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W e consi der t he sup erÛuid phase transition that arises when a Feshbach

resonance pairin g occurs in a di lute Fermi gas. T his is related to the phe-
nomenon of supercondu cti v it y describ ed by the seminal Bardeen { Cooper{
Schrie ˜er theory . In supercondu ctivi ty , the phase transition is caused by a
couplin g betw een pairs of electrons w ithin the medium. T his coupli ng is per-

turbative and leads to a critical temp erature T c w hich is small compared to
the Fermi temp erature T F . Even high- T c superconductors typically have a
critical temp erature which is two orders of magnitude below T F . H ere w e de-

scrib e a resonance pairing mechanism in a quantum degenerate gas of potas-
sium ( 4 0 K ) atoms w hich leads to superÛuidi ty in a novel regime | a regime
that promises the unique opp ortunity to exp erimentally study the cross-over
from the Bardeen À C ooper{Schrie˜er phase of w eakly- coupled fermions to

the Bose{Einstei n condensate of strongly- boun d comp osite bosons. W e Ùnd
that the transitio n to a superÛuid phase is possible at the high critical tem-
p erature of about 0 :5 T F . I t should b e straightf orw ard to verif y this predic-

tion, since these temp eratures can already be achieved experimentally .

PACS numb ers: 03.75.Fi, 67.60. {g, 74.20. { z

1. I n t rod uct io n

The phenom enon of superÛuidi ty is closely related to Bose{ Ei nstein con-
densati on (BEC), as was shown in the founda ti on of the microscopi c theo ry of
superÛui d 4 He in the 1960' s. In bosonic Ûuids the phase tra nsiti on is m arked by
the appearance of a m acroscopi c numb er of bosons in the lowest quantum state.
In ferm ionic system s the occurrence of superconducti vi ty and superÛuidi ty in su-
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perconducto rs and l iquid 3 He, is due to the ri se of a pai ri ng Ùeld and thereby , in
a general ized sense, to a condensati on of Co oper pai rs.

The study of superÛui d phase tra nsiti ons in ferm ion and boson system s has
pl ayed an im porta nt ro le in the developm ent of m any areas of quantum physi cs.
Thei r characteri sti cs determ ine the observed pro perti es of som eof the most disti nct
system s im aginabl e, incl udi ng the cosmology of neutro n stars, the non-vi scous Ûow
of superÛuid l iqui d helium , the non-resistive currents in superconducto rs, and the
structure and dyna mics of m icroscopi c elementa l nucl ei. Recently, physi ci sts have
succeeded in dem onstra ti ng the creati on of weakl y intera cti ng quantum Ûuids by
cool ing di lute gases to tem peratures in the nanokel vi n scale. For these near ideal
gases, reachi ng such incredi bly low tem peratures is requi red in order to cross the
thresho ld for superÛuid properti es to emerge. These system s o˜er great opportuni -
ti es for study since they can be created in ta ble-to p exp eriments, mani pul ated by
laser and m agneti c Ùelds whi ch can be contro l led wi th high preci sion, and di rectl y
observed usi ng conventio nal opti cs. Furtherm ore thei r m icro scopic behavi or can
be understo od theo reti cal ly from Ùrst pri nci pl es. Observati ons of Bose{Ei nstein
condensati on [1], and demonstra ti ons of the near ideal degenerate Ferm i gas [2],
are becoming fai rl y routi ne in ato m ic physi cs | som ethi ng whi ch woul d have been
hard to foresee even ten years ago.

