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Bubbles are levitated in a resonator driven by an ultrasound wave. Their highly nonlinear oscillations feature
a strong collapse, where fluidlike densities and temperatures of several thousand degrees Kelvin are reached,
resulting in the emission of ultrashort light pulses. Previous experiments and theories explained the observed
stable bubble dynamic and emission on long time scales with the requirement of a noble gas. Recent experiments reveal stable sonoluminescent emission of nitrogen bubbles in chilled water without the presence of a
noble gas. Numerical calculations show that a diffusive and dissociative equilibrium can be reached when the
temperature within a nitrogen bubble is limited due to the presence of water vapor. Calculated stability lines
agree with published experimental results. The results show that noble-gas-free stable single bubble sonoluminescence of nitrogen bubbles is possible.
DOI: 10.1103/PhysRevE.77.046304
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I. INTRODUCTION

II. EXPERIMENT

Single bubble sonoluminescence 共SBSL兲, the emission of
a light pulse during collapse of a single bubble driven ultrasonically in water 关1兴 is the consequence of the compression
of the bubble at a main collapse 关2兴. The stability on a very
long time scale of the repetitive phenomenon has been found
to be the result of chemical dissociation of polyatomic, noninert gases present within the bubble counteracting a rectified
diffusive influx of air through the bubble boundary. Sonoluminescence in stably oscillating air seeded bubbles in water
has been linked to a requirement of the presence of a noble
gas 共argon兲 关2兴. Due to the enormous densities and temperatures during collapse, the noninert gses are dissociated and
reaction products formed that are readily dissolved in the
water. Only the inert argon remains.
It has been predicted earlier, that inert-gas-free stable
sonoluminescence may be a possibility though 关3兴. Furthermore, experimental results were published for stable oscillations of nitrogen bubbles in water at ambient temperature
关4兴. Even earlier it has been reported, that very weak sonoluminescence is observed from unstably oscillating pure nitrogen bubbles 关5,6兴. However, the addition of a noble gas stabilizes the bubble and increases the light emission by orders
of magnitude.
Recently it has been reported that stable SBSL is observed
in pure nitrogen dissolved in chilled water 关7兴. A crucial
point in obtaining this showed up to be a complete removal
of inert gas 共primarily argon兲 by repeated flushing with nitrogen over many hours. These experimental results show
stably oscillating bubbles emitting weak light.
We present numerical calculations with a model of bubble
oscillations to verify the existence and nature of these
bubbles in different regions of the parameter space. The numerical model includes several aspects which we find are
influencing the dynamics of nitrogen bubbles driven at high
pressures. They are described in detail. Stability lines have
been calculated in the relevant parameter region which are
shown to agree with the experiment.

In the experiment 关7兴 a nitrogen bubble is levitated in a
sealed cylindrical resonator cell, described in detail in 关8兴.
The resonator is a quartz cylindrical cell of 21.930 kHz resonance frequency, 6 cm height and diameter, and metallic end
caps. Piezoelectric transducers are mounted on both caps to
deliver the driving pressure. The resonator is filled with distilled and degassed water. The water is furthermore filtered
through a 0.2 micron particle filter, since particles are known
to be caught by the oscillating bubble making the emission
pattern anisotropic 关9兴. A specifiable concentration of nitrogen is dissolved in the water. Extreme care was taken to
ensure that only nitrogen is present. A complete removal of
inert gas 共primarily argon兲 is achieved by repeated degassing
and flushing with nitrogen over many hours in 15 min intervals. The temperature is set by locating the apparatus in a
temperature controlled cooler.
A bubble is generated with the help of a heater wire. It is
levitated in the center of the cell allowing the dynamical
analysis of bubble radii, light pulse emission, and the determination of spectral temperatures. Data sets have been taken
by Mie scattering of laser light by the oscillating bubbles and
by calibrated stroboscopic images of the bubbles, which enables the detection of long term stability. Approximately
1000 data points per driving period are sampled to give a
high resolution of the time evolution of the bubble radius.
The stability is also checked by recording the intensity of
every flash for hours. The driving pressure cannot be measured directly but has been determined from the experimental time evolution of the radius values by an optimal fit to the
full model equations.
Finally, the spectrum is measured using an Ocean Optics
QE65000 fiber based spectrometer calibrated in the 220–950
nm range by an Ocean Optics DH-2000-CAL NIST-traceable
calibration source. The spectrum is collected using a quartz
lens with the whole system being calibrated although there is
no correction for absorption in the water and the quartz cell
wall.
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III. NUMERICAL MODEL

