4.9 Laserresonator

Versuchsanleitung zum Fortgeschrittend?raktikum

Abteilung A

Version2.3
TECHNISCHE
UNIVERSITAT
DARMSTADT

Fachbereich Physik
Institut fir Angewandte Physik
AG Nichtlinear®ptik/ Quantenoptik




Inhaltsverzeichnis

Versuchsanleitung 3

Anhang
The World of FabryPerots 10
The Spherical Mirror FabrPerot Interferometer 16
Laser Beams and Resonators 32
SA200Series Scanning FabBerot Interferometer Datenblatt 50
SA210Series Scanning FabfRerot Interferometer Datenblatt 51
SA201 Spectrum Analyzer Controller Anleitung 56
S120C Leistungsmesskopf Datenblatt 67
PM100D Leistungsmessgerat Kurzanleitung 71
PicoScope 3000 ROszilloskop Anleitung 83

Vorbereitung

A
A

To o

Laserprinzip: Besetzungsinversion, Anregungsmechanismen, uhd 4
Niveausystem, Einwegverstarkung

Laseroszillatoren:  Verstarkung durch  Rickkopplung, Laseroszillator,
Modenspektrum von Laseroszillatoren, Bandbreite, Eigenschaften der
Laserstrahlung, HeNG&aslaser.

Resonatortheorie: Optische Resonatoren, Resonatorgeometridangarallel,
konfokal, hemisphérisch) und deren Eigenschaften, Stabilitatsdiagramm, Verluste
optischer Resonatoren, Moden (transversal und longitudinal), +abry
Perotinterferometer, GauBptik.

Gefahren durch Laserstrahlu(siehe z.BWikipedia)

Vorbereitende Aufgaben: Gehen Sie die einzelnen Versuchsteile durch und
bearbeiten Sie die drei Vorbereitungsaufgatiwilten Fragen zur Vorbereitung
oder den Vorbereitungsaufgaben aufkommen, kénnen Sie sich bis einschlie3lich
freitags vor dem Versuch p®ail an den Betreuer wenden.

Uberlegen Sie sich vor Versuchsbeginn welche GréRen gemessen werden migsen und
erstellen Sie einen Messplan, der samtliche zu messenden Gro3en inkl. Fehlerapgaben(!)
jedes Aufgabenteils enthélt.



http://de.wikipedia.org/wiki/Laserschutz#Gefahren
http://de.wikipedia.org/wiki/Laserschutz#Gefahren
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Einleitung

Seit der Erfindung des Lasetgyht amplification by stimulatedemission ofradiation) in den
1960er Jahren hat dieser weitreichende Anwendungen gefunden. Diese Anwendungen
beinhalten bspw. hbaufgeloste Spektroskopie, zeitlich aufgeloste Studien molekularer
Dynamik mittel Erzeugung ultrakurzer Lichtpulse, Fangen und Kihlen von Atomen zur
Erzeugung von BosEinstein Kondensaten, Medizin/Chirurgie (z.B. Laserskalpell),
Messtechnik (z.B. Abstandgessung), Materialbearbeitung in der Industrie und
Unterhaltungselektronik (CD/DVE3pieler).

Das Grundprinzip des Lasers lasst sich kurz folgendermal3en zusammenfassen:

Ein Laser besteht im Wesentlichen aus drei Komponenten:

- einemverstarkenden Medin, in das von

- ei nEnergiefump® sel ektiv Energie hineingepumpt

- einemResonatorder einen Teil dieser Energie in Form elektromagnetischer Wellen in
wenigen Resonatormoden speichert.

Die Energiepumpe erzeugt im Lasermedium eine vom thermischen Gleichgewicht extrem
abweichende Besetzung eines oder mehrerer Energieniveaus. Beiemgpbnggol3er
Pumpleistung wird zumindest flr ein Energieniv&audlie Besetzungsdichte«(Ex) grol3er als

die Besetzungsdichti(E) fur ein energetisch tiefer liegendes Niveau das mitEx durch

einen erlaubten Ubergang verbunden ist (Inversion). Daneneisolchen Fall die induzierte

Emissionsrate auf dem UbergaBgOE groRer wird als die Absorptionsrate, kann Licht beim
Durchgang durch das aktive Medium verstarkt werden. Die Aufgabe des Resonators ist es nun,
Licht, das von den durch die Pumpe aktitea Atomen des Lasermediums emittiert wird, durch
selektive, optische Ruckkopplung wieder durch das verstarkende Medium zu schicken und
dadurch aus dem Laserverstarker einen selbstschwingenden Oszillator zu machen. Mit anderen
Worten: Der Resonator speat das Licht in wenigen Resonatormoden, so dass in diesen
Moden die Strahlungsdichte grof3 wird und damit die induzierte Emission wesentlich grof3er als
die spontane Emission werden kann.

Wahrend alle Laser auf diesem Prinzip basieren, ist die technidellksierung der drei
Komponenten Resonat®tumpeMedium recht vielfaltig. Die Pumpe lasst sich z.B. durch
Blitzlampen, Gasentladungen, Strom oder auch andere Laser implementieren. Aktive Medien
reichen von Gasen, dotierten Festkorperkristallen, Halbteibés zu in Flissigkeiten gelosten
Farbstoffen.

In diesem Versuch soll das Laserprinzip anhand eines H&lieomGaslasers veranschaulicht
werden. Durch Aufbau und Justage eines Resonators um das aktive Medium soll zuerst die
Laseroszillation erreltt und dann die im folgenden aufgefiihrten Aufgaben bearbeitet werden.



Versuchsdurchfiihrung & Auswertung

WICHTIG: Dokumentieren Sie immeidle Messergebnisse der einzelnen Aufgaben! Die
Messdaten sind am Ende des Versuchs vom Betreuer unterzeichneezu las

WICHTIG: Die Gasentladung im Lasermedium wird Uber eine Hochspannung von
mehrerenkV geziindet. Beruhren Sie nicht die Anschlisse! Das Lasermedium inkl.
Halterung darfnicht von der Schiene genommen und nur vom Betreuer bewegt werden!

WICHTIG: Die wahrend der Versuchsdurchfihrung aufgenommenen Messwertiensind
Original in die Auswering einzuflgen! Trennen Sie die Auswertung der Messwerte yon der
Versuchsdurchfihrung! Es musachvollziehbarsein, wie die Auswertungsergebnisse aus
den Messdaten erhalten wurden!

Aufgaben:

1. Inbetriebnahme des Laserresonators

Benutzen Sie den Justierlaser sowie die Irisblende um eine optische Achse zu definieren.
Richten Sie dann das Laserrohr und die Resonatorspiegel bzgl. dieser Achse aus. Achten Sie

hierbei darauf, dass der Strahl des iddsisers mittig durch das Laserrohr lauft und die
Resonatorspiegel zentrisch trifft.

Der Krimmungsradius der Spiegel betrBgt 450 mmund der Spiegeldurchmesser betragt
dvw = 7.75 mm Der Durchmesser des Laserrohrs betragtlea. 1.0 mmund seine Lange ca.
L=20cm

Fahren Sie nun die Aufgaben 24 fir 8 Resonatorlangen jeweils nacheinander durciDas
Lasermedium soll sich bei jeder Messung in der Mitte des Resonators beBedamen Sie

mit einem Spiegelabstand vo80 cm und vergroRern Sie diesen dann schrittweise
(einzustellende Resonatorldmgin cm: 45, 55, 65, 75, 85, 88). Neten Sie zusatzlich eine
weitere Messung fir eine Resonatorlange > 88 cm auf. Achten Sie hier darauf, dads Sie sic
trotzdem innerhdl der Stabilitatsgreren aufhalten.

2. Ausgangsleistung des Lasers in Abhangigkeit von der Resonatorlange

Aufgabe zur Vorbereitug: Erstellen Sie eine Messwerabelle mit der8 zu untersuchenden
Resonatorlangen. Die Tabelle sollte neben Feldern fir die Messwerte und den Fehler auch
zwei Spalten fur die Spiegelpositionen nebst Fehler, sowie eine Spalte fir Kommentare
beinhalten.

Messen Sie die Ausgangsleistung des Lasers in Abhangigkeit von der Resonatorlange und

bestimmen Sie so die Stabilitatsgrenze des Resondtaigen Sie die Ergebnisse graphisch
auf. Diskutieren Sie die Ergebnisse.

Hinweise:Maximieren Sie die Ausgangsleistufig jeden Messpunkturch Justage der Spiegel
und des Laserrohrs.
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3. Strahlbreite der Grundmode in Abhéngigkeit von der Resonatorlange

Aufgaben zur VorbereitungBerechnen Sie fir die beiden Resonatorlangen3@m ung
88cm den Strahldurchmesser der TdgiMlode am Auskoppelspiegel.

Bestimmen Sie fiur die beiden Resonatorlang@m und 88cm den Fehler (in Prozerdm
erwarteten Messwert), der sich aus der Véageimung fiir einen Abstand d=8cm
ergibt. Diskutieren Sie spéater in der Auswertung gegebenenfalls dessen Relevanz.

(a) Aufnahme der Messdaten

Bestimmen Sie Strahlbreitew am Ort des Auskoppelspiegels in Abhangigkeit von der
Resonatorlange. Nehmen Sie hierzu die Intensitatsverteilung der ausgekoppelten
Laserstrahlung mit Hilfe einer CGRamera in festem und moglichst geringem Abstamdm
Auskoppelspiegel auf (siehe Abb.. Die Mal3e der aktiven Sensorflache betragen 4,8mm
horizontal und 3,6mm vertikal. Achten Sie bei der Aufnahme der Bilder darauf, dass der Chip
nicht Gbersattigt ist!

Fir jede Resonatorlange soll die TekNWlode des Lasers angeregt werden. Dies kann z.B.

durch verkippen des Laserrohres erreicht werden. Die Bildaufnahme erfolgt tber das
Programm Beamscope Die Messdaten befinden sich im Ordn&D: / Measur e met
Dat a/ Be ams c Das €rogka@m Erstellt automatisch einen horizontalen und einen
vertikalen Schnitt durch das Maximum der Intensitatsverteilung. Tragen Sie die aus einer
nichtlinearen Regression erhaltenen Strahlbreitgnin einem Diagramm dber der
Resonatorlange auf. DieeBachtung eines vertikalen und horizontalen Schnitts erméglicht

einen Rickschluss auf die Genauigkeit der Messung.

(b) Vergleich mit berechneten Werten.

Der Auskoppelspiegel besitzt eine gewdlbte AulRenflache und kollimiert den Gaul3"schen
Laserstrahl midem StrahlradiusvL/2). Das heif3t, es bildet sich ein neuer Gaul3"scher Strahl
mit der Strahltailleno’=w(L/2) aus.Fir kleine Abstandd kdnnen Sie daher zunéachst davon
ausgehen, dass’ o=w (d). Tragen Sie die berechneten Werte in das in 2(a) erzZeisggeamm

ein. Diskutieren Sie das Ergebnis.



4. Longitudinale Modenstruktur  in Abhangigkeit von der Resonatorlange

Beobachten Sie die longitudinale Modenstruktur des Hedsonators in Abhangigkeit der
Resonatorlange und vergleichen Sie die Ergebnisse mit der Theorie. Die longitudinale
Modenstruktur wird mit dem Fabiiyerot Inteferometer (Thorlabs SA210 bzw. SA200 &

Steuergerat SA201) gemessen. Das Ausgangssignal des Interferometers kann mit einem

Digitaloszilloskop (Pico Modell 3204) auf den PC mittels des PrograrRmeScope
Ubertragen werden.

Bestimmen Sie nun den Modentb®d in Abhangigkeit der Resonatorlange. Vergleichen Sie
in einer Tabelle die gemessenen mit berechneten Wenérnragen Sie die Werte innem
Diagramm mit der theoretischen Kurve auf

Achten Sie darauf, wahrend der Messung nur die doEWbde anzuregen! Kalibrieren Sie
zunachst die Zeitskala des Oszilloskops mit Hilfe dederireSpektralbereichs des
Interferometers zur spateren Umrechnung von der Zeitbasis in den in Frequenzraum.

Achten Sie bei jeder Messung darauf, dass auf dem Oszilloskop klar separierbare,
symmetrische Lorenkinien erkennbar sind. Justieren Sie gegebfatisrdie Verkippung des

Interferometers im Bezug auf den Laserstrahl und stellen sie sicher, dass der Laserstrahl die

Eingangsiris des Detektors mittig trifft. Stellen Sie die Iris zur Messung auf den kleinsten
Durchmesser ein.

Speichern Sie die Datengweils im .txt und .pngFormat (zur spateren Kontrolle).

Entfernen Sie bei der Justage des FaBgyot Interferometeraichtden Detektor, wie in

dessen Anleitung beschrieben wird!

5. Verstarkungsbandbreite des HeNe -Lasers.

(a) Aufnahme der Messdaten mithilfe der Persistenz -Funktion

Untersuchen Sie die Verstarkungsbandbreite des Lasers fir mindestens eine Resonatorlange.

Di e AP e-Funktieh tes @szifioskops eignet sich aufgrund des vorhandenen Moden
Jitters zur Aufnahmedes Verstarkungsprofils. Es kann nur ein PRBRi& der

OszilloskopAnzeige gespeichert werden, die grafisch ausgewertet werden muss. Es empfiehlt

sich, diese Aufgabe bei einer Resonatorlange ve®16dnh durchzufihren.
Nehmen Sie das Verstarkungsprofil besaximaler Ausgangsleistung der TiMode auf.

Bestimmen Sie anschliel3end die Ausgangsleistung. Reduzieren Sie nun die Ausgangsleistung
durch Erhéhen der Beugungsverluste auf die Halfte des Ausgangswertes. Wiederholen Sie die

Messung.

(b) Bestimmen der Verstarkungsbandbreite
Benutzen Sie die in Aufgabe 4 gemachte Kalibrierung der Zeitskala des Oszilloskops zur

Bestimmung der Frequenzbandbreite des Verstarkungsprofils. Erlautern Sie den Einfluss der

Verluste auf die Verstarkungsbandbreite anhand der Mgsfiskutieren Sie die erhaltenen
Werte im Hinblick auf die theoretisch zu erwartende Verstarkungsbandbreite.



6. Beobachtung hdherer transversaler Moden.

(a) Aufnahme der Messdaten mittels CCDKamera

Nehmen Sianindestens vier Bilderder Intensitatsugeilung unterschiedlicher TENModen

mit dem ProgramnBeamscopea u f . Der Schalter ALI VERA er mo°
Intensitatsverteilung zum Speichern einzufrieren. Wahlen Sie moglichst Transversal, deren
Verteilungklar erkennbar ist und die Sie iddtieren kdnnen. Speichern Sie die Bilder als
BMP-Dateien. Notieren sie fur jede Mode, auf welche Art und Weise sie erzeugt wurde und
welcher Resonatorlange genutzt wurde.

Achten Sie auch hier auf eine gute Sensorbelichtung. Sie kdnnen durch Nutzung der
Mittelungsfunktion das Bildrauschen verringern. Achten Sie dabei jedoch darauf, dass nicht
verschiedene Transversalmoden zu einem Bild akkumuliert werden.

(b) Raumliche Intensitatsverteilung der Moden.

Legen Sie sinnvoll ausgerichtete Schnitte entlang &gmmetrieachsen durch die
Intensitatsverteilung der Moden. Hierzu dient das Progra®toeBMP. Die Position der

Schnitte lasst sich durch die Schieberegler rechts und oben am Bild anpassen. Die Drehung
durch Eingabe eines Winkels und Bestatigung mit lEnte Mi t Kl'ick auf ASc
Werden sowohl das gedrehte Bild, als auch die beiden Intensitatsprofile im angegebenen Ordner
gespeichert.

(c) Vergleich der gemessenen Werte mit berechneten Intensitatsverteilungen.

Plotten Sie die berechneten Intensitatsverteilungen im jeweils zugehoérigen Graph der
gemessenen Verteilung aus 6(a). Passen Sie fur die Berechnung die Amplitude und die
Strahlbreiten der theoretischen Verteilung an die experimentellen Daten an.

Stellen Sie in der Auswertung links neben dem Graph die zweidimensionale
Intensitatsverteilung mit den Schnittgeraden dar, welche die Lage des benutzten Schnittes
innerhalb der Intensitatsveilteng aufzeigt. Diskutieren Sie die Qualitat der Graphenanpassung
an die Messdaten.

Vergleichen sie den erhaltenen Radius mit dem Radius der Grundmode bei gleicher
Resonatorlange aus Aufgabe 3(a). Diskutieren Sie die Ergebnisse im Hinblick auf die
theoreische Beschreibung der Transversalmoden.



Wichtige Punkte zum Laserschutz

Ganz allgemein gilt: Im Umgang mit Lasern ist der gesunde Menschenverstand nicht zu
ersetzen! Einige spezielle Hinweise werden im Folgenden angefuhrt.

Die Laserschutzvorschriften sind immer zu beachten.

Halten Sie lhren Kopf niemals auf Strahlhéhe.

Die Justierbrille immer aufsetzen.

Schauen Sie nie direkt in Strah&uch nicht mit Justierbrille!