The phenom enology of superÛuid di lute gasescan be qui te di stinct from tha t
of condensed matter systems. In thi s letter, we present a stri ki ng i l lustra ti on of thi s

Fig. 1. A log{lo g plot show ing six distinct regimes for quantum Ûuids. T he transitio n

temp erature T c is show n as a function of the relev ant gap energy 2Â . Both quantities are

normalized by an e˜ective Fermi temp erature T Ê

F . For the BC S systems in region (a ),

and the systems in the cross- over region ( b), 2 Â is the energy needed to break up a

fermion pair, and T
Ê

F is the Fermi energy . For the systems in region ( c ), which are all

strongly bound comp osite bosons and exhibi t BEC phenomenol ogy, 2 Â is the smallest

energy needed to break the comp osite boson up into two fermions, i.e. ionizati on to a

charged atomic core and an electron, and T
Ê

F is the ionic Fermi temp erature.
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point by predi cti ng the existence of a Feshbach resonance superÛuidi ty in a gas of
ferm ioni c pota ssium ato ms. Thi s system has an ul tra hi gh cri ti cal phase tra nsi ti on
tem perature in close proxi m it y to the Fermi tem perature. Thi s is a novel regime for
quantum Ûuids, as i l lustra ted in Fi g. 1, where our system and others whi ch exhi bi t
superÛui di ty or BEC are com pared. Sim ply by m odi fying a contro l param eter, in
thi s case the strength of m agneti c Ùeld, the system we consider can potenti al ly
expl ore the cross-over regim e between the Bardeen{ Co operÀ Schri e˜er (BCS) [3]
tra nsiti on of weakl y-coupl ed ferm ion pai rs and the Bose{Ei nstein condensati on of
stro ngly- bound com posite parti cl es [4]. Thi s is an intri guing regim e for quantum
Ûuids as i t bri dges the physi cs of superconduc to rs and sup erÛuid 3 He, and the
physi cs of superÛui d 4 He and bosoni c alkal i gases. Non-resonant pai ri ng appl ied
to a di lute gas yi elds a Tc tha t depends exp onenti al ly on the inv erse scatteri ng
length [5], as wi l l be pointed out in the fol lowing section. Typi cal ly thi s results in
a cri ti cal tem perature of order T c ¤ 1 0 À 4 T F or T c ¤ 10 K, whi ch is way out
of reach in current exp eriments. Ma ny quali ta ti ve features of the nature of the
superÛui d phase tra nsiti on are m odiÙed in the presence of a resonance coupl ing,
incl udi ng the parti cipati on of al l ferm ions in the pairi ng Ùeld and the form ati on of
a Bose{Ei nstein condensate of molecules at the cri ti cal point. Thi s is i l lustra ted
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in Fi g. 2, where the nature of a resonance pai ri ng m echani sm is com pared to the
case of non-resonance pai ri ng.

The system we study consi sts of an ensembl e of ferm ioni c 4 0 K ato ms equal ly
di stri buted between the two hyp erÙne states whi ch have the lowest interna l energy
in the presence of a m agneti c Ùeld. W e calcul ate the ful l therm odyna mics for
thi s resonant superÛuid system vi a a renorm al ized low energy Ùeld theory [6].
W e trea t expl icitl y a short range quasibound resonant state by extendi ng the
theo ry given in Refs. [7]. The parameters of the theo ry are uni quely speciÙed
by the kno wn dependence of the scatteri ng properti es on magneti c Ùeld. In a
di lute gas, al l intera cti ons are assumed to occur thro ugh bi nary col l isions described
by a two -body intera cti on. The pro perti es of the scatteri ng are determ ined by
the positi ons of the bound states in the intera cti on potenti als. In the low energy
regim e, only the highest bound states pl ay an im porta nt role, and the scatteri ng
is com pletely described by the s -wa ve phase shi ft characteri zed by the scatteri ng
length a . In a two -body potenti al , a bound state may l ie near thresho ld and give
ri se to a very large value of the scatteri ng length. Thi s occurs, for exam ple, in
the tri pl et potenti al of 6 Li whi ch yi elds a scatteri ng length of about À 2 0 0 0 a 0 [8].
Accordi ng to the conv enti onal BCS theo ry , thi s would im ply a m uch larger value
for the cri ti cal temperature [9] tha n the typi cal va lue for nonresonant scatteri ng
m enti oned previ ously. Mo reover, in a m ul ti -channel system, a bound state may
cro ssthe thresho ld energy as a functi on of m agneti c Ùeld and enter the conti nuum ,
resul ti ng in a Ùeld-dependent Feshbach scatteri ng resonance [10]. As thi s occurs,
a dram ati c modiÙcati on of the scatteri ng length is observed (see Fi g. 3).