To describe a sonoluminescing bubble in a driving sound
field one has to find equations for various aspects of this
phenomenon. The radial oscillations of the bubble wall are
described in Sec. III A. Due to the enormous compression
the temperature in the bubble reaches very high values 共Sec.
III B兲. The bubble interior is modeled as a mixture of nitrogen and water vapor. The contents are dynamically changing
due to gas diffusion 共Sec. III C兲 and evaporation or condensation of water vapor 共Sec. III D兲. Thermal effects lead to
chemical dissociation of gas molecules 共Sec. III E兲.
A. Radial oscillations

The Gilmore model 关10兴 describing the radial motion of a
bubble in a compressible liquid is integrated numerically.

wall velocity is kept to its maximum during positive bubble
accelerations at collapse. It is smoothly approaching the real
velocity during the rest of the cycle. The adiabatic exponent
␥ is taken as an average over the values reflecting the instantaneous content of species, and is thus updated continuously.
The value of the thermal diffusivity  is taken as a variable,
as it depends on the varying density g of the gas.
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R is the bubble radius, and C, , and p共R , Ṙ兲 are the speed of
sound in the liquid, its density, and the pressure at the bubble
wall, respectively. The Tait equation is taken as the equation
of state for water using n = 7.025, B = 3046 bars 关11兴 as parameters. pg is the pressure in the bubble. H is the enthalpy
difference of the liquid at pressure p⬁ and p共R , Ṙ兲 at the
bubble wall. p⬁ is the pressure at infinity taken as p⬁ = p0
+ pA cos共2 ft兲, p0 = 1.021 atm increased by the hydrostatic
pressure above the bubble. The driving frequency f is 21.93
kHz. The fluid parameters are from tabulated values 关12,13兴.
b is a van der Waals hard-core radius and ␥ is a polytropic
exponent.
B. Modeling temperature and density

The polytropic exponent ␥ in Eq. 共3兲 is taken to be variable. Its value is set between 1 共=isothermal兲 and the adiabatic exponent of the gas according to an instantaneous Peclet number 关3,14,15兴 Pe= R20兩Ṙ共t兲兩 / R共t兲, reflecting thermal
conduction at the involved time scales.  is the thermal diffusivity of the gas.
To avoid a change to isothermal behavior at the bubble
wall turning point during maximum compression, the bubble
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k is the thermal conductivity and c p is the specific heat at
constant pressure. The value of  is scaled with the ratio of
ambient gas density to actual density.
The density in the bubble is calculated by
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where pg is the pressure in the bubble, and Rgas
= 8.3143 J mol−1 K−1 is the gas constant. The van der Waals
hard-core b is calculated as an average from the tabulated
hard-core values and the number of moles of the i different
gases, i = N2, H2O. M̄ is the molar mass averaged over all
gases and ntotal is the total number of moles. b and M̄ are
updated continuously.
The temperature TB is taken to be uniform within the
bubble. It is calculated via the adiabatic compression of a
van der Waals gas by
TB = T0
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with the ambient liquid temperature T0. Other more complex
approaches exist that include a temperature jump across the
bubble interface 关16,17兴.
C. Diffusion

Gas diffusion in the fluid may be described by an
advection-diffusion equation in spherical symmetry
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Di and Ci are the diffusion constants and concentration fields
of the gas species i = N2. u is the velocity of a fluid element
which may be replaced by u = R2Ṙ / r2 共in the incompressible
limit兲. The concentration of species at the bubble wall is
assumed to connect to the partial pressures pi inside according to Henry’s law: 兩Ci兩r=R = C0i pi共R兲 / p0. The same law holds
true for the concentrations at r = ⬁.
The number of moles of nitrogen in the bubble ni is
changed by diffusion of nitrogen dissolved in the water
through the bubble wall at radius R 关3,18–20兴,
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M i is the molar mass. The advective term with the transport
velocity u in Eq. 共8兲 can be eliminated by a moving reference
frame 关18,21,22兴. Because of the slow diffusional time scale
an adiabatic approximation 关19,23,24兴 can be employed and
the change per period T is
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D. Evaporation and condensation of water