Achtung: praktisch alle Laser fur Laboranwendungend simndestens Klasse 3, also

von vornherein fir die Augen gefahrlich, ggf. auch fiur die Hauevtl.

auch hierfur SchutzmafRnahmen ergreifen. Zur Justage kann der Laserstrahl mittels

einem Stlck Papier sichtbar gemacht werden.

6. Auch Kameras besitzen eine Zerstorschwelle!

7. Spiegel und sonstige Komponenten nie in den ungeblockten Laserstrahl einbauen! Vor
Einbau immer Uberlegen, in welche Richtung der Reflex geht! Diese Richtung zunéchst
blocken, bevor der Strahl wieder frei gegebearmw

8. Nie mit reflektierenden Werkzeugen im Strahlengang hantieren! Unkontrollierbare
Reflexe! Vorsicht ist z.B. auch mit BNKGabeln geboten, die in den Strahlengang
gelangen konnten! Gleiches gilt auch fir Uhren und Ringe. Diese vorsichtshalbe
ausziehen, wenn Sie mit den Handen im Strahlengang arbeiten.

9. Auch Leistungsmessgerate koénnen Reflexe verursachen! Unbeschichtete
Silizium-Fotodioden reflektieren tber 30% des Lichtes!

10.Achtung im Umgang mit Strahlteilerwirfeln! Diese haben immer einen zweiten
Ausgang! Ggf. abblocken!

11.Warnlampen bei Betrieb des Lasers anschalten und nach Beendigung der Arbeit wieder
ausschalten.

12.Dafir sorgen, dass auch Dritte im Labar dchtigen Schutzbrillen tragen, oder sich
aul3erhalb des Laserschutzbereiches befinden.

13.Filterglaser in Laserschutzbrillen durfen grundsatzlich nicht adser umgebaut
werden!!!

14.In besonderem Mal3e auf Beistehende achten.

15.Optiken (Lins@, Spiegel etc.) nicht direkt mit den Fingern berihren!

aprwNPRE

Hiermit erklare ich, dass ich die vorstehenden Punkte gelesen und verstanden habe. Ich
bestétige, dass ich eine Einfihrung in den Umgang mit Lasern sowie eine arbeitsplatzbezogene
Unterweisung dralten habe.

Name:

Unterschrift: Datum:



The World of
Fabry-Perots

These Elegant Instruments Are Versatile, High-Resolution
Tunable Wavelength Filters

by William S. Gornall

The Fabry-Perot interferometer was invented by
two French opticians, Charles Fabry and Alfred Perot! in
1897. For decades it received limited use even in spectro-
scopic research because few emission sources were suffi-
ciently monochromatic to take advantage of its high
resolving power. The advent of lasers in the early 1960s
produced a renaissance of interest in Fabry-Perot inter-
ferometry that continues to grow as new applications and
techniques are found.

The Fabry-Perot is the simplest of all interferome-
ters, consisting of two partially transmitting mirrors
facing each other. Depending on the application, thesc
mirrors may be fat or spherical, and the distance
between them can range anywhere from micrometers to
meters. All Fabry-Perot designs sharc some common
features, but there are important differences which
determine the right choice of interferometer for a partic-
ular application.

The author is manager of rescarch and development at Burlcigh
Instruments, Inc., Fishers NY 4453

How It Works

The Fabry-Perot mirrors form an optical cavity in
which successive reflections creatc multiple beam intefer-
ence fringes.

The simplest and most versatile design is the flat
mirror cavity. As shown in Figure 1, illumination by an
extended monochromatic light source produces bright
fringes of cqual inclination in the focal plane of L,,
producing a characteristic “bull’s-cyc” pattern.

Al the angle © where & bright fringe is observed, the
relationship between the source wavelength A and the
mirror spacing d is

mA = 2nd cos © (1)

where n is the refractive index of the medium between the
mirrors and m is an integer identifying the order of
interference. A pinhole aperture on the optical axis at the
focal point of L, limits the light transmitted through the
pinhole to that passing through the Fabry-Perot parallel

Extended Ly
Monochromatic
Light Source

Bull’s-Eye
Interference
Pattern

Detector
Pinhole
' Ly Aperture
- |- d Image
Fabry-Perot Plane
Interferometer

Figure 1. Diagram of Fabry-Perot spectrometer.
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Figure 2. Super-invar Fabry-Perot interferomoter.

to the optical axis (€ = 0), and therefore satisfying the
condition

mA = 2nd (2)
The Fabry-Perot spectrometer 50 formed may be tuned to
transmit any wavelength by varying cither n or d.

If the medium between the mirrors is air or some
other gas, n can be varied by changing the gas pressure.
Such pressure scanning is rarely used now because it is
cumbersome and slow. If the medium is a solid, n can be
changed by adjusting the temperature, but this too is slow
and difficult to control.

Modern interferometers arc more often tuned by
changing the mirror spacing, 4. The optical path length
between the mirrors can be altered by rotating the
Fabry-Perot interferometer, but rotation results in non-
linear tuning and must be limited to small angles or the
resolving power of the interferometer is degraded. A
more versatile technique for changing 4 is to mount one
mirror on three piczoelectric elements and translate that
mirror in a direction perpendicular to its surface while
the other remains fixed.

As Equation 2 shows, any wavelength can be trans-
mitted through the interferometer if d changes by at least
15)\. For visible wavelengths, it is possible to construct
piezoclectric assemblies that will move several wave-
lengths, providing ample tunability.

A modern Fabry-Perot interferometer with piczo-
electric tuning is pictured in Figure 2. The main structure
is heavy super-Invar for mechanical rigidity and low
thermal sensitivity. The cavity spacing can be sct any-
where between 0 and 15 centimeters by adjusting the
movable mirror mount. One mirror can be mechanically
aligned parallel to the other with the large alignment
screws. Once these are set, fine alignment and tuning or

48

scanning can be performed by remote control of voltages
applied to the piezoelectric assembly that supports the
opposite mirtor.

The Meaning of Finesse

Before discussing further the criteria for choosing 2
Fabry-Perot interferometer, it is necessary to define some
important terms.

A scanning Fabry-Perot spectrometer illuminated
with monochromatic light transmits a peak in intensity
every time the wavelength satisfies Equation 2. The
range of wavelengths that can be displayed in the same
spectral order m without overlapping adjacent orders is
called the free spectral range (FSR). For a plane mirror
Fabry-Perot with spacing 4,

FSR = %nd (3)
If d is in cm, FSR is in wavenumbers (cm™).

The resolvable bandwidth or instrumental resolution
is the full width at half-maximum of the spectral profile
that would be observed from a perfectly monochromatic
source. It is defined arbitrarily as

Av = FSR/F (4)

where F is called the finesse, and Av is resolvablc
bandwidth measured in wavenumbers.

Finesse is a measure of the interferometer’s ability
to resolve closely spaced lines; the higher the finesse the
better. Finesse can be thought of as the effective number
of interfering beams involved in forming the interference
fringes. The factors that limit finesse are those which
reduce the strength of the interference as the number of
reflections increases. Important cxamples are mirror
reflectivity less than 100% and lack of parallelism or
flatness of the mirror surfaces. A separate finesse is
associated with cach of these factors.

Lasers & Applications July 1983




The reflectivity finesse for a plane mirror interfer-
ometer with mirror reflectivities R is
=T ©
Typical intensity contours of Fabry-Perot fringes for.
different mirror reflectivities are shown in Figure 3.
The flatness finesse is
F; o M/ 2 (6)
where M is the fractional wavelength deviation from true
flatness or parallelism across the mirror aperture. Mirror
flatness is commonly specified as A/M at a standard
wavelength of 546 nanometers.

The net finesse duc to flatness and reflectivity is
called the instrument finesse, F,, where

1/F = 1/Fg? + 1/F¢ (7
A plot of F, is shown in Figure 4 for mirrors with a
spherical error amounting to A/100 and A /200 over their
aperture.

When the Fabry-Perot interferometer is used in a
spectrometer, as shown in Figure 1, the pinhole size
determines the degree of collimation of light passing
through the interferometer that reaches the detector. If
the pinhole is too large, rays passing through the Fabry-
Perot at different angles are accepted, thus broadening
the instrumental linewidth. The associated pinkole
finesse is
where D is the pinhole diameter and fis the focal length
of lens L,. To compute the total instrumental finesse of a
Fabry-Perot spectrometer, the contribution from F,
should be included with Fg and Fy:

1 1 1 1

FOFe e R

Throughput and Etendue

An advantage of Fabry-Perot interferometers over
other types of high resolution spectrometers is their
efficiency, both in transmission and “étendue,” or light-
gathering power. For small apertures or perfectly flat and
parallel mirrors, the transmission on the peak of a

fringe, .
Toe=(1-1%) (10)

depends on A, the scattering and absorption loss at the
mirrors. For modern multilayer dielectric mirrors
A =0.2%. Consequently, mirror reflectivities as high as
98% can yield throughput close to 80% over a small
aperture. The étendue for a plane Fabry-Perot interfer-
ometer is

* DA

U‘Q-Am-m (”)

All the radiation at wavelength A within a solid angle
subtended at a mirror aperture A,, can be transmitted in
the bandpass defined by the instrumental finesse F,.

The above formulae apply to Fabry-Perot interferome-
ters using plane mirrors. Similar formulae exist for
spherical mirror interferometers? The most common
interferometer of this type is the confocal design, where

®)

identical concave mirrors are spaced by precisely their -

radius of curvature. For this case the free spectral range
1/4nd, or half of a plane-mirror system.

Trarmitted

R=25% Fpa2

R=65% F.'7

R=50% Fa=30

i

"
m Order Number me1

Figure 3, Fabry-Perot transmission for differant mircor refectivities.

Choosing the Right Fabry-Perot

The best Fabry-Perot interferometer for a particular
application depends on many factors, including size,
stability, tunability, free spectral range, resolution, light-
gathering power, and price. Distinguishing features of
the various types of Fabry-Perot systems are outlined
below. (Note: The word “etalon” is usually used for small
Fabry-Perots that might serve as wavelength-selective
filters inside the laser cavity. The following discussion
uses the terms etalon and interferometer according to
common practice; for some devices they are practically
interchangeable.)

Solid etalons and fixed-air-gap etalons are stable
and compact, making them ideal for wavelength filtering,
frequency calibration, coherence extension, and intracav-
ity mode selection in lasers. Solid etalons are made from
a picce of optically homogeneous material such as fused
quartz. Opposite faces are polished flat and parallel, and
coated to any desired reflectivity. In a fixed-air-gap
ctalon, two mirrors are bonded to a solid spacer
element.

Both types are highly stabie mechanically, but solid
ctalons are more sensitive to temperature changes. A
solid etalon is best used in a thermally controlled housing
where it can be temperature-tuned or stablized. Fixed-
air-gap ctalons are more stable thermally and, unlike
solid ctalons, they can be pressure-tuned. Both types
allow no mechanical variability in spacing; the right
spacing must be preselected for a specific application.

Thesimplest way totuneeitheretalonis by tilting. This
is a good technique provided tilt angles are not so large as to
degrade the finesse. These etalons are difficult to manufac-
ture with very flat and parallel surfaces, especially with
large mirror spacings. They are best suited for optical
systems withsmall-diameter laserbeams.

Variable-spacing air-gap etalons are similar to
fixed-air-gap etalons, except the spacing is established by
a mechanically adjustable frame in which the etalon
plates are mounted. While adjustable mirror spacing is
an advantage, this design is less stable—both mechani-
cally and thermally—than the bonded etalons. Applica-
tions are similar.

Piezoelectric mirror control is available for both
fixed-air-gap and variable-spacing etalons. In the former
the piezoelectric elements are carefully matched in
length and cemented directly to Fabry-Perot mirrors.
The latter consists of a housing with a built-in piezoelec-
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Figure 4, Finesse versus reflectivity for different plate flainesses.

tric assembly that supports the Fabry-Perot mirrors.
Some mechanical means of adjusting the mirror spacing
and aligning the mirrors is provided although it is
generzlly less manageable than large-scale designs. In
many cases, this difficulty in initial alignment is not
important because once the adjustment is set the range of
piezoelectric control is sufficient to subsequently opti-
mize the interferometer mirror alignment.

The small size and simple integrity of piezoelectric
etalons enhances thermal and mechanical stability.
Because these etalons are electronically tunable they can
be used with active stabilization systems. Fixed-air-gap
etalons with piezoelectric control have been built with
capacitance displacement transducers that can be used
for automatic alignment and cavity stabilization.’

Applications for piezoelectrically tunable ctalons
include spectral analysis, laser tuning, active optical
filtering, and spectroscopy—all examples where it's not

essential to have large spacing with full cavity adjust-
ment, high finesse, or high étendue.

Confocal etalons have two identical concave mirrors
spaeed precisely at their common radius of curvature.
Each mirror images the other back upon itself so that any
paraxial ray entering the interferometer is superimposed
upon itself after four reflections, resulting in a very high
étendue. Because the mirrors are spherical, the require-
ment for parallel alignment is greatly reduced and only
axial piezoelectric tuning is necessary. A typical confocal
interferometer has cavity spacing of 50 cm and can
resolve 1 megahertz.

Confocal interferometers are commonly called spec-
trum analyzers when used for laser mode analysis,
Because mirror alignment is not critical, they are easier
to temperature stabilize than other high resolution
Fabry-Perot interferometers. Thus, they are often used as
passive reference cavities to stabilize laser frequency and
to calibrate frequency of tunable lasers. The high étendue
also offers an advantage for high resolution spectroscopy
of diffused light sources.
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Large-frame Fabry-Perot interferometers are useful
in spectroscopy and other research where the highest
performance is desired. A large-frame design such as that
shown in Figure 2 combines a rigid, thermally stable
mechanical structure with a full mirror spacing adjust-
ment and mirror alignment capability not found in small
instruments.

The greatest advantage of the large frame Fabry-
Perotisthelight gathering power orétendue provided by the
Jarge mirror aperture. Large mirrors, however, arc only
feasible if they can be supported without distortion so that
the instrument finesse is not degraded by reduced surface
flatness. A technique developed at Burleigh Instruments
uses three [nvar tabs cemented to the rim of cach mirror
(Figure 5). Glass balls cemented in these tabs align with
three V-pads in the mirror cell and are secured by a spring
ring that circles the mirror substrate. This kinematic
suspension allows the mirror toself-locate sothat any stress
or tortional force produced by the spring ring is relieved by
rotation of the ball in the V-block, and does not warp the
mirror surface. Mirrors as large as 70 mm in diameter are
routinely mounted this way without altering their surface
figure. These mirrors attach to the fixed and piezoelectri-
cally driven mirror mounts. The mounting permits easy
mirror changes as necessary.

The piezoelectric assembly provides sufficient align-
ment and scanning control so that, once mechanically
aligned, the instrument can be thermally isolated in an
insulated box and operated completely by remote control.
This is particularly advantageous for stability as the lab
temperature fluctuates. In extreme environments active
temperature control may be added inside the thermal
box. Experiments that require long periods of stable
operation would bencfit from an electronic stabiliza-
tion system that actively corrects for spacing and
alignment.

Mirrors and Coatings

With the exception of mirrors used in the far-
infrared, most Fabry-Perot mirrors are made of a high-
quality fused silica such as Spectrosil B. Planc mirror
substrates are wedged at an angle of about 10 arc
minutes to prevent secondary interference fringes gener-
ated by the back surfaces of the mirrors. Also, the back
surfaces are antireflection coated to reduce reflections
and to increase throughput.

High-quality, low-loss multilayer dielectric coatings
are available from the ultraviolet to the infrared. These
so-called “soft coatings” give good spectral coverage
(typically with pass-bands 100 nm or more in the visible)
with losses less than 0.2% and minimal flatness error.
Broader-band coatings are available, but they require a
greater number of diclectric layers that may introduce
flatness errors (~ A/100) and higher absorption losses
(0.3% to 0.4%). Also available.are “hard coatings,”
which are applied hot and may warp the mirror sub-
strates, so are not advised for Fabry-Perot mirrors uniess
necessary for resistance to high-power laserbeams.

Ramp Generators

Piezoelectric tuning of an interferometer requires a
special electronic controller. Its function is to sweep the
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mdrror spacing in a repetitive scan by applying an
adjustable ramp voltage to the piezoelectric elements, so
it is often called a “ramp generator.” Modern Fabry-
Perot ramp gencrators include many additional features.
A common bias allows manual tuning of the mirror
spacing, while other bias controls permit changing the
voltage on individual piezoelectric elements to tilt the
movable mirror. These controls also make it possible to
interface automatic cavity and alignment stablization
systems.

Generally, the elements in a piezoelectric assembly
are not identical but have slightly different voltage
sensitivitics. As a result, the mirror supported by that
assembly will tilt as it is translated, Tilt-free translation
can be restored by “trim controls” on the ramp generator
that adjust the ratio of ramp voltages applicd to the
separate piezoelectric elements.

Piezoelectric materials do not extend perfectly lin-
early with applied voltage. One way to linearize the
motion is to produce a nonlinear voitage ramp that
counteracts the piezoelectric nonlinearity. In Burleigh
ramp generators this feature improves scan linearity
tenfold.

Fabry-Perot Systems

The Fabry-Perot interferometer is actually an opti-
cal filter, passing some frequencies and rejecting others.
When tuned to transmit one frequency of light, the
greatest rejection occurs for frequencies that are dis-
placed by onc half of the free spectral range. The ratio of
maximum transmission to maximum rejection contrast is
related to the finesse as shown by the transmission
profiles in Figure 3. A reflectivity of 93% will typically
produce a finesse of 40 and a contrast of 600.