Fig. 3. Scattering length as a function of magnetic Ùeld, for a collisi on betw een 40 K

atoms prepared in the two lowest hyp erÙne states. T he resonance Ùeld value is B =

1 96 gauss and the w idth is equal to 7.7 gauss [16]. T he asymptotic b ehavior is caused

by a Feshbac h resonance.
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2. P rob lem s wi t h B C S t heor y cl ose t o r esonan ce

The BCS theo ry of superconduc ti vi ty appl ied to a di lute gas considers binary
intera cti ons between parti cles in two disti ngui shabl e quantum states, say j " i and
j # i . For a uni form system , the ferm ionic Ùeld operato rs m ay be Fouri er-expanded
in a box wi th periodi c bounda ry condi ti ons givi ng wavevector- k dependent cre-
ati on and annihi lati on operato rs a y

kk ¥
and a kk ¥ for states j ¥ i . At low energy, the bi -

nary scatteri ng pro cessesare assumed to becompl etely characteri zed by the -wave
scatteri ng length in term s of a conta ct quasipotenti al , where
is the numb er density . The Ham i lto nia n describing such a system is given by

(1)

where is the ki neti c energy, is the m ass, and the constra int
g ives mom entum conservati on.

For a negati ve scatteri ng length, the therm odyna m ic pro perti es of the gas
show a sup erÛuid phase tra nsi ti on at a cri ti cal tem perature whi ch arisesdue to
an instabi l i ty to wards the form atio n of Cooper-pai rs. W hen the gas is di lute, as
characteri zed by the inequal i ty (or equiv alently , where is
the Ferm i wavenum ber), the appl icati on of mean-Ùeld theo ry gives a wel l -known
soluti on for the rati o of to the Ferm i tem perature [5]

exp (2)

The exact pref actor to the exponenti al depends on the preci se form of the analyti c
integ ra l appro xi mati ons made in the derivati on. Several papers have pointed out
tha t the presence of a scatteri ng resonance in di lute alkal i gases can be used to
obta in a very large negati ve value for the scatteri ng length [9]. Thi s prom isesthe
opp ortuni ty for the system to enter the hi gh- superÛuidi ty reg im e as the rati o in
Eq. (2) appro aches uni ty . However, di rect appl icati on of the BCS theo ry close to
resonance then becom es speculati ve due to the potenti al breakdo wn of a num ber
of underl yi ng assumpti ons:

1. Exa ctl y on resonance the theo ry fai ls as the scatteri ng length passesthro ugh
and the Ham i lto ni an in Eq. (1) cannot be deÙned.

2. For the m ean Ùeld appro ach to be accurate i t is requi red tha t there are many
parti cl es inside a volume associ ated wi th the spati al scale of a Cooper-pai r.
Thi s condi ti on begins to break down as appro aches .

3. The theo ry of the di lute gas is form ulated on a perturba ti on appro ach based
on an expansion in the smal l param eter . W hen thi s param eter ap-
pro aches uni ty the perturba ti on theory fai ls to converg e.

These points show tha t care should be ta ken in appl yi ng Eq. (2) near the
point of resonance where the basis for the conven ti onal m ean-Ùeld theo ry is not
wel l f ounded.
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D espite these lim i tatio ns, on general grounds, one would expect to be able to
deri ve a renorm alizable low-energy e˜ecti ve Ùeld theory even in close proxi m i ty to
a resonance. Thi s statem ent is based on the identi Ùcati on tha t at relevant densiti es
the range of the interpa rti cle potenti al is always orders of magnitude smal ler tha n
the interpa rti cle spaci ng. Here we present a theo ry of superÛuidi ty in a gas of di lute
ferm ioni c ato m s whi ch handl es correctl y the scatteri ng resonance and pl aces the
tra nsiti on tem perature to the superÛui d state in the experim enta l ly accessible
range.