Evaporation and condensation of water molecules at the
bubble wall 关2,17,25–27兴 are included in the model for the
bubble dynamics, as experimental results 关28,29兴 stress the
importance of a decrease of the polytropic exponent induced
by water vapor at bubble collapse. A simple Hertz/Knudsen
model 关30,31兴 for the change of moles nH2O of water vapor in
the bubble is
evap
cond
ṅH2O = ṅH
O − ṅH O =
2

2
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共g,H O − ⌫g,H2O兲.
2
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冑
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共13兲

is the average velocity of molecules of a MaxwellBoltzmann distribution, g,H2O is the density of water vapor
sat
is the satuof molar weight M H2O in the bubble, and g,H
2O
rated vapor density 关12,13兴. The bubble surface temperature
is taken as Ts = T0. The density of water vapor g,H2O depends
on the bubble dynamics and is calculated along with the
bubble equation with the help of Eq. 共5兲. The simple model
共12兲 takes the temperature distributions in the bubble and
liquid as fixed and does not capture all effects occurring
during evaporation, as would do more complex treatments
关32–34兴. ⌫ is a correction factor for nonequilibrium conditions induced by mass motion of vapor and bubble wall
movement 共Schrage correction兲 关16,26,35兴.
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for a spherical bubble volume. For small values of ⍀ the
approximation ⌫ = 1 − ⍀冑 can be made 关35兴 leading to an
effective constant evaporation coefficient of ␣eff = 2␣ / 共2
− ␣兲 in Eq. 共12兲 and an effective correction factor ⌫eff of
unity. Calculations show that ⌫ varies by as much as 20%
around unity during the collapses. However, in the observed
parameter range almost no notable difference exists in the
amount of water vapor at collapse time between calculations
using a constant value of ␣eff and setting ⌫eff = 1, and calculations using Eq. 共12兲 with the variable expressions 共14兲 and
共18兲 together with a smaller value of the evaporation coefficient ␣ = 2␣eff / 共2 + ␣eff兲. Therefore a constant value of ␣eff
关36兴 is taken in the following calculations.

共12兲

␣ is the constant evaporation coefficient 共also called accommodation coefficient or sticking probability兲,

冑

and when inserted into Eq. 共15兲 leads to

0

are weighted time averages. The gas contents in the bubbles
are updated once per driving period according to Eq. 共10兲.
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⍀ is a ratio of velocities, Ṙ is the bubble wall velocity, vH2O
is the vapor velocity, and cpeak is the velocity belonging to
the peak of the Maxwell-Boltzmann velocity distribution.
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E. Chemical dissociation

Chemical dissociation occurs for noninert gases
关2,3,17,20,25,26,37–39兴; reaction products are immediately
diffused into the liquid, as all nitrogen reaction products have
a high solubility in water. The dissociation per period of N2
is calculated as a second order reaction by a modified
Arrhenius law as follows:
⌬ndiss
i
i
= − ni具关n0兴AiTB␤ie−EA/RgasTB典0 .
T