For some applications a much higher contrast ratio
or larger freec spectral range is necessary. For this
purpose, combinations of interferometers that constitute
Fabry-Perot systems have been devised.

Just as with other identical filters, when two or more
Fabry-Perot interferometers are placed in series the
transmission functions multiply 1o improve both resolu-
tion and contrast. In practice, it is much easier, more
stable, and less expensive to pass the light beam through
different scctions of the same interferometer several
times. A simple three-pass configuration is shown in
Figure 6.

Extremely high contrast can be obtained in this way.
Theoretically, a Fabry-Perot with 93% reflectivity mir-
rors can have a contrast of ~10* in three-pass operation,
~10" in five-pass operation. Although other factors,
such as stray reflections and mirror flatness, limit the
ultimate contrast, performance approaching theoretical
can be obtained with careful design. )

Multipassing was made practical and popularized
by the application of corner cube retroreflectors.* Corner
cube retroreflectors displace the reflected beams lateral-
ly, greatly simplifying the separation of input beams.
They also have the all-important feature of producing a
reflected beam accurately parallel to the input beam even
if the corner cube is tilted. This feature greatly simplifies
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Figure &. Distortion-free technique for mounting mirrors in a large-
frame Fabry-Perot,

the optical alignment so that only the Fabry-Perot mirror
alignment remains critical.

Figure 7 shows a scheme utilizing modified corner
cube retroreflectors for five-pass operation of a Fabry-
Perot interferometer. Individual beams arc well-sepa-
rated on the mirror surfaces so that cross-transmission
between beam paths due to stray reflections and scatter-
ing can be minimized by inserting light baffies.

Multipass operation of Fabry-Perot interferometers
is now widely used, especially for experiments involving
spectral analysis of light scattered from surfaces, thin
films or opaque materials. Throughput of a properly
designed multipass system is very good. With 93%
reflectivity mirrors, the actual throughput compared to
single pass with the same entrance aperture is approxi-
mately 50% for three-pass and 30% for five-pass.

Mirror flatness is very important for good multipass
operation so that the mirror spacing can be made
identical for all passes; therefore, only large frame
Fabry-Perot interferometers with distortion-free mirror
suspensions are recommended, Special retroreflector
assemblies for three-pass or five-pass operation are com-
mercially available.’

The use of two or more interferometers in tandem to
alleviate the problems of overlapping spectral orders has
often been proposed. One scheme simply utilizes a low-
resolution Fabry-Perot interferometer with a fixed spacing
to prefilter a portion of the spectrum followed by a high
resolution scanning interferometer with free spectal range
equal to or greater than the bandwidth of the prefilter. The
transmission profile is that of the high resolution interfer-
ometer with a throughput modified by the prefilter that
serves to reject adjacent spectral orders. Often an interfer-
ence filter is added to such a system to provide complete
blockage of unwanted spectral orders beyond the free
spectral range of the prefilter interferometer.

Another way to climinate overlapping spectral
orders is to increase the free spectral range. This is
possible without reducing the resolving power by using
two interferometers in tandem with slightly different
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Figure 7. Retrorefiector design for a five-pass interferometer.
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particular frequency the effective free spectral range of
the pair is increased because adjacent orders of one
interferometer do not coincide in frequency with those of
the other. The major difficulty in using such a tandem
system is maintaining the two interferometers frequency-
locked to each other and scanning both synchronously. A
special mechanical design® allows two interferometers to
be scanned simultaneously by mounting one mirror of
each on a common piezoelectrically driven mount. The
interferometers are set at an angle related to the ratio of
the interferometer mirror spacings to achieve synchro-
nous frequency scanning. Two scparate Fabry-Perot
interferometers of different mirror spacing can also be
operated in synchronous fashion using electronic stabili-
zation circuitry that couples them by referencing the scan
of both instruments to the laser line frequency.

Tandem operation of piczoelectrically scanned
interferometers is not difficult when certain simple opti-
cal alignment procedures are followed.” Synchronous
frequency scanning is achieved by driving the two inter-
ferometers with simultancous ramp voltages proportional
to their respective mirror spacings.

Stabilization Techniques

Often, the passive thermal stability of a well-
designed Fabry-Perot interferometer is not cnough.
These situations include collection of weak spectra where
data accumulation over long periods is necessary; multi-
pass operation where mirror alignment is critical; and
tandem operation where accurate correlation in frequen-
cy scanning must be maintained. Such cases call for some
form of active stabilization.

One technique uses capacitance displacement trans-
ducers on the circumference of the Fabry-Perot mirrors
to monitor changes in spacing or alignment from & preset
position.’ Extremely stable and reliable instruments have
been built using this technique; they are particularly
suited for observational astronomy where no prominent
spectral features are available for optical stabilization.
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Figure 8. Stabilized Fabry-Perot spectrometer.

The one drawback to capacitance transducers is that
their limited displacement range (typically 100 microme-
ters) precludes changing the mirror spacing once a
particular set of transducer clements has been attached
to the mirrors.

The most versatile technique for active Fabry-Perot
stabilization is one that makes use of the light trans-
mitted through the interferometer to control the cavity
spacing and optimize the mirror alignment. A prominent
spectral feature, such as the laser line in a light scattering
experiment, is chosen as a reference frequency for cavity
and alignment stabilization. During setup this feature is
centered at some designated position in the frequency
scan. By monitoring the relative intensity in two “‘win-
dows” on either side of this position, any drift of the
interferometer relative to the reference frequency can be
detected and corrected through the cavity bias control on
the ramp generator. Parallel mirror alignment can be
optimized by applying tiny angular changes to the
piezoelectrically driven mirror on successive scans and
detecting the resultant change in intensity of the refer-
ence peak. After each test a correction is applied to the
alignment bias voltages on the ramp generator in the
direction that produced the greater throughput.

The main advantage of the optical stabilization
technique is that it may be used with any piezoelectrical-
ly controlled Fabry-Perot system because it makes use of
the transmitted signal rather than relying on separate
transducers. In effect, it continually corrects for cavity
and alignment drift the same way one would do manual-
ly, so that any system that can be aligned can be
maintained in alignment with this technique. If an
appropriate reference frequency does not exist in the
obaervedspectmm.oncmbeintrodmdauhownin
Figure 8. Since the reference frequency is only used for a
small fraction of the scan, it may be blocked by a shutter
the rest of the time if it would otherwise interfere with the
collection of spectral intensity from the light source. ®
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The Spherical Mirror Fabry-Perot Interferometer

Michael Hercher

The theory, design, and use of the confocal spherical mirror Fabey-Perot interferometer (FPS) is deseribed
in detail. Topics covered include performance of an FPS for small departures from the confocal mirror
separation, optimization of the (resolution ) X (light gathering power) product, factors limiting realizable
finesse, mode matching considerations, alignment procedures, and general design considerations, Two
specific instruments are described.  One is & versatile spectrum analyzer with piezo-electric seanning;
the other iz a highly stable etalon with fixed spacing. Examples of the performance of these instruments

are given,

I. Introduction

The spherical mirror Fabry-Perot interferometer
(FPS) was first described by Connes over ten years
ago.'=?  Although this instrument is mentioned in some
recent texts,** Connes’ papers contain the only detailed
descriptions of the spherical mirror Fabry-Perot inter-
ferometer. This paper is intended to review and extend
Connes' treatments of the theory of operation of the
IF'PS, to deseribe specific instrument designs, and to
outline practical procedures for using this instrument in
both static and seanning modes. I have drawn freely
from the results obtained by Connes, particularly those
contained in Ref. 2. In those eases where our results
differ, it is generally beeause I consider only relatively
high reflection mirrors with uniform transmission,
whereas Connes described interferometers in which the
mirrors had zero transmission (and nearly complete
reflection) over half of their apertures.

Following the introduction of curved mirror resona-
tors as laser cavities, it was found that with little modi-
fication they could effectively be used as spectrum
analyzers. Fork et al. have analyzed spherical mirror
interferometers in general terms, and have demon-
strated the extraordinarily high resolutions that ecan
be obtained, particularly when the interferometer has
optical gain as in a subthreshold laser.® While they
recognized that confocal resonators (or spherical mirror
Fabry-Perot interferometers—the two terms are inter-
changeable) offer certain distinet advantages over non-
confocal arrangements, the tendency to date has been
to use nonconfocal cavities for high spectral resolution
with laser light sourees. The advantages of a non-
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confocal arrangement are (a) the relatively loose
tolerance on the mirror separation, and (b) the ability
to select various free spectral ranges with a given pair
of mirrors. Its disadvantages are (a) the necessity to
mateh the input radiation field to a transverse mode of
the cavity, and (b) the relatively low light gathering
power of the resonator with spatially incoherent sources.
The FPS, on the other hand, requires a relatively precise
control of the mirror separation with a resulting fixed
free speetral range. This disadvantage is largely offset
by the high light gathering power of the FPS (even at
very high resolution), freedom from mode matching con-
siderations, and the capability of the instrument to be
used to display spectral information in the form of a
multiple beam interference fringe pattern. The FPS
is clearly superior to a nonconfocal resonator for use
with spatially incoherent sources and with fast pulsed
light sources. It is also very much easier to use with
cw laser sources and permits the spectral analysis of
lasers operating in a number of different transverse
modes.

Section II deals with the theory of the FPS and
includes subsections on the localized fringe pattern,
spectral resolution and instrument profile with finite
apertures, light gathering power, and mode matching
considerations.

Section III contains deseriptions of prototype
scanning and static FPS spectrum analyzers and prac-
tical procedures for their optimum use. We have been
able to achieve finesses well in excess of 150 with both
5-cm and 10-em mirror spacings: both instruments are
thermally compensated and mechanically stable, and
the 5-em FPS incorporates a piezoelectric scanning
device which permits its use in either a static or rapid
scan mode,

Table I lists the symbols used.
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Table I. List of Symbols
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aren of 'PS entrance aperture

velocity of light

FPP mirror separation

aperture diameter (FPS or FPP)

finesse = (xR/(1 — R?*), (FP8)

cavity loss per transit

fringe pattern magnification factor

FPS mirror radii and confocal separation
mirror reflectivity

spectral resolving power

mirror transmission

FP8 instrumental transmission

étendue = QA

phase increment = 2xA/\

path difference

difference between FPS mirror separation and
confocal spacing r.

wavelength

optical frequency

minimum resolvable frequency difference, or
instrumental bandpass.

free spectral range, ¢/4r({F'PS)

fringe radins

radius of centenl spot = (\r/F)}

solid angle subtended by source
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Il. Theory of Operation

A, Interference Fringes

A spherical mirror Fabry-Perot interferometer is
comprised of two identical spherical mirrors separated
by a distance very nearly equal to their common radius
of curvature. When light from a source lying close to
the axis is incident on the I'PS, a multiple beam interfer-
ence pattern is produced in the vicinity of the central
plane of the interferometer. To see how this interfer-
ence pattern arises, consider an entering ray which
intersects the two mirrors at points P and P,, which
are located at distances p; and ps from the axis, As
shown in Fig. 1, 8 is the skew angle of the entering ray.
According to paraxial opties, each mirror serves to image
the other mirror back upon itself, so that a paraxial ray
is reentrant, i.e., falls back upon itself, after traversing
the interferometer four times |Fig. 2(a)]. Owing to
aberration, however, a general ray is not reentrant but
follows a path such as that shown in Fig. 2(b). Even
though it is not reentrant, if the incident ray is not at
too great an angle to the axis, it will continue to intersect
itself in the vicinity of a point P, located in the central
plane of the FPS at a distance p from the axis. The
position of the points at which rays continue to intersect
themselves determines the position of the fringe pattern.
If the axial mirror spacing is precisely r, the mirror
radius, it is straightforward to show that the four-
transit path, i.e., the path taken between guccessive
intersections at the point P, exceeds the paraxial path
4r by an amount:

Ay = piPpe? c0s20/r? 4+ higher order terms. (1)

952 APPLIED OPTICS / Vol. 7, No. 5 / May 1368

More generally, if the mirror spacing is (r + ), the
four-transit ray path exceeds the corresponding paraxial
ray path 4(r -+ ¢ by an amount:

A = p’ps? €0s20/r? - 2¢(p® + p*)/r

+ higher order terms, (2)
If we now restrict our attention to a small and distant
source, close to the axis of the interferometer, we may
write for Eq. (2):

alp) = pbfr? + dep®/r%, (3)

where p is the height at which an entering ray crosses
the central plane of the FPS. Refering to Fig. 2(b) we
see that for each entering ray there are two sets of trans-
mitted rays: those which have been reflected 4m times
(type 1), and those which have been reflected (4m + 2)
times (type 2), where m is av integer. The interference

Fig. 1. General ray path in a spherical mirror Fabry-Perot

interferometer.

(o)

(b}

Fig. 2. (a) Ray path in an FPS in the paraxial approximation
(reentrant rays), (b) aberrated ray path, showing intersection of
rays at point P.
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Fig. 3. Near confocal FPS fringe patterns. At each value of ’x
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axis, The dashed line shows the spot size radius p, for a finesse
of 100, and the dotted line defines the zone of best focus as a
function of e. (Appendix I shows how to change the acales for
different wavelengths and mirror separations. )

patterns produced in the central plane of the inter-
ferometer are described by:
Type 1:
Ii(e) = LIT/(1 — R))*{1 + [2R/(1 — RY)?
X sin®[6(p0)/2]} =1 (4a)

or,
Type 2:
Li(p ) = Ri(p,\) (4b)
where,
d(p)) = (2=/N)[A(p) + 4(r + €)]. (5)

(See Table I for a list of symbols.) The derivation of
these equations exactly follows the usual derivation for
a plane mirror Fabry-Perot interferometer (FPP).
When the mirror reflectivity R is close to unity, the

interference patterns for both types of rays are the same |

and are superposed. When the two types of ray leave
the interferometer at a small angle, e.g., if the entering
beam is approximately collimated but at an angle to the
axis, they will form an additional interference pattern
made up of equally spaced straight fringes whose sepa-
rations are determined by the angle at which the two
beams are brought to focus. This two-beam, i.e., sin?,
interference pattern modulates the multiple beam pat-
tern of circular fringes and, of course, arises only when
the two beams are coherent. Examples of this inci-
dental two-beam pattern are shown in See. II1.

From Eq. (4) we see that bright fringes are formed in
the central plane of the interferometer when 5(p,\)
satisfies §(p,\) = 2mr, or,

Pt + dep®/rt = m, (6)

where m is a positive or negative integer giving the
order of interference relative to the order on axis (which

is assumed, for convenience, to be an integer). Fringes
thus have radii given by:

Pm = [—2er = (4e%* 4 mard)i)d, )

For ¢ > 0, p, is single-valued and m > 0. When
e < 0, pu is two-valued for m < 0, and single-valued
for m > 0. Figure 3 shows this fringe pattern in cross
section for different values of ¢ with r and A\ fixed.
(Appendix I shows how to transform this curve, as well
as curves in later figures, so that it corresponds to
other values of r and/or \.)

The maximum radial dispersion in the fringe pattern
(dp/d\) is obtained in the vicinity of the fringe corre-
sponding to the lowest order of interference. For any
given value of e this fringe occurs at the value of p
which corresponds to the zone of best focus for the
spherical mirror. (By Fermat’s principle, this is just
the value of p where dA/dp is an extremum, or p =
(—2er)%.  No zone of best focus is defined for e > 0.)

In the special case (very nearly approximated in most
applications) where e =~ 0, the fringes have radii given
by:

pm = [(m — g)Ar3) !r (8)

where £ < 1 and [4(r + €)/\] is the exact order of inter-
ference on the axis,

It is obvious from Eq. (8) that the radial dispersion
in the fringe pattern is markedly nonlinear near the axis
when the interferometer is precisely confocal. This is,
of course, no real disadvantage and provides the basis
for the high étendue of which this type of instrument
is capable. If desired, the dispersion may be made
more nearly linear by slightly decreasing (or increasing)
the mirror separation. This is evident from Fig. 3 and
is illustrated in See. TTI.

B. Spectral Resolving Power

In discussing spectral resolving power in this section,
we assume that the interferometer is set at the confoeal
spacing (' < A) and is used in the scanning mode with
a collimated light source. More specifically, we assume
that the central fringe pattern is imaged, 1 to 1, onto a
plane containing an axial aperture, coincident with the
center of the fringe pattern, behind which is located a
linear detector. Since the resonant wavelength of the
interferometer is a linear function of the mirror spacing,
it is possible to obtain a linear plot of the source spec-
trum simply by recording the output from the detector
as a function of the mirror separation. A change of
A/4 in the mirror separation scans through a free
spectral range of ¢/ [4(r + ¢)] Ha.