W hi le the scatteri ng length a usual ly characteri zes the range of the inter-
ato m ic potenti al for a col lision, thi s is a poor appro xi m ati on in the vi cini ty of
a scatteri ng resonance. The scatteri ng properti es are com pletel y determ ined by
the positi ons of the bound states in the intera cti on potenti als. In a mul ticha nnel
system , a bound state may cross the thresho ld as a functi on of magneti c Ùeld
and enter the conti nuum , resul ti ng in a Ùeld-dependent Feshbach scatteri ng res-
onance [10]. As thi s occurs, the scatteri ng length becom es stro ngly dependent on
the Ùeld, and exactl y at thresho ld it changes sign by passing thro ugh Ï 1 .

3 . R eson an ce p ai r ing t heor y

W hen such resonance pro cessesoccur, i t is necessary to form ulate the Ha mi l -
to ni an by separati ng out the resonance state and trea ti ng i t expl ici tl y. Thi s is m o-
ti vated by the m icroscopi c identi Ùcati on of tw o typ es of scatteri ng contri buti ons:
one from the scatteri ng resonance, and one from the background non-resonant
pro cesses tha t incl udes the contri buti ons from al l the other bound states. The
non-resonant contri buti ons give rise to a background scatteri ng length a bg whi ch
is a good characteri zati on of the potenti al range. The corresp ondi ng quasipoten-
ti al in tha t case is given by U bg = 4 ¤ ñh 2 a bg . The Feshbach resonance occurs
due to a coupl ing wi th a molecular state, tha t is long-l ived in com pari son wi th
characteri sti c non-resonant col l ision ti mescales. Thi s state is a com posite boson
whi ch is described by bosoni c annihi lati on operato rs . It is param eteri zed by a
detuni ng energy from thresho ld, denoted by , tha t is dependent on the value of
the m agneti c Ùeld. The coupl ing streng th of to the two -parti cle conti nuum is
wel l characteri zed by a sing lecoupl ing constant , independent of . These consid-
erati ons im ply tha t the Ha mi lto nian given in Eq. (1) is not su£ cient to account for
the im porta nt resonance pro cessesand must be extended to incorp orate expl icitl y
the coupl ing between the ato m ic and m olecular gases

...

+ +
(3)

Evo luti on generated by thi s Ham i lto ni an conserves the parti cle num ber
. Note tha t the Ham i lto nian does not conta in
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a expl icitl y, and tha t the Ùeld dependence of the scatteri ng is com pletel y char-
acteri zed by the parameters: g ; ¡ , and U bg . The m agni tude of g i s deri ved in
the fol lowi ng way. W e deÙne ç as the pro duct of the m agneti c Ùeld wi dth of
the resonance and the magneti c m oment di ˜erence of the Feshbach state and the
conti nuum state. For largevalues of ¡ , the boson Ùeld bkk can be adiabati cal ly elim -
inated from the theo ry, and then g =

p
çU bg i s requi red in order for the scatteri ng

pro perti es to have the correct dependence on m agneti c Ùeld .
The essential point is tha t thi s Ha mi l to nian, founded on the m icro scopic basis

of resonance scatteri ng, is wel l-behaved at al l detuni ngs ; even for the patho logical
case of exact resonance. The di luteness cri teri on is now given by constra ints whi ch
requi re both the potenti al range and the spati a l extent of the Feshbach resonance
state, to be m uch smal ler tha n the interpa rti cle spacing (e.g. 1).