共19兲

EAi are activation energies, 关n0兴 = n0 / 34 R3 is the molar concentration of all molecules, and i = N2. Ai and ␤i are Arrhenius constants 关40–42兴. The braces denote the average per
period 关Eq. 共11兲兴.
A drop of the bubble temperature due to water vapor condensation and endothermic chemical reactions is neglected.
The amount of water vapor at collapse is at most on the order
of 10% and as the change of that amount caused by condensation around the highest temperature peak is ⬇ ⫾ 5%, this
contribution is small compared to the heating over a temperature range of several thousand degrees Kelvin. The same
holds true for enthalpies of chemical reactions, as only
⬇0.1% of nitrogen molecules and 10% of water vapor are
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As the pressure independent rates or concentrations above
which this occurs are unknown, the maximal possible concentration 关n⬁兴 is taken as an upper threshold in the calculation of the rates. When all molecules are compressed to the
hard-core b, the maximal achievable concentration is 关n⬁兴
= n0 / 34 b3. The pressure dependence is then allowed to follow the modification in Eq. 共20兲. As the hard-core is continuously updated during an oscillation, the overall rate depends
on the size of hard-core, the temperature, the concentration
of the dissociating molecule and, to a decreasing extent, on
the overall concentration. Fc = 0.6 关45兴 is a fit parameter.
A rate reduction at high pressures, however, has not been
implemented in all but one of the numerical calculations for
the results presented here. The reason is that with the mentioned modifications 关43–45兴 the dissociation rates are too
small to dissociate an air bubble into an argon-vapor bubble
at the usual parameters. Also, for calculations using parameters in the SBSL range and large initial values for the ambient bubble radius R0, unlimited growth by rectified diffusion is often observed in the calculations. This is not being
backed up by current experimental observations. Other rate
reduction mechanisms have been implemented 关37,46兴 leading to the same observation in connection with this model
framework. Rate reduction mechanisms have to be used with
care because at the very high densities during collapse down
to the hard-core the dissociation cannot keep up with the
diffusive influx during the rest of the cycle.
IV. NUMERICAL RESULTS
A. Nitrogen bubbles in water at room temperature

Stability lines have been calculated at room temperature
for different concentrations of nitrogen 共Fig. 1兲. The lower
three lines show the 共unstable兲 diffusive stability curves corresponding to the unstable equilibrium curves denoted A in
Lohse et al. 关3兴. Bubble parameters below the curves lead to

5

Radius [µm]

dissociated during a single collapse. However, inclusion of
these effects 关17,37兴 would give a finer control over the results obtained here.
It is known that chemical dissociation of molecules at
very high pressures does not follow Eq. 共19兲 anymore. This
feature has been described by the Lindemann-Hinshelwood
expression 关43兴, where the dependence of the dissociation
rate with the pressure 共or concentration兲 follows a nonlinear
curve finally reaching a pressure independent rate. A more
realistic expression uses a broadening factor F. In Eq. 共19兲
the molar concentration of all molecules is replaced by an
effective one, reflecting a gradual transition to pressure independence 关44,45兴.
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FIG. 1. Stability lines of nitrogen-vapor bubbles in water at
different ambient gas concentrations and 20 ° C. Shown is the ambient radius as a function of driving pressure at a hydrostatic pressure overhead of 3 cm water column and 21.930 kHz. The lower
three lines show diffusive stability. The upper three lines show stability of diffusion and chemical dissociation. Attached to the 18%
ambient concentration lines are arrows denoting the direction of
bubble growth.

dissolution, and those above lead to growth. The upper three
lines are stable equilibrium lines. Due to chemical dissociation the diffusive growth is counteracted and the bubble dynamics is stabilized. The stabilization sets in at higher values
of the ambient radius with increasing nitrogen concentration.
The model includes water vapor evaporation or condensation
with an evaporation constant of 0.4 and no rate reduction
mechanism 关Eq. 共20兲兴. The results show, that even at 100%
nitrogen concentration bubbles could be stable. These stability curves are related to the stable equilibrium curves denoted B in 关3兴. However, in the case of on air bubble the
position of these lines in parameter space are determined to a
large extent by the dissociation due to collisions with argon
atoms. In the present case where argon is absent, the
nitrogen-nitrogen molecule collisions dominate resulting in a
displacement of the stability curve with respect to the curve
B of 关3兴.
B. Nitrogen bubbles in chilled water