The spectral resolving power @ of a spectroscopice
instrument is defined by :

A==y /Ary = N AN, 9)

where Aw, is the minimum resolvable frequency incre-
ment in the vicinity of a frequency ». The classical
criterion for defining what is meant by minimum
resolvable increment is an extension of the criter-
ion used by Rayleigh in discussing diffraction pat-
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Fig. 4. Caleulated distribution of light in an FPS fringe pattern
for & monochromatic source and various values for F, the finesse,
Note the broad central fringe (e = 0, » = 10 em).

terns. For convenience, we depart from this definition
slightly and define the minimwm resolvable frequency in-
crement as the apparent spectral width (full width at
half maximum) of a monochromatic line. This is, of
course, just the width of the instrumental profile. In
practice, a large number of factors enter into the de-
termination of the instrumental profile of a Fabry-
Perot interferometer. These include mirror reflec-
tivity, mirror figure, diffraction losses, and alignment.
One of the great advantages of the spherical Fabry-
Perot interferometer over its plane parallel counterpart
is the relative ease with which reflectivity limited
resolution can be realized in practice. Neglecting all
but transmission losses at the mirrors, the instrumental
profile of an IPS is given by Eq. (4). The resulting
value for Ar., the width of the instrumental profile, is
given by:

Avy = el = R?)/4xrR. (10)

At this point it is useful to introduce a quantity called
the finesse I of the interferometer, which we can define
as the ratio of the free spectral range to the instrumental
width:

F = Avs/Ave. (11)

In terms of the finesse I, the instrumental width and
spectral resolving power are given by:

Ase = C/4rF, {12)
and
® = 4rF /N (13)

Also, the expression for the interference pattern can be
written as:

r L
= (1 = zz') 1+ (2P/=)* sin’(3/2) Y

Here we have simply made the substitution, ' =
xR/(1 — R?) in Eq. (4). Note that this expression re-
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mains valid regardless of whether the finesse is de-
termined by the mirror reflectivity, or by other factors,
When the finesse is limited by a mirror reflectivity
whose value is close to unity, we have:

Fp==R/{1 — R*) = #/2(1 — R). (15)

The fringe pattern described by Eq. (14) is shown in
Fig. 4 for representative values of the finesse.

In order to record the ultimate instrumental profile
in the scanning mode of operation, the detector aperture
would be vanishingly small and the resulting instru-
mental profile would be given by:

Iy — »a) = (DIT/(1 = R)*I(%)

2(v — w)F P
X{l+[——“c/4r ]} (16)

If the defector aperture were increased, there would
initially be an increase in the amount of light collected
from a finite source, with little decrease in resolving
power (assuming perfectly spherical mirrors and con-
focal spacing). As the aperture was opened further,
the amount of light collected would increase less rapidly
and the resolving power would begin to decrease—be-
coming approximately 70%, of the resolving power given
by Eq. (16) when the radius of the detector aperture
attained a value p; given by:

pe = (PNF)Y (7)

We will refer to p, as the spot size or spol radius; p, is
simply the radius of the mirror zone whose resonant
frequency is displaced from the axial resonance by an
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Fig. 5. Caleulated FPS instrumental profiles for two different
detector aperture radii. These correspond to the spectra which
would be recorded using a monochromatie source in the scanning
mode of operation (e = 0,7 = 10em). {a)p = 0.05, (b) p = 0.2.



amount equal to the minimum resolvable frequency
increment Av,. The actual instrumental profile that
is obtained when using a finite detector aperture is
given by:

P
Ly — ») = 2x J; I(&edz, (18)

where
Ew [r = w(l + 24/4r)
and
I(g) =  {(T/(1 — RYL{1 + (2F /=) sin=[x&/(c/ar)] | -,

and where », is the frequency that would be recorded
using a vanishingly small aperture. Note that with a
finite aperture, the instrumental profile is no longer
centered on » and is asymetric. Figure 5 shows com-
puted instrumental profiles for various values of F' and
p, the aperture radius (ef., Fig. 14 in See. I1I).

Other Factors Affecting Instrumental Finesse

We have seen [Eq. (15)] that in the absence of other
losses, the instrumental finesse is limited by the re-
flectivity of the mirrors to a value of approximately
7/[2(1 — R)]. In this section we consider the manner
in which the finesse is degraded by other factors,
namely, irregularities in the surfaces of the mirrors, and
diffraction. If we wish, we can associate with each
loss mechanism, e.g., mirror transmission or diffraction,
a contribution to the lifetime of the resonant cavity.
The finesse F; associated with the 7th loss mechanism,
is related to the corresponding contribution to the
cavity lifetime 7, by:

P( = wery/2r. (19)

Hence it is clear that the net instrumental finesse F
is related to the individual contributions F, by:

P = 4“2‘<F¢>-*. (20)

so that it is useful and meaningful to consider the in-
dividual contributions to the finesse independently.
First we consider the effect of irregularities in the
figure of the mirror on the finesse. Without knowledge
of the specific nature of these irregularities, it is im-
possible to be precise in predicting their effect on the
finesse. Generally, however, if the mirrors have a
smooth® irregularity on the order of \/m across the
aperture being used, then the figure-limited finesse
F ¢ will be approximately:
Fy = m/2, (21)
Obviously, by reducing the aperture (or diameter of the
incident light beam) it is possible to minimize the re-

duetion in instrumental finesse due to plate irregulari-
ties. This is indeed a practical expedient in the case of

* If the irregularity is not smooth, the loss mcurred is more
appropristely treated as a scattering loss,

a spherical Fabry-Perot etalon; in the case of a plane
mirror Fabry-Perot etalon, however, the significantly
increased diffraction losses that accompany the re-
duction of the etalon aperture set a limit to the improve-
ment in finesse that can be realized by this technique.
Note also that in the case of the plane mirror Fabry-
Perot, an angular misalignment of the plates is equiva-
lent to a corresponding plate imperfection. For the
spherical Fabry-Perot, this is not the ease: an angular
misalignment merely redefines the optical axis of the
system. With regard to plate irregularities, it is
worthwhile pointing out another contrast between the
plate-mirror and spherical-mirror etalons, If the mir-
rors of an FPP have irregularities on the order of \/2,
the resultant pattern at infinity will be completely
washed out. However, since the fringe pattern ob-
tained with an FPS is localized relatively close to the
surfaces of the mirrors, a similar mirror figure irregu-
larity will not wash out the fringe pattern, but will in-
stead distort it so that the fringes are no longer cireular.
(These distorted fringes tend to define coutours of equal
path difference.)

As implied above, diffraction losses are much less in
the case of a spherical Fabry-Perot etalon than for its
plane mirror counterpart. The rigorous justification
of this statement lies in the analytical treatment of
confocal resonators given by Boyd and Gordon,” in
which they show that for any case of practical interest
to us, ie., those cases where D2/4r >> )\, D being the
diameter of the mirror aperture, the diffraction losses
for a confocal resonator are orders of magnitude less
than for the corresponding plane parallel resonator.
The caleulation of the exact diffraction loss in a confocal
resonator requires a fairly complex analysis in which
the incoming radiation field is decomposed into eigen-
modes of the cavity, each of which has a different
diffraction loss. Absolute minimization of the diffrac-
tion losses requires proper mode matching (see Sec.
I1.D). In this case, when the incoming radiation field
has a curvature and amplitude distribution identical to
that of the lowest order transverse mode of the confocal
resonator, the diffraction loss per pass Lp is approxi-
mately given by':

Lp = 10~ B/} +1] (22)

where p; is the radius of the mirror aperture. In any
case of practical interest, diffraction losses are com-
pletely negligible in comparison to other losses, so that
difiraction plays no significant role in determining the
over-all finesse. For a plane parallel Fabry-Perot
etalon, the diffraction limited finesse is approximately
given by:

Fo(FPP) ~ D*/2)d, (23)

where d is the separation of the plane mirrors and D is
the aperture diameter.

Other types of loss, such as scattering at the mirror
surface (which is, of course, taken into aceount in Fz),
can be treated separately very easily. If a small frae-
tion L of the radiation incident on the mirror (or making
a transit of the resonator) is lost, then by analogy to
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Fig. 6. Generalized picture of a spectrometer or monochro-
meter,

Eq. (15), the corresponding contribution to the finesse
is given by:

Fy ~ w/2L. (24)

To summarize the implications of this section, we can
say that for a spherical Fabry-Perot interferometer, in
confocal adjustment, the significant factors in de-
termining the finesse and resolving power are the re-
flectivity of the mirrors and their surface figure. This
is in contrast to the case of a plane parallel Fabry-Perot,
where diffiraction and alignment can make significant
contributions to the degradation of finesse and resolving
power.

C. Light Gathering Power

1. Iniroduciion

One of the major factors to consider in evaluating any
spectrometer is its ability to effectively gather light
from an incoherent extended source, filter it with the
instrumental bandpass, and transmit it to some radia-
tion detector. In general, the situation can be repre-
sented by Fig. 6. Here, the spectrometer is depicted
as a bandpass filter: all of the radiation emanating from
within & solid angle © subtended at an aperture of area
A, can be transmitted within the bandpass Avm of the
spectrometer. If the transmission of the spectrometer
at the center of the bandpass is T and the spectral
radiance of the source is N,, then the radiant power per
unit bandwidth P, transmitted by the spectrometer is
given by:

P, = N,4AQT.. (25)

The product 24 has ecome to be known as étendue U of
the spectrometer. Thus the easily remembered ex-
pression:

P = NUT,. (28)

Of course, if the light source under investigation is a
laser, it is obvious that most of the emitted power can
be put into a beam with a small cross-sectional area
and a small divergence. In this case, the étendue of the
spectrometer provides a measure of the alignment
tolerance between the laser beam and spectrometer,
rather than being & measure of the spectrometer’s light
gathering power,
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2. Transmission and Etendue of a Spherical Fabry-
Perot Interferomeler

In Sec. IT.A it was pointed out that a single beam of
light incident on an FPS gives rise to two transmitted
beams, which are generally at a small angle to one
another. When both of these transmitted beams are
taken into account, the net transmission T, at the
center of the instrument profile is found from Eq. (4a)
and (4b):

To = (1 4 R*NT/[1 — RY P = 3{T/() = R for
R =1 (27)

(When the two transmitted beams are precisely aligned,
the situation is somewhat different, as discussed in See.
I1.D.) If we define A to be the sum of the absorption
and seattering at the mirrors, then (1 — R) = (T + 4),
so that the peak transmission may be written as:

To = 31 4 (A/T) (28)

This function is plotted in Fig. 7, which clearly illus-
trates the drastie loss in net transmission whenever the
absorption-plus-seattering losses become comparable
with, or exceed, the transmission loss at the mirror.
As a rule, very high reflectivities can be attained only
at the expense of increased values of (4/7"), so that it is
often necessary in practice to make a compromise be-
tween finesse and transmission. This type of compro-
mise is discussed further in See. II1.

In the last section we found that the ultimate instru-
mental resolution, which we now call 6t could be ob-
tained only with an infinitesimally small axial aperture.
In this case, of course, the étendue is also infinitesimal.
A reasonable compromise between spectral resolving
power and étendue can be reached by increasing the
mirror aperture until the resolving power & is reduced
to a value of approximately 0.7 @ This, as we have
seen, occurs when the mirror apertures have radii of
approximately p.. Under this condition, the étendue
is given by:

U = [z [xps2/1¥] = «\/F, (29)

INSTRUMENT TRANSNESSION, T

0 1 1 1 ] 1 I
0 | 2 3 - ] 6 ?
RATIO OF MIFROR ANSORPTION TO TRANSMISSION, A/T

Fig. 7. FPS instrumental transmission as a function of the
(absorption: transmission) ratio of the mirror coatings.
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where F is the finesse which determines the value of p,
according to Eq. (17).

Figure 8 shows computed curves for the instrumental
bandwidth, spectral resolving power, peak transmitted
power, and the product (peak transmitted power) X
(resolving power), all plotted as a function of aperture
radius for finesses of 30, 100, and 300. These curves
show that the resolution drops to about 0.7R; when the
aperture is opened up to a value of p, = (M¥/F)L
Figure (8d), however, shows that the value of p which
maximizes the product of the spectral resolving power
and power transmitted is approximately 0.Sp,, In
practice, the most convenient way to quickly attain a
useful ecompromise between resolution and transmitted
power is to start with a relatively large aperture and,
while observing the scanned spectrum of & narrow band
source, to reduce the aperture size until the transmitted
power at the peak of a displayed spectral line is reduced
by between 20% and 309%. For this technique to be
useful, of course, the mirror spacing must be very
nearly confoeal. This can be accomplished without
much difficulty, as deseribed in See. IIL

3. Comparison of FPS and FPP

As Connes has pointed out, it is a unique characteris-
tic of the F'PS, amongst all other types of spectrometers,
that, as the resolving power at constant finesse is in-
creased (by increasing the mirror radii and separation),

80 also is the étendue.!
constant: g

(®/TU)res = OT2F /o)) (30)

In writing this expression, we accept the 209, to 309,
loss in resolution which accompanies the realization of
the étendue U/. We also assume that, as the mirror
radius is inereased to realize higher resolving powers, we
are able to maintain the required figure of =\/F across
the central part of the mirror having a radius p,. It isin-
teresting to compare this behavior with that of an FPP,
We assume that for an FPP, a net surface figure (in-
cluding alignment error) of M/F can be maintained
across plates of diameter D, which are separated by a
distance d. Tor this FPP the étendue is (xD\/4dF),
and the resolving power is (2df/\), so that it is the
product of the resolving power and étendue which re-
mains constant:

In fact, the quotient ®/U is a

(UR)epp = 0.7(=D*/2). (31)

(The factor of 0.7 again represents the loss in resolving
power associated with a useful élendue.) Thus an in-
crease in light gathering power must be paid for by a
loss in resolution, and vice versa. The corresponding
product for an FPS is given by:

(UR)rps = 0.7(4x%2). (32)

From this expression we see that by increasing the
mirror radius of an FPS the étendue resolution product
may be increased indefinitely as long as the mirror figure
can be maintained to within A/F across an aperture of
diameter 2p, == 2(\r?/F)*.

At this point, it should be quite clear that at high
resolution, and correspondingly small free spectral
range, the FPS excells over the FPP, both in terms of
étendue and resolution. As the free spectral range is
increased, however, there will be some point at which
the FPP will become the better choice in terms of
étendue. The specific value of », the mirror spacing of
the FPS, at which this transition oceurs depends upon
both the desired finesse and the accuracy with which
the mirrors of the PP can be figured and aligned. If
we define an angle « to represent the figure-plus-align-
ment accuracy required to maintain a finesse F, with
a plate diameter D:

a = (\/FD), (33)
then the ratio Uyr.s/ L"ppp may be written:
Urps/Uspp = 4rdF?a® /N, (34)

where d is the plate separation of the FPP and where we
tacitly assume that the spot size p, on the FPS ig small
enough so that there is no problem in maintaining the
necessary figure of \/F". If we now require that both
the FPP and FPS have the same free spectral range, so
that d = 2r, then Eq. (34) can be used to find the value
of r at which the FPP becomes the better choice with
regard fo étendue:

r* = (Na)/2F. (35)
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(a)

(b)

Fig. 9. (o) Scan and fringe displays of an FPS in normal opera-

tion. Note the secondary fringe pattern. (b) Sean and fringe

displays of a very nearly mode-matched FPS. The alignment

of the FPS relative to the source has been adjusted to eliminate

the secondary fringe pattern, resulting in a doubling of both

the free spectral range and the instrumental transmission.
(e ~ 20 u, r = 5 em; three-mode laser source.)

For example, if the mirrors of an FPP can be maintained
plane and parallel to within a hundredth of a wavelength
per cm of aperture, so that (\/a) is 100, and a finesse
of 25 is desired, then an FPP offers the greater étendue
up to a mirror spacing of 4 em. Rather than increasing
the FPP mirror spacing beyond 4 em, one should in
principle, switch to an FPS in order to obtain higher
resolution and maximum étendue.

D. Mode Analysis of an FPS

The equations derived earlier in this section have
been based primarily on a geometrical analysis of a
confoecal resonator, or FPS, This, as it turns out, is
adequate for most purposes. A more rigorous treat-
ment, however, would involve a decomposition of the
incident radiation field into eigenmodes of the resona-
tor, as defined (in the curved mirror case) by Boyd and
Gordon.” In this section we outline an analysis of this
sort and to some extent justify the simpler geometrical
approach. We should point out that the aberrations of
a confocal spherical mirror resonator, which give rise
to the multiple beam interference fringes deseribed
earlier, can be conveniently analyzed only by the
geometrical approach.

As shown by Boyd and Gordon, the eigenmodes
TEM ., of a confocal resonator are closely approxi-
mated by Gaussian-Hermite functions [Ref. 7, Eq.
(20)]. The first two subscripts m and n denote the
amplitude distribution of the eigenmode on a surface
of constant phase, and the third subscript ¢ is the so-
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called axial mode number giving the number of axial
modes in the intracavity standing wave. For the
general case of a resonator made up of two mirrors,
radii by and bs, separated by a distance d, Boyd and
Kogelnik have shown that the resonant frequency
associated with a given TEM ., mode is given by:

ymng = (e/2d)|q + (1/=)(1 4 m - n)
X cosM (1 — d/b)(1 — d/b:)) ¥}, (36)

We interpret this as follows: an arbitrary quasi-mono-
chromatic field, of frequency w, which is incident on a
curved mirror resonator, is decomposed into a large
number of transverse modes TEM ... Each of these
transverse modes will be resonant, i.e., will be trans-
mitted by the high @ cavity, for mirror separations
satisfying:

d = (c/2m){g + (1 + m + n)
X c0s™M(1 — d/bi)(1 — d/b))V ). (87)

In general, therefore, a given quasi-monochromatic
field will be decomposed into a large number of trans-
verse modes, each of which is resonant for a different
mirror separation. In order for a general curved mirror
cavity to be useful as a scanning spectrum analyzer
(or static filter), the input field must be reduced to a
single transverse mode of the cavity, ie, mode
matehed, so that the transmission of the cavity, as a
function of mirror separation, can be unambiguously
interpreted in terms of the frequency content of the in-
put field. This can be accomplished without consider-
able loss of light only in the case of a laser light source
operating in a single transverse mode.

