fig. 20. Takinginto account
that contributionsfrom closedorbits within one of thesefamilies addconstructively,we obtain from
eqs. (81), (77) and (65) the classicalpathrepresentationof the two-photontransitionamplitude[36,
100]

_____________ sinh
tM \ 1/2

T
11(s)= ~ + (2ir)

512i~ ~ d~,,~(O
1,0)\Rin0~sin 001 —~ h / “

mjM. a0 5ifl U1

x eu(Mjj~m)_mhj
2]1r~4}d~(0 0~ ~107m ‘.0/’ J.

_1I50 0.00 1.50

x/a

Fig. 20. Schematicrepresentationof the one-parameterfamily of closedorbits which is denotedby 12 in table 1.
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The energys,,= e + mB/2 takesinto accountthe thresholdshifts due to theparamagneticinteraction
term. The index j indicatesthe different isolatedone-parameterfamilies of closedtrajectories,which
are assumedto be unstable.The quantity p.~denotestheir number of crossingsof the z-axis. The
stability exponentsof theseorbits are denotedu.. Table 1 summarizesthe classicalpropertiesof 14
families of closedorbits for ~m= 0. In theCoulombandasymptoticzone,the dynamicsof theexcited
Rydbergelectronis invariantwith respectto reflectionat a planewhich goesthroughthenucleusand is
perpendicularto the direction of the magneticfield. Therefore,for eachfamily of orbits of table 1
(except for I~)there exists also a correspondingfamily with emission angle 180°— 00. As the
contributionsof all closed orbits within one family interfere constructively,their contribution to the
two-photon transition amplitude is of order A”2 instead of (A~’2)2with A = Va indicating the
magnitudeof the correspondingclassicalaction.

With the help of a radial electronicwavepacket,which is generatedby a shortlaserpulse,we may
study the time evolution of an excitedelectron. As the wave packet leavesthe Coulombzoneit is
brokenup under the influenceof the static magneticfield and differentpartsof it returnagainto the
reactionzoneatdifferent timesby propagatingalongoneof the isolatedfamilies of closedorbits. This
wave packetmaybe probedinside the reactionzone,for examplewith a secondshortlaserpulse,which
inducesa transitionto someenergeticallylow lying boundstate.Thecorrespondingtwo-photonRaman
transition probability is determinedby the classical propertiesof the electronic motion in the
neighborhoodof theseclosedorbits.

Figure 21 showsthe two-photonRamantransitionprobability in units of (F~r~)2as obtainedfrom
eqs. (107) and(37) [36](I~is thezero-fieldexcitation rate).A sodiumatom is excitedby a short laser
pulse from an initial s-state to Rydbergand continuum statesclose to the zero-field photoionization
thresholdand is probedwith a secondshort laserpulse after a time delayAt. Both laserpulseshave
identical Gaussianpulseforms with pulse durationsr~= 7.6 ps and arelinearly polarizedin the same
direction. Figures21a—c correspondto different angles ø~OIbetweenthestatic magneticfield and the
laserpolarization.The magneticfield strengthis B = 0.47T. The pulsedurationsareless thantheorbit
time of the fastest closed orbits which belong to family I~.The recombinationpeaks in figs. 21a—c
correspondto repeatedreturnsof variousfractionsof the generatedwavepacketto the reactionzone,
wheretheyareprobedby the secondshortlaserpulseby inducinga transitionof the initially prepared

Table I
Emissionandreturn angles0, and 0, classical action S, orbit time T, i3p

01i39,, stability exponentu, Maslov index~cand
numberof crossingsof symmetryaxis~ of 14 families of closedorbits, which start at thenucleus

orbit 8, 0 Sx (B/2)”
3 TX (B12) .~!! x (B/2)’3 u

I~ 90.0 90.0 5.782 2.094 2.816 1.317 3 0
12 53.832 53.832 8.580 4.935 10.969 2.892 5 1
13 42.810 42.810 10.213 8.111 24.360 3.743 7 2
14 37.311 37.311 11.428 11.288 39.272 4.239 9 3
11b

0 63.649 116.351 12.537 6.739 31.637 3.897 7 2
ha1 81.677 128.246 14.233 7.427 56.826 4.291 8 1
lla, 51.754 98.323 14.233 7.427 56.826 4.291 8 1
JIb, 46.679 112.505 14.513 9.568 67.944 4.756 9 3
hlb, 67.495 133.321 14.513 9.568 67.944 4.756 9 3
ha2 79.114 138.459 15.777 10.878 107.925 4.937 10 2
ha2 41.541 100.886 15.777 10.878 107.925 4.937 10 2
11b2 39.602 110.506 15.884 12.521 97.671 5.144 ii 4
Ihb2 69.494 140.398 15.884 12.521 97.671 5.144 11 4
III, 60.270 60.270 16.158 9.066 108.283 5.144 9 3
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0.050 ~ ~lIb,, a) 0010 ~ (b)

~

0.00 1.00 2.00 3.00 4.00 000 1.00 2.00 3.00 4.00
4tJ1 At/I

0.016
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Fig. 21. Ramantransitionprobability Rasa function of thetime delaybetweenbothlaserpulsesin units of T = 2sr/B = l6ps (B= 0.47T) with (a)

ø~o’_
9O°~(b) ø~~4S°~(c) ø~=0°

s-state.On top of eachrecombinationpeakthe form of one of theclosedorbits of thecorresponding
family is indicated.The verticalstraight line indicatesthe direction of the magneticfield. In fig. 21c the
laserpolarizationis parallelto the magneticfield direction andthe angulardistributionof thegenerated
wave packetis concentratedaroundthe magneticfield direction. As thereis no electron emission
perpendicularto the magneticfield, the contributionof orbits I~is missing.*)

~ The Ramantransitionprobabilitiesof figs. 21a,bdiffer slightly from thecorrespondingfigures of ref. [36].Thisdifferenceoriginatesfrom the
dependenceof theclassicalactionsS

1(e,,,) of eq. (107)on themagneticquantumnumbersm, which is dueto theparamagneticinteractionterm.This
mdependencehasbeen neglectedin the figuresof ref. [36] but is takeninto accountin figs. 21.
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5. Conclusionsandoutlook

In this review we havesummarizedwork on laserexcitation of electronicRydbergwave packets.
Thesewavepacketsrepresentnonstationary,localizedelectronicstatesof an atomor moleculewhich
evolve in the Coulomb field of the positively chargedionic core and, possibly, in external fields.
Recently, basic featuresof radial and angularwave packet dynamicshave beenobservedin first
experiments,in agreementwith theoreticalpredictions.Whatremainsto be done,andwhat seemsto be
the ultimate goal of wave packetgenerationin Coulomb systems,is the generationof a minimum-
uncertaintywavepacketmovingon a Keplerellipsewhich comesclosestto a “classical atom”. Another
interestingperspectiveis the destructionof coherenceof wave packets(for example,their ability to
interfere) due to the coupling to (external) fluctuations [153—155].Finally, we believe that experiments
on wavepacketdynamicsin externalfields should beperformed,in particularin systemswhich arenot
integrableon the classicallevel. This is a possibility to investigatequantummanifestationsof classical
chaos.
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