Experiments on pure nitrogen bubbles in water at lower
temperatures have been done recently 关7兴. Measured radiustime curves have been compared against model calculations
of the full model 共Fig. 2兲. As the experiments have been
conducted at 9 ° C, all temperature dependent static parameters, such as surface tension and solubility, have been set
accordingly 关12兴. The ambient pressure of 1.021 bars is augmented by the hydrostatic pressure in the cell above the
bubble. The free parameters ambient radius and driving pressure of the model have been adjusted by minimizing the
difference of numerical and experimental radius-time curves.
Another requirement to fulfill is a diffusive-dissociative
equilibrium on a long time scale. Resulting from this equilibrium criterion the evaporation coefficient is changed and
the optimal value resulting in equilibrium can be determined
共␣ = 0.14, no rate reduction兲. A smaller evaporation coefficient results in larger amounts of water vapor at minimum
collapse and thus lowers the maximum temperature
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FIG. 2. Radius-time curve from experiment 共dots兲 and numerical fit of a nitrogen bubble at 9 ° C. The ambient radius has been
determined to be 6 m, the driving pressure 1.387 bars.
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achieved. The opposite is true for larger values of ␣.
The lines in Fig. 3 show numerical results for different
pairs of ambient radius and driving pressure in equilibrium.
Details are shown as a function of the driving pressure 共thick
lines denoted “a”兲. Several properties have been calculated
from the numerically determined fit values 共lower graph of
Fig. 3兲. The ambient radius shows large values, and they
decrease with increasing driving pressure. The maximal radius, as seen in the experimental data, increases, as does the
maximal temperature at collapse, calculated from the model.
The amount of water vapor in the bubble at collapse increases to more than 50%. In all numerical curves, the higher
pressure side is limited by parametric instability. To the left
of the lower pressure side no equilibrium can be achieved, as
the calculated collapse temperatures are too low to compensate for the diffusive influx.

10

0.2
1.25

1.3

1.35
1.4
Pressure [bar]

1.45

7.0

b

6.5

a

4

6.0

b

2

5.5

8
6

1.25

1.3

1.35
1.4
Pressure [bar]

1.45

0

FIG. 4. Diffusion and dissociation rate of nitrogen at equilibrium 共dashed lines兲 and the number of molecules of nitrogen
共straight lines兲 in the bubble for the two different numerical approaches. The curves are labeled according to Fig. 3.
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0

FIG. 3. Experimental data 共dot connected circles兲 and numerical
simulations 共lines兲 of stable nitrogen-vapor bubbles in water at 18%
ambient gas concentration and 9 ° C. Top: Shown is the ambient
radius 共filled circles, straight lines兲 and maximal radius 共hollow
circles, dashed lines兲 as a function of driving pressure. Bottom:
Temperature 共filled circles, straight lines兲 and relative content of
water vapor at bubble collapse minimum 共hollow circles, dashed
lines兲. The different numerical lines denote values obtained at
diffusion-dissociation equilibrium, calculated with two different approaches: 共a兲 evaporation coefficient ␣ = 0.14 and 共b兲 ␣ = 0.22 including Lindemann/Hinschelwood correction. The thin dotted line
shows values of ambient radius at the threshold of parametric instability, calculated according to approach “a”.

An evaporation coefficient of ␣ = 0.14 optimally fits the
higher pressure experimental data points 共thicker lines in Fig.
3兲, whereas the lower pressure data points could only be
fitted by higher values of ␣ 共resulting in less water vapor at
collapse, higher temperatures, and increased dissociation of
nitrogen兲. The calculated temperatures are lower than the
spectral temperatures measured in 关7兴.
The equilibrium lines of a slightly modified approach are
seen in this graph as the thin lines denoted “b”. Here, the
evaporation coefficient has been increased to ␣ = 0.22 and the
dissociation of nitrogen is limited due to the high pressures
at collapse by the Lindemann/Hinschelwood correction 共20兲.
This results in higher calculated temperatures and in an acceptable fit of the experiments. The thin dotted line in Fig. 3
denotes the values of ambient radius at the onset of the parametric instability and surface mode oscillations. The calculated equilibrium lines are on the lower stable side denoting
stability with regards to surface mode oscillations. The equilibrium lines are bounded by this instability. The bubbles
exist, however, only rather close to the instability threshold.
The diffusion and dissociation rates of nitrogen at equilibrium are shown in Fig. 4 together with the number of
molecules of nitrogen in the bubble. The rates are three to
four orders of magnitude smaller than the available number
of moles. Using the high pressure rate reduction 共curves “b”兲
results in less nitrogen molecules and smaller rates at equilibrium.
Stable bubbles have also been measured at lower pressures than the numerical equilibrium lines would allow. The
failure to numerically reproduce the lowest pressure data
point can have several reasons: Diffusion and dissociation in
these experimental bubbles may effectively not be in a stable
equilibrium. They can be on the 共unstable兲 diffusive equilibrium line and grow or shrink on a very long time scale. As
the dissociation model and the evaporation model are, in
fact, based on approximations and the Arrhenius parameters
for dissociation and the evaporation coefficient are based on
estimates and recommendations, it is surprising that the
higher pressure experimental data points can be modeled reasonably well. The usage of a rate reduction mechanism like
Eq. 共20兲 seems to be justified as the calculated temperatures
at diffusive-dissociative equilibrium agree better with the
spectral temperatures observed in experiments 关7,47兴.
V. BUBBLE LIGHT EMISSION