Tor the special case of a confocal, or near confocal
resonator, such as an FPS, Egs. (36) and (37) become:

g 2 [c/4(r + 1[29 + (1 + m + n)], (36a)
and
(r + ) = (e/4m)[2g + (1 + m + n)], (37h)

where the mirrors have radii » and are separated by
(r + ¢) =r. Thus, all transverse modes will resonate at
cavity lengths of either,
(r + €) = (c/4%)(21 4+ 1); 1 an integer, (m + n) even, (3Ba)
or
(r + €) = (¢/4w)(21); (m 4+ n) odd. (33b)

If we assume that an arbitrary input field of frequency
vg is made up of an approximately equal number of
even and odd transverse modes (a good approximation
in any instance where mode-matching is not inten-
tionally accomplished), then the cavity will be resonant
for:

(r 4 ¢) = el/dw; | an integer, (39)
and the multimode free spectral range will be

Avg(multimode) = ¢/4r (40)



If, on the other hand, the input field exactly matches a
single mode of the cavity, the free spectral range is

Ayy(single transverse mode) =~ ¢/2r. (41)

The transition from multimode to single mode excita-
tion can be observed without undue difficulty, as illus-
trated in Fig. 9. (Note that the free spectral range in-
creases by a factor of two for both seanning and static
fringe modes of use of the FPS.) The tolerance on the
alignment of the light beam relative to the axis of the
FPS that is required for mode matched operation is
on the order of \/p,, so that it is highly unlikely that
this situation would be encountered inadvertently.

Mode matehing of an FPS can also be considered from
a more direct point of view. We have already men-
tioned the additional interference pattern arising from
an angular misalignment of the two types of rays trans-
mitted by the F'PS. It js easy to show that, when these
two types of transmitted beams are aligned, they are
in phase on axis (assuming r = m\/2), just out of phase
at the first fringe off axis, in phase again for the second
fringe, and so on. Thus the superposition of the two
transmitted beams results in constructive interference
in every other free spectral range, and destructive in-
terference in the remaining orders—thereby effectively
doubling the free spectral range and at the same time
doubling the amount of light transmitted at a given
resonance (when constructive interference occurs for
the transmitted beams, destruetive interference oceurs for
the two reflected beams).

The great advantage of the confocal FPS over a
general curved mirror resonator is the freedom from
the necessity to mode-match in order to observe a clean
spectrum. This, as we have just seen, is due to the
frequency degeneracy of even and odd transverse modes
of a confocal cavity., It can readily be shown from
Eq. (36) that the maximum value of |¢, the departure
from exact confoeal mirror spacing, which can be
tolerated without allowing the THM,, transverse
mode to resonate at an observably different mirror
spacing from that at which the TE My, mode is resonant,
is given by:

lelsune = /201 4 m 4 n)F (42)

Thus an FPS with » = 10 em and a finesse of 100 will
begin to suffer a loss in effective finesse for (m + n) =
100 when |¢| becomes greater than about 15 4. Thus
the variation in the mirror separation which oecurs
during direct scanning (less than a wavelength) is too
small to affect the transverse mode degeneracy. Of
course if pressure scanning is employed, it is the wave-
length of the light which is changed, not the mirror
separation.

Ill. Experimental Work with the FPS

This section is concerned with the practical aspects
of the FPS, including its design and fabrication, align-
ment procedures, and various modes of operation. A
number of applications are illustrated in the latter
parts of this section.

A. General Design Considerations

There are three separate aspects of the design
problem: (1) the mechanical design; (2) the attain-
ment of high finesse, and (3) the optical layout. Each
of these is briefly discussed in the following paragraphs,

1. Mechanical Design

The key mechanical requirements are that the two
mirrors be accurately and rigidly fixed relative to each
other; that there be a provision for making fine
adjustments to the mirror separation (either during or
after fabrication); that the optical separation of the
mirrors be insensitive to temperature and/or pressure
variation; and that the interferometer assembly be
mechanically isolated from vibration and acoustic
pickup. The requirements for rigidity and freedom
from vibration dictate that the mirrors be held in a
common structure, rather than mounted, for example,
on a lens bench. This, in turn, means that any trans-
ducer used for varying the mechanieal separation of the
mirrors must be an integral part of the interferometer.
Mechanical isolation of the rigid interferometer as-
sembly is readily accomplished by mounting it in an
outer case using a soft suspension (in the specific de-
signs deseribed later in this section, the outer case could
be sharply struck without producing a detectable
change in the observed spectrum—indicating a sta-
bility in the length of the optical cavity on the order of
a one hundredth of a wavelength or better).

Insensitivity to pressure variations can be accom-
plished only by sealing the container holding the inter-
ferometer, This must be done, in any event, if the
interferometer is to be pressure scanned. Insensitivity
to temperature variations can be achieved both by con-
ventional compensation, in which the expansions of
dissimilar materials compensate for one another, and
by the use of very low expansion materials. In an
interferometer intended to serve as a passive frequency
standard, we have combined both methods. As long
as this interferometer is at a uniform temperature, its
length ean be maintained to within one part in 10% over
a range of a few degrees centigrade.

The fine adjustment of mirror separation can easily
be obtained using a well-made threaded mount for one
mirror cell, Tor example, we found that a 12.7-mm
diam cell with 16 threads/em could be manually ad-
justed with a precision of at least a tenth of a wave-
length providing that the mirror separation could be
monitored by observing the spectrum from a stable
gas laser. (Most gas lasers ave far less stable, both
mechanieally and thermally, than the interferometers
described here.) We were pleasantly surprised to find
that the same precision of motion could also be obtained
with a relatively loose screw fit swhen the slop was taken
up with a thin Teflon tape commercially available as a
pipe dope.

2. Attainment of High Finesse

The attainment of high finesse requires that the
mirrors be of excellent optical quality and that they be
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Table Il. Characteristics of Some Muiltilayer

Reflective Coatings
Region of high
Type refleetivity F Ts R
A 6200 X to 7000 A 295 0.45  0.993
B 4800 A to 6000 & 150 0.35  0.99
¢ 4900 A to 6800 A 1R0-200 0,02 0.992

coated with high reflectivity multilayer dielectric films.
For scanning applications, only the central spot, of
radius p,, need satisfy these requirements. If the
interferometer is used to observe fringes, however, the
mirror figure should be good over a somewhat larger
area to ensure that the fringes will be eircular. Mirror
blanks should be tested against the same master; they
generally require final polishing by hand if they are to
have the necessary figure—that is to say, if they are to
be spherical to within A/F, where F' is the desired
finesse. I'inal evaluation of the mirror figure can only
be made after the mirror has been coated and tested
as an interferometer component. Not only must the
mirror figure be excellent, but the polished surface
must be free of microscopic seattering sites if the ulti-
mate in reflectivity is to be realized. This is within
the present state of the art, and scattering losses of
less than 0.3% are attainable with fused quartz blanks.*

As we suggested in the last section, one is usually
forced to make some sort of compromise between finesse,
instrumental transmission, and possibly the spectral
bandwidth within which the mirrors have high re-
flectivity. Ior example, using commercially available
multilayer coatings (referred to as types A, B, and C)
we were able to obtain the performance summarized
in Table II. Type A is a narrow band coating covering
a rather restricted spectral range, but offers high finesse
combined with excellent transmission. Type B covers
a considerably broader portion of the spectrum with
fairly high instrumental transmission, but has a some-
what reduced finesse. Type C, on the other hand, has
broad band coverage and relatively high finesse, but
rather low transmission. By making fairly drastic
sacrifices in instrumental transmission, it is probably
possible to obtain finesses of up to 500 with commer-
cially available contings and a passive interferometer.
This limitation is not set by available reflectivity, but
by attainable mirror figure (or diffraction losses in the
case of very short cavities).

3. Optical Layout

By oplical layoul we mean the optical system which
brings the light into the interferometer and determines
the path of light leaving the interferometer. For a
number of reasons we have preferred to make the inter-
ferometer mirror blanks of very nearly zero optical

* It is now generally recognized that essentially scatter-iree
surfaces of excellent figure can be obtained by continuous and ez-
lended (12-36 h) final polishing of fused quartz blanks.
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power. This permits the use of mirrors with concentric
surfaces, which simplifies fabrication. More impor-
tantly though, it means that the interferometer can be
used to spectrally filter a narrow collimated beam of
light without appreciably affecting the collimation of
the beam. If a further optical system is added to the
FPS, it should serve to facilitate the alignment of the
FPS with the light source, and to get light efficiently
through the interferometer and within the instrumental
passband. Figure 10 illustrates an optical system
which has proved to be convenient and versatile. Con-
sider first an incident collimated beam: lens L, brings
the incident radiation to focus at the center of the
interferometer. (Note that the path of light within
the interferometer is just the reverse of the case where
the light incident on the interferometer is collimated.)
All of the light falling within a central circle of radius
2p,f/r on lens Ly will pass through the detector aperture
of radius p, and will thus be filtered by the instrumental
passband. In this mode of operation the FPS can be
used as a static or tunable filter, or as a scanning spec-
trum analyzer. If the incident light is not collimated,
there is no significant loss in resolution, but there may
be a reduetion in the amount of light received by the
detector. This holds even for gross departures from
collimation in the incident beam of light. The entire
system should be free to rotate about the center of L.
In this way the incoming beam can be directed at the
center of L; and then the entire interferometer system
can be rotated about this point in order to attain align-
ment between the incoming beam of light and the axis
of the FPS. The detector aperture, which limits the
actual instrumental bandpass for incident beams with
a large diameter, is located just behind the interferom-
eter,

DETECTOR
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Fig. 10. A versatile FPS instrument. (a) Optical layout show-

ing the FPS etalon, lens Ly, and detector aperture; (b) arrange-

ment for scanning; (c¢) arrangement for observing and recording
fringe pattern (detector removed).
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Fig. 11. Schematic of a highly stable fixed mirror FPS etalon:
(1) outer case (Al alloy); (2) end plates with windows; (3)
Cer-Vit etalon spacer; (4) fused quartz mirrors; (5) fixed mirror
cell (Invar); (6), (7) adjustable mirror cell (Invar); (8) ports in
etalon spacer; (9) phosphor bronze springs holding etalon;
(10) fixture for evacusting chamber and pressure scanning.

This design facilitates the observation of the static
fringe pattern. If the detector aperture is removed and
a quasi-collimated beam of light is incident on what was
the rear of the system, then the fringe pattern will be
formed in the focal plane of lens L,. Thus an observer,
or camera focused on infinity, can readily view the
fringe pattern. If the incident beam is diverging,
rather than collimated, then the plane of the fringe pat-
tern will be slightly displaced towards the lens, and vice
versa. A low power focusing telescope is useful both
for observing the fringe pattern, and for photographing
it. In this mode of operation, the system should be
mounted so that it can be rotated about a point near
the right-hand interferometer mirror [Fig. 10(¢)]. To
use the interferometer as a narrow bandpass filter with
zero optical power, the lens is simply removed.

In order to eliminate ghost fringe patterns, the rear
surfaces of the F'PS mirrors, and both surfaces of Ly,
should be antireflection coated.

B. Design of a Static or Pressure Scanned FPS

This design, shown in Fig. 11, is intended primarily
to eliminate variation of the axial mirror separation
with temperature. This FPS is thus well suited for
use as a secondary frequency standard with a long term
stability of better than 1 MHz with temperature con-
trol of £1° C. This thermal stability is obtained by
making the mirror spacer of Cer-Vit* (thermal expan-
sion coefficient no greater than =0.1 X 10-7/°C), and
using the Invar mirror cells thermally to compensate
for the residual expansion of the Cer-Vit (this can
easily be done since the manufacturers of Cer-Vit
routinely supply accurate expansion data for each
blank). The quartz mirrors change radius by about a
wavelength for a 1° C temperature change, but this in-
troduces a negligible change in the mirror separation,
which determines the resonant frequency of the FPS.

* Cer Vit is a low expansion semitransparent glasslike ceramie
manufactured by Owens-Tllinois.

We have not yet established the lower limit on the
frequency stability of this system.

The interferometer assembly is held inside a pressure
chamber by means of phosphor-bronze finger-stoek
springs, which provide adequate mechanical isolation.
The pressure chamber ean be used for pressure scanning,
or it ean be partially evacuated and sealed to eliminate
effects due to changes in atmospheric pressure,

Applications for this type of interferometer include
ultrahigh resolution Spectroscopy, and use as a passive
feedback component in frequency stabilizing lasers,

C. A Piezo-electrically Scanned FPS System

This instrament is designed along the lines illustrated
in Fig. 10, and can be used as a scanning spectrum
analyzer, as a tunable narrow bandpass filter with zero
optical power, or for direct observation of multiple beam
interference fringes. The key element in the instru-
ment is the FPS etalon, which is comprised of a fixed
and an adjustable mirror cell, and a thermally compen-
sated rigid spacer tube. The Spacer tube includes, as
an integral component, a piezo-electric ceramie section
which increases in length by about 1.5 em X 10~% em
with the application of 50 V across the inner and outer
surfaces of the tube (sufficient to scan a complete free
spectral range in the visible). The adjustable mirror
cell permits the mirror spacing to be easily set to within
a fraction of a micron. Further fine adjustment can
be accomplished by applying a de voltage to the scan-
ning voltage terminal; this is the method of tuning in
the bandpass-filter mode of operation. Figure 12
shows a eut-away view of the entire instrument,

The FPS etalon is mechanically isolated from the
case by a mounting technique using two large silicone
rubber O-rings which cushion the etalon from mechani-
cal shocks (see Fig. 12). The outer case can be struck
sharply from any direction without noticeably affecting
the resonant frequency of the etalon. As shown in Fig.

\ _Eﬂiiﬂu“ "_ﬁi
B 5) ) )

s e
AN Bt
¢ L ir ey e——
iy

e

Fig. 12, An FPS gpectrum analyzer for seanning or gtatic mode
of operation: (1) removable detector (photodiode): (2) soft
O-ring for mounting FPS etalon; (3) quartz mirrors (r = 5 cm);
(4) piezo-electric transducer/etalon spacer; (5) scanning voltage
terminal; (6) auxiliary lens (focal point is between mirrors);
(7) mounting flange; (8), (9) adjustable mirror cell; (10) fixed
mirror cell; (11) outer case. (The mirror cells are designed to
compensate for the thermal expansion of the etalon spacer, )
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Fig. 13. Typical fringe patterns in the vicinity of confocal

separation for a 10-em FPS. In each case, the source is a single
mode He-Ne laser. Variations in the fringe patterns in each
horizontal row were obtained by making small changes (<\/4)
in the mirror separation. (a)e= =70y, (b) e = 0, (e)e=T0p

10, the lens at one end of the instrument serves either
of two functions: to direct an incident beam of radia-
tion into the center of the FPS etalon (scanning or filter
modes of operation), or to image the interference fringe
pattern at infinity when light is incident on the other
end of the instrument (visual or photographic modes of
operation). In the scanning mode, a small photode-
tector is mounted directly behind the FPS. We have
used both a silicon photodiode and a photomultiplier as
the detector (the majority of the scans shown in Sec.
[11.E were obtained with a photodiode operating in the
photovoltaic mode). Since it is desirable—for ease in
alignment—to rotate the entire instrument about the
entrance aperture, the mounting flange can be attached
at either end of the instrument. This flange then
serves to attach the instrument to a mirror-mount
which is adjustable in angle.

The mirror radius in the FPS is 5 em, with a cor-
responding free spectral range of 1500 MHz.* Using

*Nole added in proof: By replacing the §-cm radius mirrors
with 1-em mirrors, and modifying one mirror cell to provide for
a l-om mirror separation, we were recently able to extend the
free s]gectml range of this instrument to 7.5 GHz (or 0.09 A at
6000 X). Using narrowband mirrors, a finesse in excess of 100
was ensily attained with a 0.5-mm detector aperture. This
type of instrument has proved useful in examining ion laser
spectra. Comparable finesse in an FPP with the same free
spectral range is very difficult to obtain.
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multilayer dielectric mirrors, we can obtain a finesse of
greater than 150 over a spectral range of about 1200 zi,
and with an instrumental transmission of 40% to 45%
(compared with the maximum of 50% in the nonmode-
matched configuration). With careful mode matching,
the instrumental transmission goes to 80-90%,, the free
spectral range becomes 3000 MHz, and the finesse is
doubled—leaving the resolving power unchanged.
With broadband multilayer mirrors, a finesse of 150 can
be maintained from about 4900 A to 7000 A, with an
instrumental transmission of approximately 25% (or
509, when mode matched). With these mirrors, this
instrument has been used for high resolution spectros-
copy with argon lasers (4880 A and 5145 A), He-Ne
lasers (6328 A) and Q-switched ruby lasers (6943 .7&).
A variety of experimental data is shown in See. ITLE.