W e appl y thi s Ham i l to nian to derive the self-consistent mean-Ùelds for given
therm odyna m ic constra ints by form ula ti ng a Hartree{ Fock{ Bogol iubov theory .
The m ean-Ùelds present incl ude the ferm ion numb er , the m ol-
ecule Ùeld ta ken to be a classical Ùeld, and the pai ri ng-Ùeld

. It is wel l known tha t such a theo ry m ust be renorm al ized
in order to rem ove the ul tra vi olet di vergence whi ch ari ses from the incorp orati on
of second-order vacuum contri buti ons. Thi s impl ies repl acing the physi cal parame-
ters in the Ham i lto ni an, , and , by renorm al ized values so tha t observablesare
independent of a hi gh m omentum cut- o˜ used in the f orm ulati on of the e˜ecti ve
Ùeld- theo ry [13]. In order to diagonal izethe Ham i l tonia n, we construct Bogol iubov
quasiparti cles accordi ng to the general canoni cal tra nsform ati on [14]

cos e sin
e sin cos

(4)

Given sing le parti cl e energies, , where is the chemical po-
tenti al , and the gap parameter in the quasiparti cl e spectrum ,
the two tra nsform ati on angles are speciÙed as ta n and

exp i . The corresp ondi ng quasiparti cle spectrum is . D rop-
pi ng term s of hi gher order tha n quadrati c in the ferm ion operato rs, gives the re-
sul ti ng m any- body Ham i lto nian

(5)

whi ch is now in diagonal f orm .
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4. Th er m odyn am ic solu t ion s

The next ta sk is to calcul ate the therm odyna mic soluti ons. Equi l ibri um pop-
ul ati ons for the quasiparti cles are given by the Ferm i{ Di rac distri buti on. The
ferm ion num ber and pai ring Ùeld are not only inputs to the Ha mi l to nian, but also
determ ine the quasiparti cl e spectrum . Theref ore, they m ust be self-consistent wi th
the values deri ved by summing the relevant equi l ibri um density m atri x elements
over al l wave num bers. In practi ce, at a given tem perature, chemical potenti al , and
m oleculenum ber ¢ m , thi s requi res an i tera ti ve m etho d to locate self-consistent val -
ues for f and p . The value of ¢ m i s calcul ated by m inim izi ng the grand potenti al
` G = À k b T ln at Ùxed tem perature and chemical potenti al , wi th denot-
ing Bol tzm ann' s consta nt. The parti ti on functi on T r exp
is found from Eq. (5). Thi s pro cedure is m athem ati cal ly equiva lent to minim iz-
ing the Hel mhol tz free-energy at Ùxed temperature and density and corresponds
uni quely to the m axi mum entro py soluti on. Thi s soluti on has an associated parti -
cl e num ber, , ta ken at constant temperature and volum e, whi ch
m ust m atch the actua l parti cle density of the gas, so tha t the Ùnal step is to ad-
just the chemical potenti al unti l thi s condi ti on is sati sÙed. The who le pro cedure is
repeated over a range of temperatures to determ ine the locus of therm odyna m ic
equi l ibri um points. For large positi ve detuni ngs, where the m olecule Ùeld could be
el im inated from the theo ry enti rely, regul ar BCS theo ry emerges. For thi s case,
when the scatteri ng length is negati ve the behavi our of the cri ti cal tem perature
on is given by the usual exponenti al law [5].

In thi s paper, we use ferm ioni c K ato ms as an exam ple of the appl ica-
ti on of thi s theo ry . The values of our intera cti on parameters and