The spectrum of the stable nitrogen bubble was also measured in 关7兴 using a crude spectrometer made of seven pho-
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FIG. 5. Measured spectrum of light emission from a stable nitrogen bubble 共dots兲 and calculated blackbody spectrum of 8500 K.

tomultiplier tubes fronted by narrow band 共10 nm兲 optical
filters. The spectrum was measured relative to that of an
argon bubble. For easy characterization by one parameter it
was assumed that the spectrum of the argon bubble could be
fitted to blackbody radiation at 14 000 K. Compared to this,
the nitrogen bubble spectrum looks much colder and is of the
order of 8500 K. This naturally does not imply that the emission is blackbody radiation.
We have repeated this measurement using a commercial
spectrometer. A calibrated sample spectrum 共300 s integration time兲 is displayed in Fig. 5. The temperature of the cell
is 9 ° C and the relative concentration of nitrogen is 0.18 as
in 关7兴. The spectrum is taken at the highest level of sound
pressure for which the bubble is still stable. As before the
spectrum looks very much like blackbody radiation from an
8500 K source.
Following Brenner et al. 关2兴 we assume that the emission
can be modeled by volume emission 共in the transparent limit,
where the optical thickness   1兲

has approximately the same ionization energy as nitrogen
共⬃14.5 eV兲, xenon offers the best possibility for a comparison. In the case of nitrogen, the bubble size and temperature
given from the model is determined by the requirement of
balancing the influx of nitrogen molecules with the burn off
and subsequent removal of reaction products with water vapor playing an indirect role. This temperature is found to be
approximately 6500 K. For a xenon bubble the bubble temperature becomes much higher due to the larger gamma factor for noble gases with the most important factor limiting
the temperature being the dissociation of water molecules.
Where about 10% of the xenon is expected to be ionized
共see 关2兴兲, the corresponding ionization level for nitrogen is
certainly much lower. It is therefore fair to assume that the
nitrogen bubble is much more transparent to its own emission at all wavelengths than a xenon bubble. From this argument the relative prefactor in a fit to blackbody radiation
should be much lower for nitrogen than for xenon. Indeed, it
is lower by a factor of 30–40 which seems to vindicate the
argument. A much more careful analysis is of course needed
in order to verify this understanding, since unknown factors
such as the precise size of the nitrogen bubble at the time of
the collapse and also the pulse length of the emission do play
a role in determining the prefactor.
VI. CONCLUSION

is the Planck blackbody radiation, and
where
local thermal equilibrium has been assumed. As xenon

A numerical model of a nitrogen bubble in chilled water
driven by ultrasound is presented. It models the radial oscillations of the bubble, the diffusional influx of nitrogen and
its removal by high pressure chemical dissociation, and the
evaporation and condensation of water vapor in the bubble.
Numerical diffusive-dissociative stability lines are calculated
that agree with recent experimental findings. It is shown that
stability is achieved by the presence of water vapor in the
bubble. The vapor limits the temperature by decreasing the
average polytropic exponent and suppresses complete dissociation of nitrogen. These findings in accordance with experiments show that stable single bubble sonoluminescence
is possible without the presence of an inert gas.
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