In the scanning mode, the instrument is very easy to
align to the incident beam of light. First of all, the
instrument is located so that the incident light beam
(preferably, but not necessarily, more or less colli-
mated) falls close to the center of the lens. The axis
of the instrument is then roughly aligned with the
incident beam. This can be done most conveniently
by observing the light that has been reflected from the
FPS back towards the source: the reflected beam should
be adjusted to lie fairly close to the incident beam. At
this point a high resolution scan display can be ob-
served by monitoring the detector output at an oscillo-
scope. The display is peaked by further small adjust-
ments to the alignment. The scanning voltage is con-
veniently provided by the sawtooth (or horizontal scan)
voltage from the oscilloscope. This voltage will
typically scan two or three free spectral ranges, and
assures synchronism between the applied scanning
voltage and the oscilloscope sweep. Moreover, this
technique provides a highly linear display of the optical
spectrum at the oscilloscope.

To observe interference fringes, the detector is re-
moved and the incident beam is directed towards the
end of the instrument at which the detector was located.
The fringe pattern can then be viewed directly through
the lens, or an auxiliary telescope can be used. The
latter is particularly useful when the incident beam is
not collimated, resulting in a displacement of the plane
of the fringe pattern away from the focal plane of the
lens. The proper alignment of the instrument axis
relative to the incident beam of light can be made by
observing fringe pattern and making angular adjust-
ments to make the fringes circular. As mentioned
earlier, it may be desirable to change the mirror spacing
slightly to obtain a more nearly linear display of
frequency in the fringe pattern, although this entails a
reduction in the realizable spectral resolution (Fig. 14).

D. Alignment Procedures

In assembling and using FPS interferometers, only a
few alignments or adjustments are required, and in this
section procedures for these are briefly described.



1. FEstablishing the Confocal Mirror Separation

We have pointed out that optimum performance of an
I'PS depends critically upon the proper spacing of the
mirrors. Connes has described an imaging technique
for approximating this adjustment which requires only
a small incoherent light source.* If a He-Ne laser is
available, the alignment can be made with high pre-
cision as follows., First, adjust the mirror separation
to within 2 millimeter or so from knowledge of the mirror
radii. Then, set up the FPS etalon so that a quasi-
collimated beam from the gas laser is incident on one
mirror, and arrange to view the interference fringes
which are formed in the vicinity of the central plane of
the etalon. The laser beam diameter should be large
enough to allow several fringes to be seen. Next,
malke a fine adjustment of the mirror separation to bring
the mirrors closer logether by a fraction of a wavelength,
and observe the resulting change in the central fringe
radiug. This fine adjustment can usually be made by
manually squeezing the etalon. If the mirror separa-
tion is greafer than the confocal separation, the central
fringe will become smaller in diameter as the mirrors are
moved towards each other. If the mirror separation is
less than the confocal spacing, the central fringe diam-
eter will increase as the mirrors are moved towards one
another. Figure 13 shows the appearance of the central
fringes on either side of exact confocal spacing, as well
as at the confocal spacing. As shown in Fig. 13(a)},
when the mirrors are spaced by slightly less than con-
focal spacing, there is a zone [radius (—2e)i] of
high dispersion toward which all fringes gravitate as
the mirror spacing is slightly reduced (or, equivalently,
as the wavelength of the quasi-monochromatie light
source is increased). This zone approaches the center
of the fringe pattern as the mirror separation ig in-
creased, and disappears through the center of the pat-
tern when the confocal spacing is exceeded. The loca-
tion of this zone is an extremely sensitive indication of
the mirror separation, and when the mirrors are exactly
confoeal it is at the center of the fringe pattern. The
radius of this zone, as a function of mirror separation,
is shown by the dotted line in Fig. 3.

If the FPS is set up in the scanning mode it is possible
to peak up the adjustment of the mirror separation
merely by maximizing the amplitude of a displayed
laser spectrum while at the same time minimizing the
apparent width of individual speetral components.
With very little practice it becomes a simple matter to
establish confoeal separation to within a mieron or so
using this technique. As the optimum mirror separn-~
tion is approached, one should also make fine adjust-
ments to the angular alignment—unless a very small
diameter beam is used, in which case the spectral dis-
play is relatively insensitive to alignment.

2. Selecting the Optimum Detector Aperture

As mentioned earlier, the diameter of the detector
aperture [or, equivalently, the diameter of the incident
beam: see Fig. 10(a)] serves to define both the actual
instrumental bandwidth and the étendue. As a rule,

one seeks a compromise in which a considerable étendue
can be attained with only slight sacrifice in resolving
power. The curves in Fig, 8(d) show that the optimum
compromise occurs when the radius of the detector
aperture (assuming it to be located adjacent to the rear
interferometer mirror) is just under p,. TFigure 14
shows experimental data for the instrument profile of a
10-em FPS, with a nominal finesse of just over 100, for
various detector apertures. In this figure the desira-
bility of using the optimum detector aperture is obvious.
For larger apertures, the peak transmitted power goes
up very little, and the resolution goes down. Note,
however, that at larger apertures more fotal light is
transmitted: this may be an important consideration
in applications involving weak light sources. It is
worth pointing out that the finite time constant of a
high finesse FPS precludes the use of very high sweep
speeds without suffering a loss in resolution—in this
case, 100, it would make sense to use a somewhat larger
detector aperture than normal,

3. Alignment for Mode Malching

There are undoubtedly applications where it might
prove useful to extend the free spectral range of an FPS
by mode matching. The gain in free spectral range is
accompanied by a twofold increase in both finesse and
instrumental transmission, so that there is no loss in
spectral resolution. There is, however, a very great
reduction in the tolerance of the alignment between
the FPS axis and the incident light beam, and there is
also the restriction that the incoming beam match a
lowest order transverse mode of the cavity. This latter
restriction is less severe than it might be, due to the
degeneracy of a confocal cavity. Unlike a general
curved mirror cavity, the position of the beam waist of
the lowest order transverse mode is not uniquely de-

D=5cm

D=.7cm

24 MHz/cm

Tig. 14. Observed instrumental profiles for different detector

aperture diameters D.  Light source was & 1-em wide collimated

single mode laser beam. {e~0; » = 10em.) The 0.3-cm aper-

ture is clearly the best compromise between signal amplitude and
resolution.
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330MHz/cm

Spectra of 4 single mode laser obtained with 5-¢m and

Fig. 15.

10~¢m scanning FPS instruments.  Top: 10-em FPS, measured

finesse F* ~ 154; middle: 5-em (broadband mirrors), # ~ 148;

bottom: zingle mode He-Ne gain profile, showing Lamb’z dip
(see text),

termined, but can be located anywhere between the two
mirrors (the diffraction losses are minimized, however,
when the beam waist is at the center of the cavity).
This type of confoeal cavity degeneracy is particularly
clear from the geometrical construction for gaussian
mode propagation described by Laures.® Thus, for a
confocal laser, the problem of mode matching is largely
a problem of aligning the optical axis of the I'PS, ie.,
the line joining the centers of curvature of the two
mirrors, to that of the incoming light beam. Stated
in another way, the basic problem is to locate the source
(or its image) and both centers of curvature on a single
straight line.

The mode matching alignment problem, as just
stated, obviously requires both angular and lateral dis-
placements of the 'PS—regarding the source as fixed,
When the source is at infinity (collimated), however, it
is elear that only angular adjustments are required.
This simplifies the problem considerably. Using a
collimated beam, the procedure is as follows. TFirst,
set up the FPS in the same manner used for observing
multiple beam interference fringes [Fig. 10(c)]. Then,
while viewing the fringe pattern, adjust the angular
alignment of the FPS until a two-beam interference
pattern of straight fringes can be seen superimposed on
the circular fringes [ef., Fig. 9(a)]. Next, make fine
adjustments to increase the straight-fringe spacing until
it is large compared to the spot size p,, or at least greater
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than the detector aperture at the center of an image of
the circular fringe pattern. Finally, observe the scan
display and touch up the alignment as required. The
procedure is somewhat inefficient in that much of the
light in the collimated beam fails to reach the detector.
Note that the alignment precision is approximately
M/ ps and thus requires interferometric stability between
the source and the FPS.

As an alternate procedure, one ean use the technique
deseribed by Fork el al. for mode matehing to a general
curved mirror eavity.” Also, we have found that with
practice one can set up the FPS in the normal scanning
mode and then hunt for the mode-matched condition
by making small lateral and angular adjustments while
observing the scan display. As the proper alignment is
approached, the spectral display in every other free
spectral range is slightly increased in amplitude, while
the remaining portion of the display is decreased in
amplitude. This hunting procedure is not very reliable,
and generally takes longer than the alignment deseribed
above.

E. Some Experimental Results

One of the first characteristics of an FPS instrument
which one would like to determine experimentally is its
instrumental bandpass or, equivalently, itz finesse.
This is conveniently accomplished by observing the
spectrum of a relatively stable gas laser, whose indi-
vidual spectral components are generally orders of
magnitude narrower than one could hope to observe
directly. TFigure 15 shows spectra of a stable single
mode He-Ne laser which were obtained with 5-cm and
10-em seanning FPS instruments of the fype described
in Sec. III.C. The 5-em FPS had broadband mirrors
(4300 A to 6900 A), while the 10-cm FPS had con-
ventional narrowband mirrors peaked at approximately
6500 A. The finesse in both cases was about 150. The
seanning voltage was supplied directly from the oscillo-
scope’s horizontal sweep, and the duration of each sweep
was 10 msee. Also shown in Fig. 15 is the gain profile
of the single mode He—Ne laser, clearly showing Lamb’s
dip and thereby the collision-broadened homogeneous
linewidth in He~Ne (this gain profile was obtained by
slowly changing the laser cavity length and integrating
the displayed spectrum with a storage oscilloscope).

We also found that it was a simple matter to in-
directly determine the instrumental linewidth by mnk-
ing a direct measurement of the I'PS cavity lifetime r:

7= 2rF'/xc = (2x4vy)" N (43)

This lifetime could be observed with fair preecision by
using a 10-nsec Q-switched laser pulse as a realizable
approximation to a temporal delta function, and de-
tecting the transmission of the FPS as a function of
time with a fast phototube and scope. The resultant
trace was very nearly an exponential decay, and gave
results in good argreement with other measurements.
Note that it is not necessary that the Q-switched pulse
have a narrow spectrum, although the alignment be-
tween the laser beam and FPS must be good.



MULTIMODE GAIN PROFILE

Fig. 16, Spectra of an adjustable multimode He-Ne gas laser.

Verious numbers of modes were excited by adjusting the laser

mirrors. The 5-crm FPS shown in Fig. 12 was used. 330
MHz/cm.

Figure 16 shows the specira which were obtained us-
ing an inexpensive commerecially available He-Ne laser
which could be operated in one or many transverse and
axial modes by adjusting the mirror alignment. This
figure clearly shows the ability of the F'PS to record the
spectra of higher order transverse modes (only by ob-
serving the laser spectrum can very weak higher order
transverse modes be detected). The gain profile shows
a raggedness due to competition effects between dif-
ferent modes, and an asymetry due to the presence of
more than one isotope of neon in the He~-Ne mixture.
The spectra shown in Fig. 16 were all obtained with a
5-cm FPS with a free spectral range of 1500 MHz (or
approximately 0.02 A at 6328 A).

The fringe patterns shown in Fig. 17(a) and (b)
show the spectra of a 60-em He-Ne laser operating in
three axial modes, with just the TFEM transverse
mode [see Fig. 17(a)], and with both T'EM, and
TEMy transverse modes [see Fig. 17(b)]. These
spectra were obtained with the same instrument used
in obtaining the spectra shown in Fig. 16, although a
different laser was used. The mirror separation was
approximately 50 u in excess of confoeal, resulting in a
lower radial dispersion near the center of the pattern
than would otherwise be obtained. Figure 17(c) shows
the spectrum of a @-switched laser operating in a single
mode (TEMpy,), and was obtained with a 10-em FPS in
exact confoeal adjustment. The anomalously large
recorded linewidth (>200 MHz) is due to a continuous

frequency drift during the evolution of the 10-nsec
Q-switched laser pulse. The origin of the frequency
drift has not been clearly established, but it is power
dependent and approaches zero near threshold for the
Q-switched ruby laser.

In many instances it is desirable to make a precise
determination of the separation of two spectral lines or
of the width of a single line, from a photograph of an
FPS fringe pattern. This requires an exact knowledge
of both the magnification M of the fringe pattern in the
photograph and the departure from confocal separation
e. If the two spectral lines in question give rise to
fringes of radii g and py in the photograph of the fringe
pattern (both in the same free spectral range), then it is
straightforward to show that their frequencies differ by:

By = (3s = 11) = G/4rY{ps! — p*)M 1
+ drelp? = M2 (44)

where ¥ is the mean optical frequency. By the same
token, if a single spectral component gives rise to fringes
of radii py, ps, and p; in adjacent free spectral ranges
(corresponding to spectral lines of known frequency dif-
ference, ¢/4r}, then the equation above can be used to
solve for both M and e in terms of p1. pa, ps, and # (the
mirror radius).

IV. Summary

We have found the spherical I'abry-Perot interfer-
ometer to be an extremely versatile high resolution
spectroscopic tool, It is particularly well suited, be-
cause of its high resolution and limited, free spectral
range, o the study of laser and laser-derived, e.g.,
stimulated and spontaneous scattering of laser light,
light sources. It can readily be adapted for pressure or

Axial and
ransverse modes

Single - mode
Q-Switched ruby

Top left: spectrum of a He-Ne gas laser operating in

Fig. 17.

three axial modes and the 7’EMy transverse mode. (e ~ 20 p,

r = 5 cm, free gpectral range 1500 MHz). Top right: same as

above, but with an additional TEM,, mode in oscillation. Bot-~

tom: spectrum of a 10-nsec single mode pulse from a @-switched

ruby laser (see text). (e ~ 0, r = 10 om, free spectral range
750 MHz).
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mechanieal seanning, fringe display, or tunable narrow
band filtering. The important limitations of an ¥PS
are its relatively narrow free spectral range (generally
less than a few thousand megahertz), and the inability
Lo vary the free spectral range attainable with a given
pair of mirrors. Some of the advantages of an IPS
over other types of optical spectrum analyzers are listed
below. -

(a) Ease in attaining high finesse—thereby taking
advantage of the high reflectivities now available with
commercially available dieleetric coatings.

(b) Ease of alignment: once the initial mirror separa-
tion is set, no further adjustments are required. The
only alignment required is that of the entire F'PS etalon
relative to the light source, and this alignment is not
critical.

(¢) High étendue (light gathering power) without
snerifice in speetral resolution.

(d) Large acceptance angle when used as an optical
filter (2 = 4x(\/+F)? sr).

{e) The transverse mode degeneracy of the confoeal
cavity obviates the necessity for mode matching.

(f) Versatility: a single FPS instrument can be de-
signed to serve in three modes of operation, i.e., scan-
ning, fringe display, and optical filtering.

Using readily available mirror coatings, passive I'PS
interferometers of reasonable length (50 em) can easily
resolve down to a fraction of a megahertz and, if prop-
erly stabilized and thermally compensated, can pro-
vide convenient and portable secondary optical wave-
length standards, In addition to spectroscopic appli-
cations, we plan to use FPS instruments as optical M
diseriminators, and as passive elements in laser fre-
quency stabilization servo loops.

Appendix . Normalized Equations for FPS

In illustrating the performance of an FPS with the
calculated curves shown in various figures, we chose to
use specific values for the pertinent parameters 7, ¢, A,
and p. This was done, rather than using dimensionless
normalized parameters, so the reader could get an idea
of the actual values of these parameters in a typical
case: namely, 7 = 10 em and A = 6250 A (» = 4.8 X
10 Hz).

If we wish, we can define normalized dimensionless
variables; ry, = r/\, & = ¢/A, and py = p/\, so that
the normalized fringe radii are given by:

(on? ra?) 4+ (deapn?/ra?) = (m - E}: (A1)

where ¢ is the fractional order of interference on axis.
The spot size has a normalized radius,

(ps)a = (ra?/F)Y. (A2)

With these equations, it is straightforward to convert
the caleulated curves to normalized eurves which apply
to any set of system parameters. As an alternative,
we list below recipes for converting the caleulated curves
so that they may be used with different values of r
and/or A\. (The distances ry and A\ are 10 em and
6.25 X 10~% em, respectively.)

Figure 3. If the mirror radii are each r = arg, and
if N = b, then: (i) ehange each value of p to p’ =
pa’, and (i) change each value of m, the order of
interference relative to the order on axis, to m’ = m/
(ab), (iii) The e nxis remains unchanged. [Note that
the curve defining p; corresponds to m = (1/F).]

Figure 4, If r = ary and A = bdy, then change p to
o' = alblp,

Figure 5. If r = arg and N = b\, then: (i) change
plop’ = a'blp, and (ii) change (v — w) to (v — w)’ =
(v — w)/a.

Figure S. Same as Iig. 4.
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L.aser Beams and Resonators

H. KOGELNIK anp T. LI

Abstract—This paper is a review of the theory-of laser beams and
resonators. It is meant to be tutorial in nature and useful in scope. No
attempt is made to be exhaustive in the treatment. Rather, emphasis is
placed on formulations and derivations which lead to basic understand-
ing and on results which bear practical significance.