657 K are obta ined from [15]. W e Ùx the to ta l density to be
cm , a typi cal experim enta l value expected for thi s quantum degen-

erate gas in an opti cal tra p. W e set the detuni ng to be , so tha t the
quasi-bound state is detuned slightl y above the ato m ic resonance. For a tempera-
ture above , the grand potenti al surface is shaped l ikea bowl , and the value of
whi ch m inim izes the grand potenti al is , associated wi th the self-consistent
soluti on . For , the grand potenti al surf ace is shaped l ike a Mexi can
hat, and i ts m inimum is given by wi th a non-zero ampl itude and an undeter-
m ined phase. The superÛuid phase tra nsiti on theref ore leads to a sponta neousl y
bro ken sym metry . The value of can be cl earl y found from Fi gs. 4 and 5, where
we show the chemical potenti al , the m olecular density , and the gap as a functi on
of tem perature. W e Ùnd for our param eter set f or K and almost zero detuni ng a
rem ark ably high value for the cri ti cal tem perature , i .e. 0 6 K.
Furtherm ore, we Ùnd a weak dependence of on the density , so tha t the
value of has m ore-or- less the sam e density behavi or as . W hen we increase
the detuni ng to (thi s corresponds to a magneti c Ùeld detuni ng of
0.5 Gs away from the Feshbach resonance), the value of drops to appro xi matel y

.
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Fig. 4. C hemical p otential as a function of temp erature for the system of resonance

pairing (solid line). T he second order phase transition occurs at T c ¤ 0: 5T F , w here a

clear cusp is visibl e. T he dashed line show s the chemical p otential of a non- interacting

Fermi gas.

Fig. 5. T he temp erature at the phase transition is also visibl e from the amplitud e of

the molecular Ùeld. This amplitude is non- zero only w hen the broken symmetry exists

in the region T < T c . For T = 0, the molecules form a Bose condensed fraction of 1.5%

of the total gas sample. T he inset show s the b ehavi our of the gap Â = U p À g ¢ m . T he

critical temp erature T c can b e related to the value of the gap at T = 0. For comparison,

in superconducto rs the analogous gap is simply the bindin g energy of a fermion pair.

The system of 4 0 K ato m s, equal ly distri buted am ong the two lowest hyp er-
Ùne states, is a good candi date for demonstra ti ng the superÛuid phase tra nsiti on.
It not only exhi bi ts a Feshbach resonance, but also, the inelastic binary col l ision
events are energeti cal ly forbi dden. Three- body intera cti ons are hi ghly suppressed,
since the asym pto ti c three- body wa ve functi on should consist of a product of
three s -wa ve two -body scatteri ng wa ve functi ons. In a three- body intera cti on,
two -particl es are always in the same ini ti al hyp erÙne state, and theref ore the cor-
respondi ng s -wa ve state is forbi dden. The only three- body relaxa ti on coul d come
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from asym pto ti c p -wa ves, but these have very l i ttl e contri buti on at the low tem -
peratures considered. Al tho ugh the deta i led three- body col lision probl em is an
intri cate one, thi s asym pto ti c stati sti cal e˜ect should lead to a large suppression
of the vi brati onal relaxati on of quasi-bound m olecules.

Current exp erim ental techni ques for ul tra cold gasesdo not pro duce sampl es
whi ch are spati al ly uni form . An opti cal dipole tra p m ay be needed to conÙne the
hi gh Ùeld seeking ato ms, and the condi ti ons for the sup erÛuid phase tra nsi ti on
wo uld be sati sÙed Ùrst in the tra p center where the densi ty is hi ghest. The pres-
ence of the quasi-bound m olecules m ay be a very useful aspect allowing di rect
observati on of the phase tra nsiti on thro ugh imaging the molecular Ùeld.

In concl usion, we have shown tha t resonance pai ring in an alkal i gas yi elds
a quantum Ûuid tha t can underg o a superÛuid phase tra nsiti on at a tem perature
comparable to the Ferm i tem perature. Thi s extra ordi nary property places thi s
system in a regim e whi ch lies in between BCS- l ike sup erconducto rs, and bosonic
system s whi ch may underg o BEC. Since the tra nsiti on tem perature is larger tha n
the lowest temperatures already achi eved in a degenerate Ferm i gas, i t shoul d be
possible to study thi s new typ e of quantum m atter and to quanti tati vely com pare
wi th our predi cti ons.
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