1. INTRODUCTION

HE COHERENT radiation generated by lasers or
Tmascrs operating in the optical or infrared wave-

length regions usually appears as a beam whose
transverse extent is large compared to the wavelength.
The resonant properties of such a beam in the resonator
structure, its propagation characteristics in free space, and
its interaction behavior with various optical elements and
devices have been studied extensively in recent years.
This paper is a review of the theory of laser beams and
resonators. Emphasis is placed on formulations and
derivations which lead to basic understanding and on
results which are of practical value,

Historically, the subject of laser resonators had its
origin when Dicke [1], Prokhorov [2], and Schawlow and
Townes [3] independently proposed to use the Fabry-
Perot interferometer as a laser resonator. The modes in
such a structure, as determined by diffraction effects,
were first calculated by Fox and Li [4]. Boyd and Gordon
[5], and Boyd and Kogelnik [6] developed a theory for
resonators with spherical mirrors and approximated the
modes by wave beams. The concept of electromagnetic
wave beams was also introduced by Goubau and Schwe-
ring (7], who investigated the properties of sequences of
lenses for the guided transmission of electromagnetic
waves. Another treatment of wave beams was given by
Pierce [8]. The behavior of Gaussian laser beams as they
interact with various optical structures has been analyzed
by Goubau [9], Kogelnik [10], [11], and others.

.+ The present paper summarizes the various theories and

is divided into three parts. The first part treats the passage
of paraxial réys through optical structures and is based
on geometrical optics, The second part is an analysis of
laser beams and resonators, taking into account the wave
nature of the beams but ignoring diffraction effects due
to the finite size of the apertures. The third part treats the
resonator modes, taking into account aperture diffrac-
tion effects. Whenever applicable, useful results are pre-
sented in the forms of® formulas, tables, charts, and
graphs.
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2. PARAXIAL RAY ANALYSIS

A study of the passage of paraxial rays through optical
resonators, transmission lines, and similar structures can
reveal many important properties of these systems. One
such “geometrical property is the stability of the struc-
ture [6], another is the loss of unstable resonators [12].
The propagation of paraxial rays through various optical
structures can be described by ray transfer matrices.
Knowledge of these matrices is particularly useful as they
also describe the propagation of Gaussian beams through
these structures; this will be discussed in Section 3. The
present section describes briefly some ray concepts which
are useful in understanding laser beams and resonators,
and lists the ray matrices of several optical systems of
interest. A more detailed treatment of ray propagation
can be found in textbooks [13] and in the literature on
laser resonators [14].

|
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INPUT OUTPUT
PLANE PLANE

Fig. 1. Refcrence planes of an optical system.
A typical ray path is indicated.

2.1 Ray Transfer Matrix

A paraxial ray in a given cross section (z=const) of an
optical system is characterized by its distance x from the
optic (z) axis and by its angle or slope x” with respect to
that axis. A typical ray path through an optical structure
is shown in Fig. 1. The slope x' of paraxial rays is assumed
to be small. The ray path through a given structure de-
pends on the optical properties of the structure and on the
input conditions, i.e., the position x, and the slope x,’ of
the ray in the input plane of the system. For paraxial rays
the corresponding output quantities x. and x,’ are linearly
dependent on the input quantities. This is conveniently
written in the matrix form

A B
¢ D
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1':’

2y |

(1)

1'1' I



TABLE I
RAY TRANSFER MATRICES OF Six ELEMENTARY OPTICAL STRUCTURES
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where the slopes are measured positive as indicated in the
figure. The ABCD matrix is called the ray transfer matrix.
Its determinant is generally unity

AD — BC = 1. 2

The matrix elements are related to the focal length f of
the system and to the location of the principal planes by

3)

where A, and k. are the distances of the principal planes
from the input and output planes as shown in Fig. 1.

In Table I there are listed the ray transfer matrices of
six elementary optical structures. The matrix of No. [
describes the ray transfer over a distance d. No. 2 de-
scribes the transfer of rays through a thin lens of focal
length f. Here the input and output planes are immediately
to the left and right of the lens, No. 3 is a combination
of the first two. It governs rays passing first over a dis-
tance d and then through a thin lens. If the sequence is
reversed the diagonal elements are interchanged. The
matrix of No. 4 describes the rays passing through two
structures of the No. 3 type. It is obtained by matrix
multiplication. The ray transfer matrix for a lenslike
medium of length d is given in No. 5. In this medium the
refractive index varies quadratically with the distance »
from the optic axis.

n = ny — ynard (4)

An index variation of this kind can occur in laser crystals
and in gas lenses. The matrix of a dielectric material of
index n and length d is given in No. 6. The matrix is
referred to the surrounding medium of index 1 and is
computed by means of Snell's law. Comparison with No.
1 shows that for paraxial rays the effective distance is
shortened by the optically denser material, while, as is
well known, the “optical distance” is lengthened.

2.2 Periodic Sequences

Light rays that bounce back and forth between the
spherical mirrors of a laser resonator experience a periodic
focusing action. The effect on the rays is the same asin a
periodic sequence of lenses [15] which can be used as an
optical transmission line. A periodic sequence of identical
optical systems is schematically indicated in Fig. 2. A
single element of the sequence is characterized by its
ABCD matrix. The ray transfer through n consecutive
elements of the sequence is described by the nth power
of this matrix. This can be evaluated by means of Sylves-
ter's theorem

)A B
C D

1
sin €

(3)
Asinn® — sin(n — 1)@ B sin n®
"€ sinn® Dsinn® — sin(n — 1)©
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where
cos © = §(A + D), (6)

Periodic sequences can be classified as either stable or
unstable. Sequences are stable when the trace (A+ D)
obeys the inequality

-1<¥4+D)<1. (7)

Inspection of (5) shows that rays passing through a stable
sequence are periodically refocused. For unstable sys-
tems, the trigonometric functions in that equation be-
come hyperbolic functions, which indicates that the rays
become more and more dispersed the further they pass
through the sequence.

—!-1 ABf—AnB ADpe——— A8
iH{cojlico CDlmmmn € ot
%o X Xn
) (<) ()
Fig. 2. Periodic sequence of identical systems,

each characterized by its ABCD matrix.

a»
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2.3 Stability of Laser Resonators

A laser resonator with spherical mirrors of unequal
curvature is a typical example of a periodic sequence that
can be either stable or unstable fg] In Fig. 3 such a
resonator is shown together with its dual, which is a
sequence of lenses. The ray paths through the two struc-
tures are the same, except that the ray pattern is folded in
the resonator and unfolded in the lens sequence. The focal
lengths f; and f; of the lenses are the same as the focal
lengths of the mirrors, ie., they are determined by the
radii of curvature R, and R of the mirrors (fi=R,/2,
J2=Re/2). The lens spacings are the same as the mirror
spacing d. One can choose, as an element of the peri-
odic sequence, a spacing followed by one lens plus another
spacing followed by the second lens. The ABCD matrix
of such an element is given in No. 4 of Table I. From this
one can obtain the trace, and write the stability condition
(7) in the form

0<(l—,%)(l—fi;;)<l. 8)

To show graphically which type of resonator is stable
and which is unstable, it is useful to plot a stability dia-
gram on which each resonator type is represented by a
point. This is shown in Fig. 4 where the parameters d/R,
and d/R, are drawn as the coordinate axes:; unstable
systems are represented by points in the shaded areas.
Various resonator types, as characterized by the relative
positions of the centers of curvature of the mirrors, are
indicated in the appropriate regions of the diagram. Also
entered as alternate coordinate axes are the parameters g,
and g which play an important role in the diffraction
theory of resonators (see Section 4).
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R =2f, Ra=2f,

Fig. 3. Spherical-mirror resonator and the
equivalent sequence of lenses.
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Fig. 4, Stability diagram. Unstable resonator
systems lie in shaded regions,
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3. WAVE ANALYSIS OF BEAMS AND RESONATORS

In this section the wave nature of laser beams is taken
into account, but diffraction effects due to the finite size
of apertures are neglected. The latter will be discussed in
Section 4. The results derived here are applicable to
optical systems with “large apertures,” i.¢., with apertures
that intercept only a negligible portion of the beam power,
A theory of light beams or “beam waves” of this kind was
first given by Boyd and Gordon [5] and by Goubau and
Schwering [7]. The present discussion follows an analysis
given in [11].

3.1 Approximate Solution of the Wave Equation

Laser beams are similar in many respects to plane
waves; however, their intensity distributions are not uni-
form, but are concentrated near the axis of propagation
and their phase fronts are slightly curved. A field com-
ponent or potential u of the coherent light satisfies the
scalar wave equation

Vi 4k =0 (9)
where k=2 /\ is the propagation constant in the medium.



For light traveling in the z direction one writes
u = "(‘T) i, 2) exp( _jk'z) (10)

where ¢ is a slowly varying complex function which
represents the differences between a laser beam and a
plane wave, namely: a nonuniform intensity distribu-
tion, expansion of the beam with distance of propagation,
curvature of the phase front, and other differences dis-
cussed below. By inserting (10) into (9) one obtains

— o — — %k — =0 (11)

where it has been assumed that y varies so slowly with z
that its second derivative #%/dz* can be neglected.

The differential equation (11) for y has a form similar
to the time dependent Schrédinger equation. It is easy to

see that
¥ = exp {—j(P+£r’)} (12)
2q
is a solution of (11), where
r? = a2 432 (13}

The parameter P(z) represents a complex phase shift which
is associated with the propagation of the light beam, and
g(z) is a complex beam parameter which describes the
Gaussian variation in beam intensity with the distance r
from the optic axis, as well as the curvature of the phase
front which is spherical near the axis. After insertion of
(12) into (11) and comparing terms of equal powers in r
one obtains the relations

7 =1 (14)
and

A (15)

q

where the prime indicates differentiation with respect to z.
The integration of (14) yields

G:=q 1z (16)

which relates the beam parameter ¢, in one plane (output
plane) to the parameter ¢, in a second plane (input plane)
separated from the first by a distance z.

3.2 Propagation Laws for the Fundamental Mode

A coherent light beam with a Gaussian intensity pro-
file as obtained above is not the only solution of (11),
but is perhaps the most important one. This beam is often
called the “fundamental mode™ as compared to the higher
order modes to be discussed later. Because of its impor-
tance it is discussed here in greater detail.

For convenience one introduces two real beam param-
eters R and w related to the complex parameter ¢ by

1 1 A an
g R J:rw’

9

Fig. 5. Amplitude distribution of the fundamental beam.
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When (17) is inserted in (12) the physical meaning of these
two parameters becomes clear. One sees that R(z) is the
radius of curvature of the wavefront that intersects the
axis at z, and w(z) is a measure of the decrease of the
field amplitude E with the distance from the axis. This
decrease is Gaussian in form, as indicated in Fig. 5, and
w is the distance at which the amplitude is 1/e times that
on the axis. Note that the intensity distribution is Gaus-
sian in every beam cross section, and that the width of
that Gaussian intensity profile changes along the axis,
The parameter w is often called the beam radius or “spot
size,” and 2w, the beam diameter,

The Gaussian beam contracts to a minimum diameter
2w, at the beam waist where the phase front is plane. If
one measures z from this waist, the expansion laws for
the beam assume a simple form. The complex beam
parameter at the waist is purely imaginary

. Ty’
Go =7 N

(18)

and a distance z away from the waist the parameter is

1r'w°’

2 + =z (19)

g=qt+z=]

After combining (19) and (17) one equates the real and
imaginary parts to obtain

Az
wi(z) = wet| 1 + (20)
1l’tl7n3
W 3
R(e)=z[l+( ’)] (21)
Az.

Figure 6 shows the expansion of the beam according to
(20). The beam contour u(z) is a hyperbola with asymp-
totes inclined to the axis at an angle
A
0=—: (22)
TWo
This is the far-field diffraction angle of the fundamental

mode.
Dividing (21) by (20), one obtains the useful relation

and

Az Tw?*
=-— (23)
1!100’ AR
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Fig. 6. Contour of a Gaussian beam.

which can be used to express wp and z in terms of w and R:

e/ (oG]
, z=R/ [1+(:_$)2]‘ (25)

To calculate the complex phase shift a distance z away
from the waist, one inserts (19) into (15) to get

3 i
P e e 26
A gean) &

Integration of (26) yieidg the result
FP(z) = In[1 = j(z/mwe)]
= Inv1 + (\z/7we?)® — jare tan(hz/xwe?). (27)

The real part of P represents a phase shift difference & be-
tween the Gaussian beam and an ideal plane wave, while
the imaginary part produces an amplitude factor wq/w
which gives the expected intensity decrease on the axis due
to the expansion of the beam. With these results for the
fundamental Gaussian beam, (10) can be wr.i‘tten in the

form A
o o &

u(r,z) = =
w '
exp {—j(kz -8 —r (i + —’5)} (28)
w?* 2R
where .
& = arc tan(\z/wxw,?). (29)

‘" .

It will be seen in Section 3.5 that Gaussian beams of this
kind are produced by many lasers that oscillate in the
fundamental mode.

3.3 Higher Order Modes

- In the preceding section only one solytion of (11) was
discussed, i.e., a light beam with the property that its
intensity profile in every beam cross section is given by
the same function, namely, a Gaussian. The width of this
Gaussian distribution changes as the beam propagates
along its axis. There are other solutions of (11) with sim-
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ilar properties, and they are discussed in this section,
These solutions form a complete and orthogonal set of
functions and are called the “modes of propagation.”
Every arbitrary distribution of monochromatic light can
be expanded in terms of these modes. Because of space
limitations the derivation of these modes can only be
sketched here,

@) Modes in Cartesian Coordinates: For a system with
a rectangular (x, y, z) geometry one can try a solution for
(11) of the form

v=1(3)4(5)
o {~i[P+ 2—'; @+ M)} oo

where g is a function of x and z, and &'is a function of y |
and z. For real g and & this postulates mode beams whose
intensity patterns scale according to the width 2uxz) of a
Gaussian beam. After inserting this trial solution into
(11) one arrives at differential equations for g and A of the
form
e N + 2mH,. = 0 (31)
- & m = U,
dx? da

This is the differential equation for the Hermite poly- -
nomial H,.(x) of order m. Equation (11) is satisfied if

Ko Hm(\/é i)H.(v-E 'i)- (32)
w w '

where m and n are the (transverse) mode numbers. Note
that the same pattern scaling parameter u(z) applies to
modes of all orders.

Some Hermite polynomials of low order are

Ho(x) =1

Hy(z) =z

Ha(z) = 422 — 2 _
Hy(x) = 82 — 122. (33)

- Expression (28) can be used as a mathematical descrip-
tion of higher order light beams, if one inserts the product
g-h as a factor on the right-hand side. The intensity pat-
tern.in a cross section of a higher order beam is, thus, de-
scribed by the product of Hermite and Gaussian functions.
Photographs of such mode patterns are shown in Fig, 7.
They were produced as modes of oscillation in a gas laser
oscillator [16]. Note that the number of zeros in a mode
pattern is equal to the corresponding mode number, and
that the area occupied by a mode increases with the mode
number.

The parameter R(z) in (28) is the same for all modes,
implying that the phase-front curvature is the same and
changes in the same way for modes of all orders. The
phase shift &, however, is a function of the mode numbers.
One obtains

®(m, n;2) = (m + n + 1) arc tan(Az/7w,?). (34)
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Fig.7. Mode patterns of a gas laser oscil-
lator (rectangular symmetry),

This means that the phase velocity increases with increas-
ing mode number. In resonators this leads to differences
in the resonant frequencies of the various modes of oscil-
lation.

b) Modes in Cylindrical Coordinates: For a system with
a cylindrical (r, ¢, z) geometry one uses a trial solution

for (11) of the form
k
—j(P+ —1t 4 1¢)} . (35)
-4

Y= g(-%) -exp {

After some calculation one finds

— XS I
g = <‘\/2 ;‘-) 'L,‘(Z ;:) '(.36)

where L, i3 a generalized Laguerre polynomial, and p
and / are the radial and angular mode numbers. L,'(x)
obeys the differential equation

2L,

?

dL;¢
x (£+1—x)——-+p1,,,'=o. (37)

Some polynomials of low order are
Lo'(x) = 1
Liz) =i+ 1~z
L'(z) = §U+ DA+ 2) — (14 2)x + §22.  (38)

il

As in the case of beams with a rectangular geometry, the
beam parameters u(z) and R(z) are the same for all cylin-
drical modes. The phase shift is, again, dependent on the
mode numbers and is given by

®(p, I;2) = (2p + L 4 1) are tan(Az/zw.*). (39)

3.4 Beam Transformation by a Lens

A lens can be used to focus a laser beam to a small spot,
or to produce a beam of suitable diameter and phase-
front curvature for injection into a given optical structure.
An ideal lens leaves the transverse field distribution of a
beam mode unchanged. i.e., an incoming fundamental
Gaussian beam will emerge from the lens as a funda-
mental beam, and a higher order mode remains a mode
of the same order after passing through the lens. However,
a lens does change the beam parameters R(z) and uf(z).
As these two parameters are the same for modes of all
orders, the following discussion is valid for all orders:
the relationship between the parameters of an incoming
beam (labeled here with the index 1) and the parameters
of the corresponding outgoing beam (index 2) is studied in
detail.

An ideal thin lens of focal length ftransforms an incom-
ing spherical wave with a radius R, immediately to the
left of the lens into a spherical wave with the radius R,
immediately to the right of it, where

S o (40)

Figure § illustrates this situation. The radius of curvature
is taken to be positive if the wavefront is convex as
viewed from z= =. The lens transforms the phase fronts
of laser bedins in eactly the same way as those of spherical
waves. As the diameter of a beam is the same immediately
to the left and to the right of a thin lens, the g-parameters
of the incoming and outgoing beams are related by

L (41)

where the ¢’s are measured at the lens. If g, and g, are
measured at distances 4, and d, from the lens as indicated
in Fig. 9, the relation between them becomes

(1 — do/f)gs + (ds + ds — dudo/f)
—(qu/f) + (1 = dv/ff)

This formula is derived using (16) and (41).

More complicated optical structures, such as gas lenses,
combinations of Ienses, or thick lenses, can be thought of
as composed of a series of thin lenses at various spacings.
Repeated application of (16) and (41) is, therefore, suffi-
cient to calculate the effect of complicated structures on
the propagation of laser beams. If the ABCD matrix for
the transfer of paraxial rays through the structure is
known, the ¢ parameter of the output beam can be cal-
culated from

I = (42)
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This is a generalized form of (42) and has been called the
ABCD law [10]. The matrices of several optical structures
are given in Section II. The ABCD law follows from the
analogy between the laws for laser beams and the laws
obeyed by the spherical waves in geometrical optics. The
radius of the spherical waves R obeys laws of the same
form as (16) and (41) for the complex beam parameter ¢.
A more detailed discussion of this analogy is given in [11].

3.5 Laser Resonators (Infinite Aperture)

The most commonly used laser resonators are com-
posed of two spherical (or flat) mirrors facing each other.
The stability of such “open™ resonators has been discussed
in Section 2 in terms of paraxial rays. To study the modes
of laser resonators one has to take account of their wave
nature, and this is done here by studying wave beams of
the kind discussed above as they propagate back and forth
between the mirrors. As aperture diffraction effects are
neglected throughout this section, the present discussion
applies only to stable resonators with mirror apertures
that are large compared to the spot size of the beams.

A mode of a resonator is defined as a self-consistent
field configuragion. If a mode can be represented by a
wave beam propagating back and forth between the
mirrors, the beam parameters must be the same after one
complete return trip of the beam. This condition is used
to calculate the mode parameters. As the beam that repre-
sents a mode travels in both directions between the mirrors
it forms the axial standing-wave pattern that is expected
for a resonator mode.

A laser resonator with mirrors of equal curvature is

shown in Fig. 10 together with the equivalent unfolded

system, a sequence of lenses, For this symmetrical struc-
ture it is sufficient to postulate self-consistency for one
transit of the resonator (which is equivalent to one full
period of the lens sequence), instead of a complete return
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trip. If the complex beam parameter is given by g;, im-
mediately to the right of a particular lens, the beam
parameter g., immediately to the right of the next lens,
can be calculated by means of (16) and (41) as

1 1 1 )
g2 @+d f

Self-consistency requires that ¢;=g,=g, which leads to
aquadratic equation for the beam parameter g at the lenses
(or at the mirrors of the resonator):

+—+—==0. (45)

The roots of this equation are
1 1 - 1 1
—=—— iy - s
¢ U fd - 4f
where only the root that yields a real beamwidth is used.
(Note that one gets a real beamwidth for stable resonators
only.)

From (46) one obtains immediately the real beam
parameters defined in (17). One sees that R is equal to the
radius of curvature of the mirrors, which means that the
mirror surfaces are coincident with the phase fronts of
the resonator modes. The width 2w of the fundamental
mode is given by

(/T

To calculate the beam radius w, in the center of the reso-
nator where the phase front is plane, one uses (23) with
z=d/2 and gets

w=lv%m?a (48)
2%

The beam parameters R and w describe the modes of
all orders. But the phase velocities are different for the
different orders, so that the resonant conditions depend on
the mode numbers. Resonance occurs when the phase
shift from one mirror to the other is a multiple of .
Using (28) and (34) this condition can be written as

kd — 2(m + n - 1) arc tan(Ad/2mw,®) = ~(g + 1) (49)

where ¢ is the number of nodes of the axial standing-wave
pattera (the number of half wavelengths is ¢+1),! and m
and n are the rectangular mode numbers defined in Sec-
tion 3.3, For the modes of circular geojnetry one obtains
a similar condition where (2p-+I+1) replaces (m-+n+1).

The fundamental beat frequency vy, i.e., the frequency
spacing between successive longitudingl resonances, is
given by

vo = ¢/2d (50)

! This g is not to be confused with the complex beam parameter,
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of lenses. The beam parameters, q, and g., are indicated,

-y
We

\/,—:!H
- Taun
R, BEAM CONTOU Ra

Mode parameters of interest for a resonator with
mirrors of unequal curvature.

n_ic{

Fig, 11.

where ¢ is the velocity of light. After some algebraic
manipulations one obtains from (49) the following for-
mula for the resonant frequency of 2 mode

Ry

1
v/vo=(qg4+1)+— (m4+n-+1) arc cos(1—d/R). (51)
w

For the special case of the confocal resonator (d= R=b),
the above relations become

w? = \bo/w,  wat = Ab/2x;
v/vo = (g4 1) + 3(m +n + 1). (52)

The parameter b is known as the confocal parameter.

Resonators with mirrors of unequal curvature can be
treated in a similar manner. The geometry of such a
resonator where the radii of curvature of the mirrors are
R; and R;is shown in Fig. [1. The diameters of the beam
at the mirrors of a stable resonator, 2w, and 2w, are
given by

w‘-(hR/)’Rg_d d
HENENN BB Ko Re =8
Ry—d d
Wit = (ARs/m)t m—mmre e« (53)

Ry—d Ry +Ra—d

The diameter of the beam waist 2w, which is formed
either inside or outside the resonator, is given by
(x)* d(Ry — d)(Rs — d)(R1 4 R: — d)

wet = v

- (Ry + R: — 2d)? &9

w

The distances f; and ¢, between the waist and the mirrors,
measured positive as shown in the figure, are

fo = —— (35)
The resonant condition is
1
vive=(g+1)+—m+n+1)
w

are cosv/(1 — d ;ﬁ)) (1 =d/Rs) (56)

where the square root should be given the signof (1—d/Ry),
which is equal to the sign of (1 —d/R.) for a stable resona-
tor.

There are more complicated resonator structures than
the ones discussed above. In particular, one can insert a
lens or several lenses between the mirrors. But in every
case, the unfolded resonator is equivalent to a periodic
sequence of identical optical systems as shown in Fig. 2.
The elements of the ABCD matrix of this system can be
used to calculate the mode parameters of the resonator,
One uses the ABCD law (43) and postulates self-con-
sistency by putting g,=¢.=¢. The roots of the resulting
quadratic equation are

1 —- A - ] NP
P-4 H Ll vizasrr 67

q 2B 2B
which yields, for the corresponding beam radius 1,
w? = (2\B/7)/v/4 — (A + D). (58)

3.6 Mode Matching

It was shown in the preceding section that the modes of
laser resonators can be characterized by light beams with
certain properties and parameters which are defined by
the resonator geometry. These beams are often injected
into other optical structures with different sets of beam
parameters. These optical structures can assume various
physical forms, such as resonators used in scanning
Fabry-Perot interferometers or regenerative amplifiers,
sequences of dielectric or gas lenses used as optical trans-
mission lines, or crystals of nonlinear dielectric material
employed in parametric optics experiments. To match
the modes of one structure to those of another one must
transform a given Gaussian beam (or higher order mode)
into another beam with prescribed properties. This trans-
formation is usually accomplished with a thin lens, but
other more complex optical systems can be used. Although
the present discussion is devoted to the simple case of the
thin lens, it is also applicable to more complex systems,
provided one measures the distances from the principal
planes and uses the combined focal length [ of the more
complex system.

The location of the waists of the two beams to be
transformed into each other and the beam diameters at
the waists are usually known or can be computed. To
match the beams one has to choose a lens of a focal length
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f that is larger than a characteristic length f; defined by
the two beams, and one has to adjust the distances be-
tween the lens and the two beam waists according to rules
derived below.

In Fig. 9 the two beam waists are assumed to be
located at distances d, and d, from the lens. The complex
beam parameters at the waists are purely imaginary; they
are

qa = jwwa/\ (59)

where 2w, and 2w, are the diameters of the two beams at
their waists. If one inserts these expressions for ¢; and g,
into (42) and equates the imaginary parts, one obtains

@ = jrw/\,

di—Jj w’
&=f wr e
Equating the real parts results in
-Nde=f) == fs* (61)
where
fo = wwawa/A. (62)

Note that the characteristic length f; is defined by the waist
diameters of the beams to be matched. Except for the
term fi?, which goes to zero for infinitely small wave-
lengths, (61) resembles Newton's imaging formula of
geometrical optics.

Any lens with a focal length f>f; can be used to per-
form the matching transformation. Once f is chosen, the
distances d; and d. have to be adjusted to satisfy the
matching formulas [10]

=1 £ VTR,
We

ws P
dy=f 4 — /f2 —fe%

Wy
These relations are derived by combining (60) and (61).
In (63) one can choose either both plus signs or both

minus signs for matching.

It is often useful to introduce the confocal parameters
by and b, into the matching formulas. They are defined
by the waist diameters of the two systems to be matched

by = 27w, /A, by = 2xw.?/\. (64)

Using these parameters one gets for the characteristic

length fo

(63)

fo* = 1bibs, (65)
and for the matching distances
dy = f = I V([ = 1,
de = f + }be V(7D = 1. (66)

Note that in this form of the matching formulas, the
wavelength does not appear explicitly.

Table 11 lists, for quick reference, formulas for the two
important parameters of beams that emerge from various
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TABLE 11

FormuLAS FOR THE CONFOCAL PARAMETER AND THE LOCATION OF
BeaM WAIST FOR VARIOUS OPTICAL STRUCTURES
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optical structures commonly encountered, They are the
confocal parametér b and the distance ¢ which gives the
waist location of the emerging beam. System No. 1 is a
resonator formed by a flat mirror and a spherical mirror
of radius R. System No. 2 is a resonator formed by two
equal spherical mirrors. System No. 3 is a resonator
formed by mirrors of unequal curvature. System No. 4
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Fig. 12. The confocal parameter b; as a func-
tion of the lens-waist spacing ),
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Fig. 13. The waist spacing d; as a function of
\he lens-waist spacing d,.

3

is, again, a resonator Tormed by two equal spherical mir-
rors, but with the reflecting surfaces deposited on plano-
concave optical plates of index n. These plates act as
negative lenses and change the characteristics of the
emerging beam. This lens effect is assumed not present in
Systems Nos. 2 and 3. System No. 5 is a sequence of
thin lenses of equal focal lengths f. System No. 6 is a
system of two irises with equal apertures spaced at a
distance d. Shown are the parameters of a beam that
will pass through both irises with the least possible beam
diameter. This is a beam which is “confocal™ over the
distance d. This beam will also pass through a tube of
length d with the optimum clearance. (The tube is also
indicated in the figure.) A similar situation is shown in
System No. 7, which corresponds to a beam that is
confocal over the length o of optical material of index n.
System No. 8 is a spherical mirror resonator filled with
material of index n, or an optical material with curved
end surfaces where the beam passing through it is as-
sumed to have phase fronts that coincide with these sur-
faces.

When one designs a matching system, it is useful to
know the accuracy required of the distance adjustments.
The discussion below indicates how the parameters b, and
d: change when b, and fare fixed and the lens spacing d,
to the waist of the input beam is varied. Equations (60)
and (61) can be solved for b, with the result [9]

Y
(1 = di/)* + (0:/2))?

ba/f (67)

This means that the parameter b, of the beam emerging
from the lens changes with d, according to a Lorentzian
functional form as shown in Fig. 12. The Lorentzian is
centered at dy=/ and has a width of . The maximum
value of b, is 4f%/b,.
If one inserts (67) into (60) one gets
L —doff = Dt (68)
(1 = di/f)* + (b:/2()?

which shows the change of di with d,. The change is
reminiscent of a dispersion curve associated with a
Lorentzian as shown in Fig. 13. The extrema of this curve
occur at the halfpower points of the Lorentzian. The slope
of the curve at dy=/is (2f/b,)*. The dashed curves in the
figure correspond to the geometrical optics imaging re-
Jation between ds, ds, and f [20].

3.7 Circle Diagrams

The propagation of Gaussian laser beams can be repre-
sented graphically on a circle diagram. On such a diagram
one can follow a beam as it propagates in free space or
passes through lenses, thereby affording a graphic solu-
tion of the mode matching problem. The circle diagrams
for beams are similar to the impedance charts, such as the
Smith chart. In fact there is a close analogy between
transmission-line and laser-beam problems, and there are
analog electric networks for every optical system (17].

The first circle diagram for beams was proposed by
Collins [18]. A dual chart was discussed in [19]. The
basis for the derivation of these charts are the beam prop-
agation laws discussed in Section 3.2. One combines
(17) and (19) and eliminates ¢ to obtain

()\ +,1)(wwu’ _)_1 )
T RINN )T .

This relation contains the four quantities w, R, wq, and z
which were used to describe the propagation of Gaussian
beams in Section 3.2. Each pair of these quantities can be
expressed in complex variables Wand Z:

Vv : + 7 :
! 4 R
wwo’ g
Z = —jz =072 — jz, (70)

where b is the confocal parameter of the beam. For these
variables (69) defines a conformal transformation

W =1/Z. (71)

The two dual circle diagrams are plotted in the complex
planes of W and Z, respectively. The W-plane diagram
[18] is shown in Fig. 14 where the variables \/=u* and
1/R are plotted as axes. In this plane the lines of constant
b/2=mws/\ and the lines of constant z of the Z plane
appear as circles through the origin. A beam is represented
by a circle of constant b, and the beam parameters w and
R at a distance z from the beam waist can be easily read
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Fig. 15. The Gaussian beam chart. Both W-plane and Z-plane
circle diagram are combined into one.

from the diagram. When the beam passes through a lens
the phase front is changed according to (40) and a new
beam is formed, which implies that the incoming and
outgoing beams are connected in the diagram by a
vertical line of length 1//. The angle  shown in the figure
is equal to the phase shift cxperienced by the beam as
given by (29); this is easily shown using (23).

The dual diagram [19] is plotted in the Z plane. The
sets of circles in both diagrams have the same form, and
only the labeling of the axes and circles is different. In
Fig. 15 both diagrams are unified in one chart. The
labels in parentheses correspond to the Z-plane diagram,
and J is a normalizing parameter which can be arbitrarily
chosen for convenience.

One can plot various other circle diagrams which are
related to the above by conformal transformations. One
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such transformation makes it possible to use the Smith
chart for determining complex mismatch coefficients for
Gaussian beams [20]. Other circle diagrams include those
for optical resonators [21] which allow the graphic deter-
mination of certain parameters of the resonator modes.

4, LASER RESONATORS (FINITE APERTURE)
4.1 General Mathematical Formulation

In this section aperture diffraction effects due to the
finite size of the mirrors are taken into account; these
effects were neglected in the preceding sections. There,
it was mentioned that resonators used in laser oscillators
usually take the form of an open structure consisting of a
pair of mirrors facing each other. Such a structure with
finite mirror apertures is intrinsically lossy and, unless
energy is supplied to it continuously, the electromagnetic
field in it will decay. In this case a mode of the resonator
is a slowly decaying field configuration whose relative
distribution does not change with time [4]. In a laser
oscillator the active medium supplies enough energy to
overcome the losses so that a steady-state field can exist.
However, because of nonlinear gain saturation the me-
dium will exhibit less gain in those regions where the
field is high than in those where the field is low, and so the
oscillating modes of an active resonator aré expected to
be somewhat different from the decaying modes of the
passive resonator. The problem of an active resonator
filled with a saturable-gain medium has been solved re-
cently [22], [23], and the computed results show that if
the gain is not too large the resonator modes are essen-
tially unperturbed by saturation effects. This is fortunate
as the results which have been obtained for the passive
resonator can also be used to describe the active modes of
laser oscillators.

The problem of the open resonator is a difficult one
and a rigorous solution is yet to be found. However, if
certain simplifying assumptions are made, the problem
becomes tractable and physically meaningful results can
be obtained. The simplifying assumptions involve essen-
tially the quasi-optic nature of the problem; specifically,
they are I) that the dimensions of the resonator are large
compared to the wavelength and 2) that the field in the
resonator is substantially transverse electromagnetic
(TEM). So long as those assumptions are valid, the
Fresnel-Kirchhoff formulation of Huygens' principle can
be invoked to obtain a pair of integral equations which
relate the fields of the two opposing mirrors. Further-
more, if the mirror separation is large compared to mirror
dimensions and if the mirrors are only slightly curved,
the two orthogonal Cartesian components of the vector
field are essentially uncoupled, so that separate scalar
equations can be written for each component. The solu-
tions of these scalar equations yield resonator modes
which are uniformly polarized in one direction, Other
polarization configurations can be constructed from the
uniformly polarized modes by linear superposition.






